Journal of Mathematics
and Applications

vol. 41 (2018)

e-ISSN 2300-9926



Issued with the consent of the Rector

Editor—in—Chief
Publishing House of Rzeszéw University of Technology
Grzegorz OSTASZ

Open Access Journal of Mathematics and Applications (JMA) publishes
original research papers in the area of pure mathematics and its applications.

Two types of articles will be accepted for publication, namely research articles and review
articles. The authors are obligated to select the kind of their articles (research or review).
Manuscript, written in English and prepared using LaTeX, may be submitted
to the Editorial Office or one of the Editors or members of the Editorial Board.
Electronic submission of pdf file is required.

Detailed information for authors is given on the last page.

Editor-in—Chief
Journal of Mathematics and Applications
Jozef BANAS (Poland)

Editorial Committee (Subject editors)

Jarostaw GORNICKI (Poland)

(Functional Analysis and Fixed Point Theory)
Leszek OLSZOWY (Poland)
(Mathematical Analysis and Differential Equations Theory)
Dov Bronistaw WAJNRYB (Poland)

(Algebra and Topology)

Iwona WLOCH (Poland)

(Discrete Mathematics)

Statistical editor
Mariusz STARTEK (Poland)

Editorial assistant
Beata RZEPKA (Poland)

Members
Lucyna TROJNAR-SPELINA (Poland), Pawet WITOWICZ (Poland)
Matgorzata WOLOWIEC-MUSIAL (Poland)

Language editor
Johnny HENDERSON (USA)

Text prepared to print in LATEX
by Szymon Dudek and Rafal Nalepa

The printed version of JMA is an original version.

p-ISSN 1733-6775
e-1SSN 2300-9926

Publisher: Publishing House of Rzeszoéw University of Technology,
12 Powstancow Warszawy Ave., 35-959 Rzeszow (e-mail: oficyna@prz.edu.pl)
http://oficyna.prz.edu.pl/en/
Editorial Office: Rzeszow University of Technology, Faculty of Mathematics and Applied Physics, P.O. BOX 85
8 Powstancow Warszawy Ave., 35-959 Rzeszow (e-mail: jma@prz.edu.pl)
http://jma.prz.edu.pl/en/

Additional information and an imprint - p. 209



10.

11.

12.

13.

14.

Journal of Mathematics and Applications

vol. 41 (2018)

Table of contents

. T.C. Adefokun, D.O. Ajayi: On Maximum Induced Matching

Numbers of Special GTids ........ ... i i 5

W. Al Sayed, M.A. Darwish: On the Existence of Solutions of
a Perturbed Functional Integral Equation in the Space of Lebesgue

Integrable Functions on Ry ... o 19
H.K. Awad, M.A. Darwish, M.M.A. Metwali: On a Cubic Integral
Equation of Urysohn Type with Linear Perturbation of Second Kind ....... 29
M. Benchohra, M. Slimane: Nonlinear Fractional Differential

Equations with Non-Instantaneous Impulses in Banach Spaces ............. 39
P.V. Danchev: A Characterization of Weakly J(n)-Rings ................ 53
V.U. Ekhosuehi, F.O. Chete: On Population Dynamics with

Campaign on Contraception as Control Strategy ...................ccoo... 63
A. Esi, N. Subramanian: Some Triple Difference Rough Cesaro

and Lacunary Statistical Sequence Spaces .............cc.ooiiiiiiiiii .. 81
M. Gozen, C. Tung: On the Ezponential Stability of a Neutral

Differential Equation of First Order ........... ..o, 95

A.A. Hamoud, M.Sh. Bani Issa, K.P. Ghadle, M. Abdulghani:
Ezistence and Convergence Results for Caputo Fractional Volterra
Integro-Differential Equations ........... ... oo, 109

A. Jamel: The Real and Complex Convexity ..............ccccoiivii.a.. 123

D. Karichery, S. Pulickakunnel: FG-coupled Fized Point
Theorems for Contractive Type Mappings in Partially Ordered Metric
SPACES .o et e e 157

I. Qasim, T. Rasool, A. Liman: Location of Zeros of Lacunary-type
Polynomials ...... ... 171

I. Qasim, T. Rasool, A. Liman: Number of Zeros of a Polynomial
(Lacunary-type) in a Disk ... 181

J. Sokét, S. ilhan, H.O. Giiney: An Upper Bound for Third Hankel
Determinant of Starlike Functions Related to Shell-like Curves Connected
with Fibonacci NUmbers ... .. ... 195






Journal of

Mathematics
and Applications

JMA No 41, pp 5-18 (2018)

On Maximum Induced Matching
Numbers of Special Grids

Tayo Charles Adefokun and Deborah Olayide Ajayi

ABSTRACT: A subset M of the edge set of a graph G is an induced
matching of G if given any two edges e, e5 € M, none of the vertices on e;
is adjacent to any of the vertices on es. Suppose that Max(G), a positive
integer, denotes the maximum size of M in G, then, M is the maximum
induced matching of G and Maz(G) is the maximum induced matching
number of G. In this work, we obtain upper bounds for the maximum
induced matching number of grid G = G, ,, n > 9,m =3 mod 4,m > 7,
and nm odd.

AMS Subject Classification: 05C70, 05C15.
Keywords and Phrases: Induced matching; Grid; Maximum induced matching number;
Strong matching number.

