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De la Vallée Poussin Summability,

the Combinatorial Sum Zigf (2,5)

and the de la Vallée Poussin Means
Expansion

Ziad S. Ali

ABSTRACT: In this paper we apply the de la Vallée Poussin sum to
a combinatorial Chebyshev sum by Ziad S. Ali in [1]. One outcome of
this consideration is the main lemma proving the following combinatorial
identity: with Re(z) standing for the real part of z we have

2n—1

> <2:) — Re <<2:>2F1(1, 1/2+n; 1+ n; 4)

k=n

4
- (2n>2F1(1, 1/2 4+ 2n; 1 + 2n; 4)) .
n

Our main lemma will indicate in its proof that the hypergeometric
factors

oF1(1,1/24+n;14n;4), and oF1(1,1/2 4+ 2n;14 2n;4)

are complex, each having a real and imaginary part.

As we apply the de la Vallée Poussin sum to the combinatorial Cheby-
shev sum generated in the Key lemma by Ziad S. Ali in [1], we see in the
proof of the main lemma the extreme importance of the use of the main
properties of the gamma function. This represents a second important
consideration.

A third new outcome are two interesting identities of the hypergeomet-
ric type with their new Meijer G function analogues. A fourth outcome is
that by the use of the Cauchy integral formula for the derivatives we are
able to give a different meaning to the sum:

o]

k=n
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6 Z.S. Ali

A fifth outcome is that by the use of the Gauss-Kummer formula we
are able to make better sense of the expressions

2 4
( n>2F1(1,1/2+n;1+n;4), and <2n)2F1(1,1/2+2n;1+2n;4)
n n

by making use of the series definition of the hypergeometric function. As
we continue we notice a new close relation of the Key lemma, and the
de la Vallée Poussin means. With this close relation we were able to
talk about the de la Vallée Poussin summability of the two infinite series
Yoo pcosnf, and > ((—1)"cosnb.

Furthermore the application of the de la Vallée Poussin sum to the
Key lemma has created two new expansions representing the following
functions:

2D (1 4 2)"(-1+2"(1+2)")

n2r 1) ,  where x = cos#,

and

—2(=D(—1 27 (1 — z)*)(1 — z)"
n(2z —1) ’

in terms of the de la Vallée Poussin means of the two infinite series

o0
E cosnb
n=0

where x = cos@

and
o0

Z(—l)” cosnb .

n=0

AMS Subject Classification: 47TH09, 47TH14, 54E35.
Keywords and Phrases: Complete metric space; Hyperbolic space; Infinite product;
Nonexpansive mapping; Random weak ergodic property.

1. Introduction

The Gauss’ Hypergeometric function is given by:

o ab ala+1)b(b+1) 4 = (@)n(b) 2"
2Pi(e biesz) =14 72+ 5 o) =2

where the above series converges for |z| < 1 and (a), is is the Pochhammer symbol
defined by:

(a)o=0, and (a),=ala+1)(a+2)...(a+n—-1).
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We further note that:

I'(a+n)

L(a) ’

where the symbol T" refers to the gamma function.
Now we like to bring up two definitions related to de la Vallée Poussin; one is

related to the de la Vallée Poussin means, and the other is related to the de la Vallée
Poussin sum. We have: the de la Vallée Poussin means of the infinite series

)
D an
n=0

(a)n =

are defined by (see [3]):

viman) JZ (n—j)! n+J) Y
Let T; be the Chebyshev polynomials. Then Charles Jean de la Vallée-Poussin
defines (see [2]) the de la Vallée Poussin sum SV, as follows:

Sn + Snt1+ ..+ S
n b

SV, =

where

n
S, = fco )+ Z ci(f
j=1

We shall refer to the S, as the Chebyshev sum or the Chebyshev expansion of f.
The very important properties of the gamma functions that were used in this work,
and helped immensely in the proof of the main lemma are:

™

I(z+1) =2I'(z), and T(z)I(1-2z2)=

sinmz

Let f by holomorphic in an open subset U of the complex plane C, and let
|z — 29| <r, be contained completely in U. Now let a be any point interior to
|z — 29| <r. Then the Cauchy integral formula for the derivative says that the n-
th derivative of f at a is given by:

n! 1(2)
n = — 7(1 .
f"(a) i /Z_ZO_T (z — a)nt! Z
The Meijer G function is defined by

 lan. 7S)H?1F(lfaj+8) )
G ) 72, z°ds .
1y---bg T 2mi HJ e DA =05+ ) [T5_, 1 T(a; — )
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The L in the integral represents the path of integration. We may choose L to run
from —ico to +ioco such that all poles of I'(b; — s),j = 1,2,...,m, are on the right of
the path, while all poles of I'(1 — ax, + s),k = 1,2,...,n, are on the left.

The Meijer G function, and the Hypergeometric function ,Fjy are related by:

q
atyeovap N =i TOR) 1p l—ay,....,1—a,
qu(bl,...,bq’Z) P Tlag) TP \0, 1= by, 1—b 7)

2. The close relation between the Key lemma and
the de la Vallée Poussin means

In [1] we have the following Key lemma:

Lemma 2.1. For 1l <r <n, and 0 real we have:

(i) Z (nzfr) (cosrd + (—1)" ") = 2" (1 4 cos6)".
r=1

(ii) Zn:(—l)’“ (n2"r> cosrl + ;(2:) = 92771(1 — cosh)".

r=1
Before we move to the main lemma and its proof we state two theorems which are
direct consequences of the Key lemma. We like to indicate before we state them that
they are related to the de la Vallée Poussin means of the the following two infinite

series: - -
Zcosnﬂ, and Z(fl)" cosnb .

n=0 n=0

Clearly from the Key lemma we have :

/2 1/2
Z( " >cos7‘9< n> =2""1(1+cosO)" ,
n—r 2\ n

- {2 1/2

E (—1)7< " )cosr@—( n) =2""11 —cos )" .
= n—r 2\ n

Accordingly with

V(n,cosnh)

being the de la Vallée Poussin means of

o0
E cosnb,

n=0
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and
V(n, (—1)" cosnb)

being the de la Vallée Poussin means of

o0
Z(—l)”cosn@ .
n=0
‘We have:
on—1(1 o))" 1
V(n,cosnb) = ((;)COS) + R
and

2711 —cosO)™ 1
@y tTa-
() 2
Now it can be shown that for each real § # 2kn, where k is an integer the following
limit:

V(n,(=1)" cosnf) =

2n—1(1 o
lim (+COS) =0, and
n—00 (n)

for each real 6 # kw ,where k is an odd integer the following limit

n—1 _ n
lim 2" 1(1 = cos9)

n— o0 (2:)

=0.

One way of showing the above limits is the use of the Stirling’s formula for the
gamma function which says:

D(z) ~ e ®y/(2n)z™ /% as - .

Accordingly we have the following two theorems:

Theorem 2.2. For each real 0 # 2km, where k is an integer the infinite series

i cosné

n=0

s summable in the sense of de la Vallée Poussin to %

Theorem 2.3. For each real 0 # km, where k is an odd integer the infinite series

oo

Z(—l)”cos nf

n=0

1s summable in the sense of de la Vallée Poussin to %
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3. The main lemma

There are two versions of the main lemma. We give now one version, and we will
provide the other one at the end of the current section.

Lemma 3.1. Let oFi(a,b;c; z) be the Gauss’ Hypergeometric function, then we have:

R ok n dn
> (k> = ( >2F1(171/2+n;1+n;4)— (2 >2F1(171/2+2n;1+2n;4) .
n n
k=n

Before we prove the above lemma we like to indicate that by the Gauss-Kummer
formula it is easily seen that the hypergeometric functions 2 F(1,1/2 + n; 1 + n;4),
and oF(1,1/2 + 2n;1 4 2n;4) are both discrete complex valued functions, and they
are interesting as for exmple the left hand side of the identity given above is a natural
number, which leads us to say that the imaginary part of the right hand side of the
identity above is actually zero. Another interesting view is that the second term in
the above lemma is obtained by replacing n in the first term by 2n. The further
interesting ideas involved are coming as we continue to prove the above lemma, and
continue further.