1. Introduction

For a graph G, let V(G), E(G) be vertex and edge sets respectively and let e € E(G).
We define e = uv, where u,v € V(G) and the respective order and size of V(G) and
E(G) are |V(G)| and |E(G)|. For some M C E(G), M is an induced matching of G if
for all e; = w;u; and es = v;v; in M, ugv; ¢ M, where k and [ are from {¢, j}. Induced
matching, a variant of the matching problem, was introduced in 1982 by Stockmeyer
and Vazirani [10] and has also been studied under the names strong matching [7] and
“risk free” marriage problem [8]. It has found theoretical and practical applications in
a lot of areas including network problems and cryptology [3]. For more on induced
matching and its applications, see [2], [3], [4], [5] and [11].

The size | M| of an induced matching M of G is a positive integer and translates
as the maximum induced matching number Max(G) (or strong matching number) of

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland



6 T.C. Adefokun and D.O. Ajayi

G if |M] is maximum. Obtaining Maxz(G) is N P—hard, even for regular bipartite
graphs [4]. However, Max(G) of some graphs have been found in polynomial time
such as the cases in [3], [6].

A grid G, , is the Cartesian product of two paths P,, and P,,, resulting in n-rows
and m-columns. Marinescu-Ghemaci in [9], obtained the Maz(G) for Gy, m, grid
where both n,m are even; either of n and m is even and for quite a number of grids
Gr,m where nm is odd, which is called the odd grid in [1]. Marinescu-Ghemaci [9] also
gave useful lower and upper bounds and conjectured that the Max(G) of grids can be
found in polynomial time and also by combining the maximum induced numbers of
partitions of odd grids, Marinescu-Ghemaci confirmed that for any odd grid G = G,, 1,
Maz(G) < |22+L |, This bound was improved on in [1] for the case where n > 9 and
m=1 mod 4.

In this paper, the Marinescu-Ghemaci’s bound for the case where n > 9 and m = 3
mod 4 is considered and more compact values are obtained. The results in this work,
combined with some of the results in [9], confirm the maximum induced matching
numbers of certain graphs, whose lower bounds were established in [9)].

2. Definitions and Preliminary Results

Grid, G, m, as defined in this work, is the Cartesian product of paths P, and P,, with
V(P,) = {u1,u2, - ,u,} and V(Pp,) = {v1,v2, -+ ,v;n}. We adopt the following
notations which are similar to those in [1]:

Vi = {wvi, ugvs, -+ unv} C V(Ghm), i€ [1,m],

U; = {uv1, w02, -+ 400} CV(Gnm), ©€[l,n]

For edge set E(Gp,m) of Gy m, if (w05 upv;) € E(Gpm) and (w05 wvg) € E(Gnom),
we write u; kv € E(Gnm) and ;v ) € E(Gp,m) respectively.

A saturated vertex v is any vertex on some edge in M, otherwise, v is unsaturated,
cf. [1]. We define v as saturable if it can be saturated relative to the nearest saturated
vertex. Any vertex that is at least distant-2 from the nearest saturated vertex is
saturable. By this definition, therefore, it is clear that a saturated vertex is at first
saturable. However, not every saturable vertex is saturated. The set of all saturable
vertices on a graph G is denoted by Vi, (G) while the set of saturated vertices is Vi (G).
Clearly, |Vs:(G)| is even and Vi (G) C Vi (G). Free saturable vertex set (F\SV) is the
set of saturable vertices which can not be on any members of M. In other words,
v € FSV is a saturable vertex of graph G, which is not adjacent to some saturable
vertex u € G. Note that FISV = Vg, \Vy,. Let G be a Gy, 1, grid. We define G*l as a
G, subgraph of G induced by {Viy1, Viqo, -+, Vitr}. An unsaturated vertex v € G
is unsaturable if v ¢ F.SV and v ¢ Vg (G). Furthermore, for positive integers a and b,
a<b,la,b]:={a,a+1,---,b}.

The following results from [9] on G, a G, ,,, grid, are useful in this work:

Lemma 2.1. Let m,n > 2 be two positive integers and let G be a G, grid. Then,
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(a) If m =2 mod 4 and n odd then |Vy,(G)| = 22 and |V (G)| = 22 otherwise;

(b) form >3, m odd, |Vy(G)| = Z2EL, for n € {3,5}.
Theorem 2.2. Let G be a Gy, grid with 2 <n < m. Then,

(a) if n even and m even or odd, then Max(G) = [Z2];

(b) if n € {3,5} then for

(i) m=1 mod 4, Max(G) = ™m=1 1 1,

(ii) m =3 mod 4, Max(G) = Mm=1+2,
The following theorem is the statement of the bound given by Marinescu-Ghemaci
[9].

Theorem 2.3. Let G be a Gy grid, m,n > 2, mn odd. Then Maz(G) < L%HJ

3. Maximum Induced Matching Number of Odd
Grids

The following lemma and the remark describe the importance of the saturation status
of certain vertices in G, grid, where p =2 mod 4.