Proof of the case n = 1 of Lemma 3.1. By induction on n. We note first that for
n =1 we have:

2=2,F(1,3/2;2;4) — 6 o F1(1,5/2; 3;4) .

Now one way to evaluate the above expression is by using an already known technique,
where the numbers 1, 3/2, 2, 4 inside the hypergeometric function o F; for example in
this case are fed into their proper slot of a computer program or a plug in algorithm
which evaluates the hypergeometric functions of the type given above to get the
complex number representing o F (1,3/2;2;4). Similarly the numbers 1, 5/2, 3, 4 are
fed into each slot in the computer program to get the complex number representing
2F1(1,5/2;3;4). For example we see by using this method we have:

2<_1_M§> _6<_1_¢‘/§>,
2" "6 2 18

and the identity given in the lemma is true for n = 1.

One way to prove the case for n = 1 without the use of a computer is by the use
of the Gauss-Kummer formula, which states: for (a —b) not an integer, and z not
in the unit interval (0,1) we have

oF1(a,b;¢;2) = M(—z)_a oF(a,a—c+1;a—b+1;1/z)
I'(a —b)I'(c)

m(—z)_b oF (byb—c+1;—a+b+1;1/z2) .
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We will now do basic calculations for the proof of Corollary 3.2, and Corollary 3.3
coming up. Accordingly we have:

2F1(1,3/2;2;4) = m(—@—l 2F1(1,0;1/2;1/4)
W(—@—W 2 F1(3/2,1/2;3/2;1/4) .
Now since
D(1/2) = VA T(3/2) = Y D(-1/2) = -2V7
we have:
2F1(1,3/220) = Lol ) o (101200 =
Note that
— (D)0
nZ:O (1/2),4mn! !
Now since

2 F1(3/2,1/2;3/2;1/4) = i (11/4))1/2 _ 2\3/5,

and (—4)7%/2 = £ | we have:

V3

w(—@—?’/? 2 F1(3/2,1/2;3/2;1/4) = —i%

(1)r(/2)
We like to note now that by using the binomial expansion formula
(x+a) = Z (’7)xkav—k’
k=0 k

we have for |z]| < 1:

(—z41)712 = i(—l)kzk(_/{> =oF1(3/2,1/2;3/2;1/4) .
k=0
Similarly we have:
23 (1,5/23:4) = PRl () B (1, -1i-1/%1/4)

I'(=3/2)T'3)

T(1)I(1/2) (—4)7% 211(5/2,1/2;5/2:1/4)
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which simplifies to:

413 i 82V/3 -1 V3

342 323 3 2 18
Note that

oo

3
Fi(1,-1;-1/2;1/4) =—.
2 1(7 ’ /7 / kgo 1/2 4kk' 2

For k > 2 the term (—1 + 1) is present in each product of (—1): accordingly we
are adding the first two terms only; furthermore

2F1(5/2,1/2;5/2;1/4) = ? :

This is the case where a = ¢ = 5/2, and in this case the sum is

1 2\/
1—1/4 2

This completes the induction proof for the case n = 1 without the use of a com-
puter. O

We can clearly see from above that o Fy(1,3/2;2;4), and 2 F3(1,5/2;3;4) are com-
plex numbers, while 2F(1,0;1/2;1/4), 2F1(3/2,1/2;3/2;1/4), o F1(1,—1;—-1/2;1/4),
and 2F1(5/2,1/2;5/2;1/4) are real numbers.

From above we have the following Corollaries resulting from the induction proof
when n = 1, and in relation to the real part, and the imaginary part of 2 F1(1,3/2;2;4),
and o F1(1,5/2;3;4).

Corollary 3.2. Leti be the imaginary unit, let Re(z), and Im(z) respectively denote
the real part, and the imaginary part of z. We have:

Re oF1(1,3/2;2;4) = LR (1,0;1/2;1/4) = —

and

i Im oF1(1,3/2;2;4) = W(@W 2F1(3/2,1/2;3/2;1/4) = —i—— .