Lemma 3.1. Let G be a G, ., grid and let {Viy1,Vigo, -+, Vigp} C G induce GI?l,
a Gsp subgrid of G, where p =2 mod 4. Suppose that M, is an induced matching
of GIPl and that for usviy, € Vipl C V(G‘p|), uzv;y1 ¢ Vst(G‘p‘). Then, V;t(G‘p‘) <
10k + 4, for positive integer k, where p = 4k + 2 and M, is not a mazximum induced
matching of GIP!,

Proof. For a positive integer k, let p = 4k + 2, G2l and G/P—2| be partitions of G1,
induced by {Viy1, Vito} and {Viys, Viga, -+, Vitp}, respectively. Since uzv;11 is not
saturated in G2/, it easy to check that |V (G2 = 5. From [9], [V (GIP—2))| =
Vet (GIP=21)| = 10k. Thus |V (GIPN)| < |V (G| + [V (GIP21)| < 10k + 5 and
therefore, |V (GIP1)] < 10k + 4 since |V.:(G)| is even, for any graph G. This is a
contradiction since by [9], |Vt (GIP))| = 10k + 6. O

Remark 3.2. It should be noted that M; in Lemma 3.1 will still not be a maximum in-
duced matching of GIP! if for the vertex set A = {U1Vi41, UsVit1, U1 Vit p, UVigp, UsVitp
C V(G'?), any member of A is unsaturated.

Lemma 3.3. Suppose u(1,2)vi, usvi—1,) € M or ug 2)vi, usv(iy1) € M, where M
is an induced matching of G, a G5, grid, m =3 mod 4, m > 23 and 1 < i < m,
i ¢ {4,m —3}. Then M is not a mazimum induced matching of G.
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Proof. Let G be partitioned into G/l and GI"™ @I, which are induced respectively
by A ={V1,Va,---,V;}and B = {V; 41, Vita, -, Vin}. Suppose that M is a maximum
induced matching of G.

Case 1: i =1 mod 4.

Let m = 4k + 3 and set ¢ = 4t + 1, where k > 5 and ¢ > 0. Then, |m(1)| =1 mod 4
and |m(2)| =2 mod 4. Since ujv;, ugv;, usv; and usv;—1 are saturated vertices in V;
and V;_1, then the only F'SV member on V;_; is ugv;_1. Suppose that uzv;_1 remains
unsaturated. Let GI"®3) ¢ GImMI be induced by {Vi, Va,- -+, Vi_o}, where |m(3)| = 3
mod 4. By [9], | Vi (GI™®))| = 10t—4. Thus, |V, (G| < 10t. Suppose that uzv;_,
is saturated, then, uzv;_1;_2) € M. Thus, ugv;—3 € Vi3 C GI™@| is unsaturable,
where GI™@WI is GImGI\V;_,. Note that |m(4)] = 2 mod 4. From Lemma 3.1,
therefore, |V (GIm®)| < 10t — 6 and thus, |VyGI™Ml| < 10t — 6 4+ 6 = 10t. Now,
since u1v;, uov; and usv; are saturated vertices in V;, then, usv; 1, uqv;y1 € V(G'm(2)|)
are saturable vertices in GI"™(2)I,

Claim: Edge u(34)v;+1 belongs to M.

Reason: Suppose that both ugv; 1 and uqv; 11 are not saturated, then V;y; contains
no saturable vertices. Let GIm@N\{V; 1} = GImO)I where |m(5)] = 1 mod 4.
Thus, |Vit(G)| < VeG4 |V, (GImOI| = 10k + 2, which is less than the
required saturated vertices by 4 and hence the claim. Now, u34)vi+1 belongs to
M. Clearly for GI™®)| defined above, |Vi(GI™®)| = 10(k — t) + 3 and suppose
U3Vi+1, UgVir1 € Vi (G), then |V (G)| < 10k + 5. In fact, |V (G)| = 10k + 4. Thus
establishing the first part of the case that with wu( 2)vs,usv(i—1,) € M, M # Max(G).

For the second part of the case, suppose that u 2)v;, usv(; 1) € M. Let GI"MI =
GIMMN{V;} and GI"A) = @™y {V;}. Now, |n(1)] = 0 mod 4 and |n(2)| = 3
mod 4. Consequently, |V (GI"2))| = 10(k —t) + 6. Now, on V;_; ¢ GI"MI only
vertices uzv;_1 and u4v;_1 are saturable. Suppose they are both not saturated after
all. Let GGl ¢ GI"MWI be induced by {Vi,Va,- -+, Vi_a}, where |n(3)| =3 mod 4.
|Vor (GI"G)| = 10t — 4. Thus |V (G)| = 10k +2. Therefore, M requires four saturated
vertices to be a maximum induced matching of G. Now, |V, (G| = 10t — 2,
and thus, V(G"®)) contains two extra FSV vertices, say, vi,v; which are not
adjacent. Thus, the maximum number of saturable vertices from the vertex set
{v1, va, uzv;_1,uqv;—1 } is 2. Therefore, |V (G)| < 10k + 4, which is a contradiction.
Case 2: i =2 mod 4.

Let GIP(MI and GIPA)I be partitions of G induced by {Vi,Va, -+, Vi} and {Viy1, Viyo,

oo, Vin}, with m = 4k 4 3 and i = 4t + 2. Let u(y 2)v; and usv_y1 ;) € M. Since
u(1,2)v; belongs in M of G, then uzv; cannot be saturated. Thus, |Vst(G|p(2)‘)| >
10(k — t) + 2 for M to be maximal. It can be seen that [p(2)] = 1 mod 4. Now,
ugv;+1 and ugqv;41 are saturable vertices in V;y;. Suppose both of them are not
saturated, then for G'P®)| induced by {Vi 2, Viys,---,Vin}, where [p(3)| =0 mod 4,
|V (GIPGN]| < 10(k — t). Thus usv;1 and v4v;4; are saturable vertices and in fact,
U(3,4)Vit+1 € M. On V4o, therefore, there exists three saturable vertices ujv;y1, u2vitao
and usv;45. Suppose none of these three vertices are saturated. Then, \Vst(GWS)‘N <
|Vaor (GIPON] + 2, with GIPMI induced by {Viys, -+, V;n} and |p(4)] =3 mod 4 and
thus, [V (GP®N)]| < 10(t — k) — 2. Therefore it requires extra four saturated vertices
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for M to be maximum. There exist two other saturable vertices, vy, vy € V(GP(4I)
(since Vi (GIPW) = 10(k — t) — 4 and Vi, (GIPW) = 10(k — t) — 2). Clearly, vy, vo
are not adjacent, else they would have formed an edge in M. Suppose v1,vs € Vii3.
For v; and vs to be saturated, they have to be usv;y3 and one of ujv; 3 and ugv;43.
Thus, usviy2i+3 € M and one of u1v(1243) UaV(i12,i43) OF U(1,2)Vi+2 belongs to
M. Let G'P®)I be induced by {Viy4,---,Vin}, where [p(5)| =2 mod 4. Now, since
VsV (i42,i+3) € M, then usv;ys € Vii4 is unsaturable and therefore, by Remark 3.2,
|Var (GIPOIN| = 10(k — t — 1) 4+ 4 and thus, |V (GP@))| = 10(k — t), which is less than
required. The case of usv(;11) € M is the same as the case of usv;_y ;) € M for
1 =2 mod 4.

Case 3: i =0 mod 4,4 > 6 or i < m — 5, with u 2)v;, usv—1,) € M. Let GI")]
and GI"@) be partitions of G’ which are induced respectively by {Vi,Va,---,V;} and
{Vit1,Viza, -+, V;u}. Since i = 0 mod 4, then |r(1)] = 0 mod 4, while |r(2)] = 3
mod 4. Also, usv(;_14) € M, implies usv; 1 is unsaturable. Since i —2 =2 mod 4,
then by Lemma 3.1 and Remark 3.2, |V, (GI"M1)| < 10t — 2, implying that for M
to be maximal, |V (GI"®)| > 10(k — ¢) + 8. It can be seen that V;;; has two
only saturable vertices ugv;y1, uqv;4o left. It should also be noted that if any of
u3v;4+1 and uqv;4o is saturated, then usv;+3 can not be saturated in G|T(3)‘, a subgrid
of GI"! induced by {Viyo,Viis, -+, Vin}, with |r(3)] = 2 mod 4. Thus suppose
U3Vi41, U4Vi+42 S Vgt(G), then |V5t(G)| S 10(]{5 — t) + 4. Likewise, if U3Vi41, U4Vi42 ¢
Vit (G), Vet (G)] < 10t =2+ 10(k —t) +6. The case of usv(; ;41) € M follows the same

argument as the case of usv(;_1; € M. O
| e o S o SORes o Senes o Senes o Senes o )
09— 90— 00— 98—

Figure 1: A Grid G = G523 with Max(G) = 28, u 2yv1, ua,2vs € M of G

Remark 3.4.

(a) In the case of i = 0 mod 4 in Lemma 3.3, M remains a maximum induced
matching when ¢ = 4 or when ¢ = m — 3 as seen in Figure 1 of Maz(G) = 28 of
G5 23.
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(b) It should be noted that the case of i =3 mod 4 has been taken care of by the
case of i =1 mod 4 by ‘flipping’ the grid from right to left or vice versa.

(¢) From Lemma 3.3, we note that if for some induced matching M of G5, m =3
mod 4, u(1,2)v; and usv(_14) (Or UsV(;i42)) € M, then M is not a maximal
induced matching of G for any 1 < i < m.

Next we investigate some induced matching M of G5 ,, if it contains u 2yv; and
U(4’5)Ui.

Lemma 3.5. Suppose G = G5, where m > 23 and m = 3 mod 4. Let u( 2)v;,-
u4,5)0i € M, an induced matching of G and 1 <i <m, i #0 mod 4 then M is not
a mazimum induced matching of G.

Proof. Let M be an induced matching of G = Gs,,. Suppose that i = 2
mod 4. Let G| and GI™®@) be partitions of G induced by {Vi,Va,---,V;} and

{Vig1, Vigo, -+, Vin}. Since ug 9)vi, ua5v1 € M, then, uzv; is unsaturated. Let
i = 4t + 2, for some positive integer t, by Lemma 3.3, |V, (G!™M)| = 10t 4 4. Now,
only ugvs 4 is saturable on Viyp. Let GG ¢ GI™A) induced by {Viia, -+, Vin}.

Clearly |m(3)| = |m(2)| — 1 = 4(k —t). Therefore, |V (G Uugv;)| < 10(k —1t) +1,
which, in fact, is 10(k — t). Thus, |Vs(G)| = 10k + 4.