=I5
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Corollary 3.3. Leti be the imaginary unit, let Re(z), and Im(z) respectively denote

the real part, and the imaginary part of z. We have:

1
Re 2F1(1,5/2;3;4) = (=4)7t oF (1, —1;-1/2;1/4) = ~5

and

(—4)7%/2 3 F1(5/2,1/2;5/2;1/4) = ”217{5 '

i Im 2F1(1,5/2;3;4) = W

Accordingly we have the following general lemmas:

Lemma 3.4. Let i be the imaginary unit, let Re(z), and Im(z) respectively denote
the real part, and the imaginary part of z. We have:

T(n—1/2)0(n+ 1)

Re 2F1(1,1/2 4+ m1 +n4) = ['(n+1/2)I'(n)

(—4)" Y% Fi (1,1 —n;3/2 —n;1/4)

r(1/2 —n)T(n+1)

T(D(1/2) (—471

iIm oF1(1,1/24n;1+n;4) =

X oF1(1/24+n,1/2;1/2 4 n;1/4) .

The proof of the above lemma follows by using the Gauss-Kummer formula, and by
the presence of (—4)~'/2=" in the second equation.

Lemma 3.5. Let i be the imaginary unit, let Re(z), and Im(z) respectively denote
the real part, and the imaginary part of z. We have:

T(2n — 1/2)0(2n + 1)
T'(2n+ 1/2)T'(2n)

Re 5 Fy(1,1/2+2n; 14+2n;4) = (—4) "'y Fy(1,1—-2n;3/2—2n; 1/4)

r(1/2 —2n)T(2n + 1)
I(1)r(/2)

i Im oFy(1,1/2 4 2n;1 + 2n;4) = (—4)"1/22n

x o Fy(1/2 +2n,1/2;1/2 + 2n;1/4) .

The proof of the above lemma follows by using the Gauss-Kummer formula, and by
the presence of (—4)~1/272" in the second equation.

Now we have the following lemma showing that the imaginary part of the right
hand side of the main lemma above equals to zero, i.e.:
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Lemma 3.6. Let i be the imaginary unit, and let Im(z) denote the imaginary part
of z. We have:

2 4
Im <( n>2F1(1,1/2+n;1+n;4) - (2n>2F1(1,1/2+2n;1+2n;4)) —0.
n n

Proof of Lemma 3.6.

20\ (T(A/2-n)T(n+1)  _ypn ., . i
<n)< T(1)I(1/2) (—4) WF1(1/24n,1/2;1/2 + 71/4)>

. (4”> (F(W — 20V L) (a1 4 2, 1/2:1/2 + 20 1/4)) =0,

2n r(1)r((1/2)
clearly
1 2V/3
oF1(1/24n,1/2;1/24n;1/4)) = o F1(1/242n,1/2;1/242n;1/4)) = i1 =—5 -

Now by noting that

2n 227 (n 4+ 1/2) d 4n 24nT(2n 4+ 1/2)
=————"2 an =—" -

n Val(n+1) 2n VIl(2n+1)

what we do now is to substitute the just above identities for (), and (3"), in the
above equation whose right hand side is zero; then we use the complement formula of
the gamma function which is:

™

T(2)[(1— 2) =

sinmz

to handle both of the following products: I'(1/2 + n)['(1/2 — n) and T'(1/2 +
2n)T'(1/2 — 2n).
Finally by writing

(—4)~Y2Im = (22eim) /20 with j=1,2.

We can easily show that the stated lemma above is correct, and that the imaginary
part of the right hand side of the main lemma is identically equal to zero. This com-
pletes the proof of the above lemma. O



De la Vallée Poussin summability 15

Proof of the induction step. Since the imaginary part of the right hand side of the
main lemma given above equals zero. We have:

(27?>2F1(17 1/2+n;1+n;4) — @Z)gFl(L 1/2+ 2n:1 + 2n; 4)
_(20\T(n—1/2)T(n+1)
N ( n > [(n+1/2)T(n)

an\ T(2n — 1/2)T(2n + 1)
a (2n> T'(2n + 1/2)T(2n)