Now, suppose i = 1 mod 4. Let G!"(MI be induced by {V;,Va,---,V;} and let
Gl be induced by {Viy1, Viga, -+, Vin}. Since [n(1)| = 4t + 1, it is easy to see that
[n(2)] =2 mod 4 and hence, |n(2)| = 4(k —t) + 2.

Claim: For M to be maximum, both usv;_1 and usv;4; must be saturated.

Reason: Suppose, say usv;—; is not saturated. Then, no vertex on V;_; is sat-
urable. Now, let {Vi,Va, -, Vi_o} induce grid G with |n(3)] = 3 mod 4.
Then, |V (GI"®))| = 10t — 4, and thus, GI"MI = 10t. Also, let GI"*I be in-
duced by {Vijo,Viys, -+, Vin}. Since |n(4)| = 4(k —t) + 1, then for GI"®| 4 usv;,,
[V [(GI" M) Ungvi ]| = 10(k — t) 4 4. Therefore, |Vi:(G)| < 10k 4 4. Now suppose
u3v(i—2,i—1) € M and let GI"®)l be induced by {1, Va,--,Vi_3}, with |n(5)| = 2
mod 4. By Lemma 3.1, |V (GI"®))| = 10t — 6. Thus, |Va: (G| = 10t and there-
fore, |V (G)| < 10k + 4, which is less than required number by at least 2. Hence,
M # Max(G). O

Remark 3.6. Like in Remark 3.4, for ¢+ = 0 mod 4, it can be seen that
U(1,2)V1, U(1,2)V4 OT U(1,2)Vm—3,U(1,2)Vm can be in M if M is a maximum induced
matching of G. Also given i = 0 mod 4 and 4 < i < m — 3, for at most one i in
[4,m — 3] for which u; 2)v; can be a member of maximal M.

Next we investigate the maximality of the induced matching of G = G5 ,,,, m =3
mod 4.

Lemma 3.7. Let u 2)vi, uavi—1,45) € M or uq2)v;, uav(;i+1) € M, where M is an
induced matching of G, a G5, grid, m =3 mod4, m>23 and1 <i¢<m, 1 %0
mod 4. Then M is not a mazimum induced matching of G.
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Proof. Case 1: : =1 mod 4.

Suppose that m = 4k +3 and i = 4t + 1, t > 1. Let Gl and GI"™®?)I be two
partitions of G, induced by {Vi,Va,---,V;} and {Vi41,Viya, -+, Vin}, respectively.
Since u(1,2)vi, uav(;—1,5) € M, then there is no other saturated vertex on both of V;_
and V. Let GI™®) ¢ GImMWI be a grid induced by {Vi,Va,---,Vi_2}. Now, n(3) =3
mod 4. Therefore, |V (GI™B))| = 10t — 4 and hence, |Vy (G| = 10t. Now,
|m(2)] = 2 mod 4, since u(; 2yv; € M, then uv;11 € Viq1 is unsaturable. From
a previous result, |V (G| = 10(k — t) + 4 and thus, |V (G)| = 10k + 4. For
s ip1) € M, let G and GI"@)! be induced by GMWN\V; and GI™3IUV;. Then,
[n(1)] =0 mod 4 and [n(2)| = 4(k —t) + 3. It can be seen that on V;_1, only usv;_1
and usv;_1 are saturable vertices.

Claim: Vertices usv;_1 and usv;—1 are not saturable for M to be maximal.
Reason: Suppose without loss of generality, that any of uzv;_1 and usv;_; is satu-
rated, say usv;—1. Then usv(;_s,;_1) € M. This implies that vsv;_3 is not saturable
in V;_3. Now {V1,Va,---,V;_3} induces a grid GI"®D and |n(4)| =2 mod 4. Then,
|Var (G| = 10t—6 and thus, |V (G| = 10t—4. Now, since [n(2)| = 4(k—t)+3,
[Vae (G| = 10(k — t) + 6 and therefore, |Vt (G)| = 10k + 2.

Case 2: i =2 mod 4.

Let Gl and GI"?I be two partitions of G, induced by {Vi,Va, --,Vi} and
{Vig1,Viga, -+, Vin} respectively. Since u(; 2)v; and uqvii—14) € M, vertex usv; €
Vo (GI"W1) | and therefore, |V, GI"MI| = 10t + 4, where |n(1)| = 4t + 2. Also, only
uszv;+1 and usv;41 are saturable on V;,;. Suppose without loss of generality, that
both uzv;1+1 and usv;41 are saturated and thus, usv(;q1,iq2), UsV(i+1,i+2) € M. Now,
suppose that GI"®! is induced by {Viis, Viza, -+, Vin}, with [n(4)| = 4(k —t — 1) + 3.
By following the techniques employed earlier, it can be shown that |V (G)| <
[Vae (GO + |V (G| < 10k + 4. The ugv; 44y case, has the same proof as the
U4V (;—1,5) Case. O

L el o oo be o oeo®obe o oo o oot o )

Lo mlnbe o ooty o oeotobe o otote o oot o

PG o nOobe, o ooty oSS b, o 0ot o oo

L Ol o obaSe o abe obe o ooty o 0ot o )

Figure 2: A G = G593 Grid with Maz(G) = 28, u1 2v; € M,i =0 mod 4
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Remark 3.8.

(a) There can be only one edge w1 2yv; € M for which M is the maximum induced
matching of Gs ,,, if M contains u( 2yv; and uav(;—1,5) (Or u4V(;i41)), and in
this case, i =0 mod 4 as shown in Figure 2.

(b) It should be noted that the proof of the case : =1 mod 4 in Lemma 3.7 will
hold for ¢ =3 mod 4 by flipping the grid from right to left.

The previous results and remarks yield the following conclusion.

Corollary 3.9. Suppose that m > 23 and M is the mazimum induced matching of G,
some G grid. Then, if for at most some positive integer i, 1 <i <m, uc 2v; € M,
then, i =0 mod 4.

Lemma 3.10. Let M be a matching of G5 m with m = 3 mod 4 and let u 2yvi,
u,2)v; € M, 1 <i<j<m, such thati=0 mod 4 and j =0 mod 4, then M is
not a mazximum induced matching of G.

The claim in Lemma 3.10 can easily be proved using earlier techniques and Lemma
3.1 and Remark 3.2.

Remark 3.11. It should be noted from the previous results and from Corollary 3.9
that if M is the maximum induced matching of G5 ,,, m =3 mod 4, then at most,
M contains two edges of the form wu(; 2)v;, u(1,2)v; and j can only be 4 when i =1 or
¢ can only be m — 3 when 7 = m.

Theorem 3.12. Let M be the mazimum induced matching of G, a Gs ,, grid, with
m>7,m=4k+3 and k > 1. Let M contain u( 2v1 and ugi 2)vs (07 U1 2)VUm—3
and u(Lg)vm). Then there are at least 2k + 2 saturated vertices on Uy C G.

Proof. For ug2yv1 and wu(; 2)vs to be in M, either ugy 5yva € M or usviz gy € M.
Now, let {Vs,Vz, -+, Vin} induce Gl ¢ G. Clearly, |m(1)] = 2 mod 4 and
|Var (G| = 10k — 4.

Let GImMN {ujvg, ugvr, - -, u1v, } induce G ¢ GI™WI Then, GI"™®@I g
a Gym_s5 subgraph of GI™WI. Now, |V, (G™®@)| < 8k — 4. Thus for V(U;) C
V(GI™WN |V(U)| > 2k. Thus, U; contains at least 2k + 2 (i.e. ™:1) saturated

2
vertices. O

Next we investigate G's ,,,, where m =3 mod 4.

Lemma 3.13. Suppose that G is a Gz, grid withm =3 mod 4 and M is an induced
matching of G, with {U(LQ)’U%U(1’2)’Ui+2,U(1’2)’Uj7’U,(LQ)’UJLFQ} eEMandi+2 > j.
Then M is not a maximum induced matching of G.

Proof. Suppose i +2 > j. Since m = 4k + 3, [V (G)| = 6k +5 and |V (G)| = 6k + 4.
Thus, G contains at most one F'SVvertex. Now from the conditions in the hypothesis,
it is clear that uzv;41 and ugvjy1 are F'SV members in G, which is a contradiction.

Same argument hold if i + 2 = j since both ugv; 1 and ugv;4+3 are FSV vertexes in
G. O
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Remark 3.14. Suppose that G, is G3,, a subgrid of G35, and induced by
{Vig1,Vigo, -+, Viyn} and G’ is a subgraph of G, with G’ = G, + {u3vs, u3viyni1},
then the following are easy to verify. For

(a) n=0 mod 4, [Vu(G")| < [Vap(Gn)| + 2.
(b) n=1 mod 4, [Vsi(G")| < [Var(Gr)| + 2.
(c) n=2 mod 4, |Vst(G')| = [Va(Gr)|-

(d) n=3 mod 4, [Vet(G')] < [Vap(G)| + 1.

Lemma 3.15. Let u(1,2)v5, U(1,2)Vj+3, U(1,2) Uk, U(1,2) Vk+3> U(1,2)Vi> U(1,2)Vi+3 be in M
an induced matching of G a G grid and m =3 mod 4. Then M is not mazimum
induced matching of G.

Proof. Case 1: j+3=kandl=k+ 3.

Suppose m = 4p + 3 and GV is a subgraph of G, induced by {Vic1,Vj, -+, Viga}.
Then |m(1)| = 12 and ugv;_1, uzv;+a € FSV. For one of ugv;j_1 and uzv,;14 to be
relevant for M to be a maximum induced matching of G, say usv;_1, then for GIm@I
induced by {V1, Va, -+, Vi_a}, [V (GI™®!)| must be odd, which can only be if j—2 = 3
mod 4. Suppose j —2 =3 mod 4, then |V (GI™P) +uzv; 1| < [V (GImPN)| +1 =
6q + 6, where |m( )| = 4q + 3, for q > 1, since |m(1)| = 12 and |n(2)] = 3 mod 4.
Now let GIm@) — GlImM)] | Gim) |, where |m(3)| = |m(1)] + |m(2)] = 3 mod 4
and G!™@I C G be defined as a subgrid of G induced by {Viis, Vite, -, Vin}.
Clearly, [m(4)] = 0 mod 4. Since |Vy(GmW)| = |V, (GI™®)|, which is even,
then |Vi (G U ugw; )| = [V (GI™®D| = 6p — 6¢ — 18. Tt can be seen that
|Vst(G|m(1)|)\ {uszvj_1,usvi14}| = 14. Therefore, |Vs(G)| < 6p + 2 instead of 6p + 4,
and hence a contradiction.