Now assume that the identity we are to prove is true for n, we need to show that
it is true for n + 1; i.e. we need to show that:

(—4)" Y% Fi (1,1 —n;3/2 — n;1/4)

(—4) Yo F (1,1 —2n;3/2 — 2n;1/4) .

k=2n+1
2k 2n + 2 dn+4
= Fi(1,3/24+n;2+n;4)— Fi(1,5/2+2n;3+2n;4
k;n:ﬂ <k> <”+1>2 1(1,3/24ni 24 m;d) (2n+2)2 (1, 5/2+2n; 3+2n;4)

equivalently we need to show that:

=201 o) 2n+2\T(n+1/2)T'(n+2) . ' .
k;‘ll <k> - (ﬂ+1)r(n+3/2)r(n+1)(_4) oF1(1,-n51/2 — n; 1/4)

3 <4n + 4) I'(2n + 3/2)'(2n + 3) (—4) 5 Fy(1, -1 — 2m5 —1/2 — 2n:1/4)

n+2)T(2n+5/2)I'(2n + 2)
equivalently again we need to show that:

(2n + 2) I'(n+1/2)T'(n+2)
n+1)T'(n+3/2)I'(n+1)

(—4) 9P (1, —n;1/2 — n; 1/4)

B <4n + 4) I'(2n+3/2)l'(2n+ 3) (—4) 5 Fy(1, —1 — 2ms —1/2 — 2n:1/4)

n+2)T(2n+5/2)I'(2n + 2)

~_ (2n\T'(n—1/2)'(n+1)
B (n) [(n+1/2)T(n)

A\ T(2n —1/2)T(2n + 1)
Bl <2n> [(2n +1/2)T(2n)

() G+ Gnth)-

The above induction step can be shown by noting the following two new hyperge-
ometric identities:

(=4)"2F(1,1 = n;3/2 —n; 1/4)

(—4)"',Fy (1,1 — 2n;3/2 — 2n; 1/4)

2P (1,—n;1/2 — ny1/4) = _7”)21?1(1,1 —n;3/2—m1/4) + 1,
—nNn

4(3
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P (1,1 — 2n:3/2 — 25 1/4) = <8n+2> (4n - 1)

2n+1 n
1 4n —1
X oFy(1,—1 —2n;—(1/2) — 2n;1/4) — ( 20::13> ( nn ) .

The proof of the first hypergeometric identity above is simple, and the proof of the
second hypergeometric identity above is one where one really appreciates the simple
law of cancellation. 0

Based from above, we provide the second version of the main lemma:

Lemma 3.7. Let Re(z) be the real part of z, then we have:

2n—1

2k 2 4
Z (k) = Re ((;:)2F1(1,1/2+n;1—|—n;4) — <2Z>2F1(1,1/2+2n;1—|—2n;4)> )
k=n

An interesting corollary is the following:

Corollary 3.8. Let

f(n)z22”””“/2)“%_”)(_4)1/“, then f(n) = f(2n) .

4. Presentation of the two new hypergeometric
identities above in terms of the Meijer GG function

Since the following identities relating the hypergeometric function o F7, and the Meijer
Gég function, hold:

[(3/2 —n)

2Py (L1 = ni3/2—miL/4) = e Gy (8 (_1/;L+n);—1/4>,
2F1(1,1—2n;3/2—2n;1/4):1m Gy (8 (_1/3712”);—1/4) ,
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oFy(1,—1 —2n;—1/2 — 2n; 1/4) = W Gy <8 (?3’2112231) 1/4) :

then we have the following two new identities relating the Meijer function G;g :

PA/2=n) 412(0 (1+n) —n I(3/2-n)
I'(—n) = (0 (1/2+n) 1/4>_4(1/2—n) T(1—n)

(8 (_1/g+n);_1/4>+1
mGéﬁ (8 (- 1/?12) 1/4) (E;Zii) <4nn_1> Fﬁ:f_—zi?)

X G33(0 (2n+2)0 (3/2+2n);—1/4) — (120:;3) <4”n 1) .

1,2
X G272

5. A different meaning of Z2n ! ( k)

m 1 14+2)m
=— —d
(r) 2mi /Z_r PR

2k 1 1 2k
k omi Jy ., zktl
|z[=r
2n—1

(14 2)%F 2n
——dr = Fi(1,1/2+n;1+n;4
Z Qm/l . 0)F+1 (n>2 1(1,1/2 4 n; 1+ n;4)

4
_ (2”)2F1(1, 1/2 4 2n;1 + 2n;4) .
n

Accordingly by the Cauchy integral formula for derivatives we have the following new,
and different meaning of 77" (%F):

2”2—:1 <2k) 1 d ()

k — k! dzF

Let r > 0 be given:

Accordingly:

Hence

k=n z=0
The above formula clearly states the different meaning of the sum Y ;7 ' (%F).
We remark that
d* (14 2)%)
dz* z=0

stands for the k*" derivative of of (1 + 2)2* evaluated at z = 0.
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6. The de la Vallée Poussin sum, and the de la
Vallée Poussin means expansion

In this section, we apply the de la Vallée Poussin sum SV, to the Key lemma parts (%),
and (iz) to obtain an implicit, and an explicit de la Vallée Poussin means expansions
DV P;, and DV P;; of two particular functions, which will be defined in the statements
of the theorems. We remark that from the Key lemma we can easily see:

() NS 2 »
Sk—2+;<k_j>605]9.

Accordingly, we have the following two theorems:

Theorem 6.1. The function

207D (1 4 @) (=1 4+ 2"(1 + 2)")
n(2z +1) ’

where x = cosf

has an implicit de la Vallée Poussin means expansion DV P; of the form

2n—1 2n—1 k
1 2k 1 Z Z 2k
2= <k)+nk—n j=1 <k_j> o)

and an explicit de la Vallée Poussin expansion DV P; of the form

2n—1 2n—1
1 2k 1 2k
== §E g;; (k?) +'ﬁ ;;% <k:)‘%17

where Vi1 are the de la Vallée Poussin means of

i coskf .
k=1

Theorem 6.2. The function

—2=D (1 4 27(1 —2)")(1 — )

w2z = 1) , where x = cosf

has an implicit de la Vallée Poussin means expansion DV P;; of the form

2n—1

=n k=n \j=1 —J
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and an explicit de la Vallée Poussin expansion DV Py;; of the form
2n—1 2n—1
1 2k 1 2k
- MZ(k)+nZ<k)Vk2v
k=n k=n
where Vio are the de la Vallée Poussin means of

o0

Z(—l)k coskf .

k=1

7. Concluding remark

In this paper, we were able to show that

2k 2n 4n

E (k‘) = Re (( >2F1(1,1/2+n;1+n;4) <2 >2F1(1,1/2+2n;1+2n;4)>.
n n

k=n

Moreover, we were able to create two new hypergeometric identities to prove the
induction step. After, it was interesting to find their Meijer G function analogue.
Further, by the use of the Key lemma and the definition of the de la Vallée Poussin
means, we were able to find two new expansions representing the following functions:

27D (1 4 2) (-1 + 2" (1 + 2)")

n2o 1) ,  where x = cosf

and
20" (1 4+ 27(1 — 2)")(1 — )"

n(2x — 1)

The general form of the expansions can be put into a more familiar form as:

,  where x = cos#.

n

+ Z Agn)V(Km), where
K=1

1 <~ /2K +2n—2
to= 3 (Feiny) e

W _1(2K+2m -2
=\ K+n-1 )"

We like to add that the strong connection of the Key lemma, and the de la Vallée
Poussin means has given us two theorems about the de la Vallée Poussin summability
of the two infinite series

Ao
2

Z cos nb 0 # 2kw k integer, and

n=0
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Z(—l)"cosn@ 0 #kr k odd integer.

n=0

Moreover we note for example that

is also de la Vallée Poussin summable to % just like it’s Cesaro sum, and it’s Abel
sum.
We remark finaly that:

" (2K +2n —2 on

K=1

4
- <2Z) 2 Fi(1,1/2 4 201 + 2n; 4)) .
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