Case 2: j+3<kand k+3 <L

As in Case 1 and without loss of generality, let j —2 = 3 mod 4 and let Gl still be
induced by {Vi,Va, -+, Vj_2}. Also, let GI™®! be induced by {Viis, Vits, -+ Vin},
and set |m(4)] =3 mod 4. Thus, ugv;j_1 and uzv;+4 are both relevant for M to be
a maximum induced matching of G, Vit (G UV, 1) = [V (G| + 1 and
Vet (GO U V)| = [Vap (GIMOD| 4 1. Set GImN UV, = GO and g1y
Vipa = GImE also let {V;, Vig1, Viga, Virs}t and {Vi, Viy1, Vita, Vips} induce GImO)l
and GI™O) respectively. Furthermore, let GG = gImGI y Vita and GIm 6™
contain, say, h columns of V; in all, where h = 2 mod 4. Therefore, for GIm(M)| =
G\{GImENI Y GIm@HIy @mGEI Y GImEDN |m(7)|=m —h=b=1 mod 4. Let
b = 4a + 1, for some positive integer a and let GI"®I ¢ G where GI™(MI s
induced by {Vi, Vit1, Vi,, Vits}. Certainly, usve—1, usvkta, usvjta, ugvi—1 € Ve (G).
Now, let GI®! be induced by {Viey Vier1, Vier2, Vs } and G*""1 be induced by GI®Iy
{Vie—1, Vieya}, with |4 ++| = 6. So, b — 6 =3 mod 4, which is odd and thus can only
be the sum of an even and an odd positive integer. Therefore, let GI™®)| and Gl™©)l
be induced by {Vji5,Vjie, -+, Ve—a} and {Vjys5, Vjie, -, Vi—a}, respectively, with
|m(8)] + |m(9)| = b. Suppose thus, that |[m(8)] =0 mod 4, then, |m(9)] =3 mod 4
and suppose |m(8)| =1 mod 4, then |m(9)| =2 mod 4. For |m(8)| =0 mod 4, let
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GImA0)| — GlIm@H)+HmH) he GImENI | GImEOI and GImADI — GImE") +HmEH)] be
GImENDIYGImENI where [m(21)| + |m(51)| = 4¢+9 and [m(41)|+ |m(6+)| = 4r +9,
where |m(4)| = 4r + 3. Therefore, as defined, b = |m(7)| = 4p — 4g — 4r — 15 and thus
b—6 = 4(p—q—r—06)+3. Set p—g—r—6 = f. Now, for |m(8)| and |m(9)], if |m(8)| = 4g¢,
for some positive integer g, then |m(9)| = 4(f — g) + 3. The maximal values of the
subgrid of G is: [Viy(G)| < Ve (G UGN 4+ Vef (GO 4 {014, uzvp_1})]
+ [Vate (GO |+ [Vet (GO + {ugvp s, ugvi1 P+ [Vae(GIMOTUGImEDN | < 6p+2,
which is less than 6p + 4 and hence a contradiction. For |m(8)] = 1 mod 4, and
|m(9)] = 2 mod 4, we have |m(8)] = 4¢g + 1 and hence |m(9)| = 4(f — g) + 2 and
Vet (GO U {ugvp g, ugvi1})] = 6(f — g) + 4 and thus, [V (G)| < 6p + 2.

Case 3: j+3=kork+3=1.

Suppose as in Case 2, j —2 =3 mod 4 and m — (i +4) =3 mod 4. Let GI"MI ¢
G, a G3g subgrid of G be induced by {Vj_1,v;,---,Viji7}. Then for GI"?I =
Gy GI"WI n(2)] = |m(2)| + |n(1)], [n(2)] = 0 mod 4. Likewise, suppose
{Vi_1, Vi, -+, Vi } induces G for which [n(3)| = 1 mod 4. If [n(2)| and |n(3)]
are 4¢ and 4r + 1 respectively, then |n(4)| = 2 mod 4. So far, GI"*¥!  is induced
by {Vits, Vizo, -+, Vi—a} and by Remark 3.14, [V (GI") + {ugvj 7, usvi_1} | =
[Vapo (GI"®)1)]. By a summation similar to the one at the end of Case 2, |V (G)| <
Vet G| 4+ [V (GO 4 [V (G| < 6p +- 2.

OJ

Remark 3.16.

(a) By following the technique employed in Lemma 3.15, it can be established that
given w(y 2)v;, u(12)vit2 € M and u( 2)vj,ue 2)vj+2 € M of G, a G3 pp, grid,
m =3 mod 4, i+ 2 < j, then M is not a maximum induced matching of G.

(b) Let M be an induced matching of G, a G3 ,, grid, and i be some fixed positive
integer. Suppose u(1,)v,i + 8(n) € M, for all non-negative integer n for which
1 <i+48(n) < m. Let M be the maximum induced matching of G. Then,

(i) if ¢ > 1, then i — 1 is either 2,3, 4 or 6;

(i) if 7 + 8(n) < m, for the maximum value of n, then m — (i 4+ 8(n)) is either
2,3,4 or 6.

Based on the results so far, we note that if M is the maximum induced matching
of G, a G, grid, m =3 mod 4, m > 11, the maximum number of edges of the type
u(1,2)vx that is contained in M, k, a positive integer, is k + 2 when m = 8k + 3 and
k+ 3 when m =8k + 7.

It can be easily established that for H that is a G ,, grid, with £ =0 mod 4 and
m = 3 mod 4, which is induced by {U1,Us,--- ,Ux}, if My is a maximum induced

matching of H, then, the least saturated vertices in Uy is mT_l The next result
describes the positions of the members of M; in E(H) if Uy, contains 1 saturated
vertices.

Lemma 3.17. Let H be a Gy grid with k =0 mod 4 and m =3 mod 4 and let
Uy, contain the least possible, mT_l, saturated vertices for which N remains maximum
induced matching of H. Then, for any adjacent vertices v',v" € Uy, edge v'v"" ¢ M.
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Proof. Induced by {Uy,Us, - ,Ux_2} and {Uk_1,Us} respectively, let G'lml and
G™ be partitions of H with k — 2 = 2 mod 4. It can be seen that |V, (G™)| =
[Vap(GI™)| = Em=2m42 Gince |V, (H)| = £ then |V (G™)] < m—1. Now, let G
be a G1 ,,, subgrid (a P, path) of H, induced by Uj. By the hypothesis, Uy contains
maximum of mTfl saturated vertices. Now, let ugv;, urpv;+1 be adjacent and saturated
vertices of Gy"!. Then there are M55 other saturated vertices on G4, Without loss

of generality, suppose that each of the remaining mTfs saturated vertices in Ggml is
adjacent to some saturated vertex in Up_,. Now, suppose uy_1v; is a saturable vertex
in Uy—1 and that v € V(H), such that uy_1v; v € M;. Now, v ¢ Uy, since all the

saturable vertices in U}, is saturated. Likewise, suppose v € Ui_; and then uy_1v; v €
E(GLml), where Gllm‘ is a 1, subgraph of H induced by Ui_;. Then, clearly, at least
one of ui_1v; and v is adjacent to a saturated vertex in Vst(G‘lm‘). Also, suppose that
v € Ug_a, since |[Vap(GY"))] = [Var(GY™)], then [Var(GY™D)] = Vet (GY™ + up— 1))
Hence v € FSV in Gllm‘. Therefore, |V H| < |VStG|1m|| + |VStG|2m|| < ka—47 which is
a contradiction since |V (H)| = &2, by [9]. O

Remark 3.18. The implication of Lemma 3.17 is that for a grid H' C H, which is
induced by {Uy,Us, -+ ,Ug—2} C V(H), k — 2 =2 mod 4, suppose U, contains the

least possible number of saturated vertices, mTfl, then wugvs, upvyg, -+ , Upv;,_1 are

saturated as shown in the example in Figure 3, for which k =4 and m = 7.

O $ Q L 4 O L O
O & @ L O ® O
L O & O 4 () L

L O @ O L

y
Wt

Figure 3: A G4 7 Grid with Maz(G) =7

Lemma 3.19. Let G be a G3,, with an induced matching M and GO induced
by {Vi,Vigo, -+, Vits} be a Gsg subgrid of G. Suppose that M' C M is an induced
matching of GO such that U(1,2)Vs, U(1,2)Vir8 € M'. No other edge U(1,2)Vitt, L <t <
i+7 is contained in M'. Then for G'1O ¢ GIO defined as GIONU,, [V (G| <
8.

Proof. Let G/l = GION {{ujvi 1, uiviya,--- ,u1vi17}, Vi, Vigg}. It can be seen
that GII is a Ga,7 subgrid of GOl Clearly also, GIMI ¢ GOl Since
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U(1,2)Vi, U(1,2)Vits € M’ then, usv;11 and wugv;y7 can not be saturated. Let Gy
be subgraph of GI(M! defined as GI(MI\ {ugvi+1,u2/vi+7}. Now, |V(Gy)| = 12 and
|Vap(Gy)| can be seen to be at most 6. Thus Vi, (G 1| = [V (G,)| + 2 = 8, since
ugv; and usv;4g are saturated in M. O

Remark 3.20. For U; ¢ GO as defined in Lemma 3.19, U; contains at least 6
saturated vertices, implying that M’ contains two edges whose four vertices are from
U;.

Corollary 3.21. Let G be a G3,,, grid with m > 11 and m =3 mod 4. If M’ is a
mazximum induced matching of G. Then M’ contains at least 2k edges from Uy, where
m=8k'+3 orm=28k"+T1.

Figure 4: A G = G393 Grid with Maz(G) = 17

Figure 5: A G = (3,19 Grid with Maz(G) = 14

Theorem 3.22. Let G be a G, grid, with m > 23. Then forn =1 mod 4,
Maz(G) < | 2mogm=3 |,

Proof. For n =1 mod4, n—5 =0 mod 4. Let G; and G5 be partitions of G
induced by {Uy,Us, -+ ,Uy,—5} and {Uy_4,Up—3, Uy —2, U, —1, Uy } respectively. Also,
let M', M" be maximum induced matching of G'; and G5 respectively.

Suppose, U, _5 contains at least mT_l saturated vertices, the least U, _5 can contain
for M’ to remain maximum induced matching of G;. By Theorem 3.12, U; C G2 (the
U,_4 of G) contains at least 2k + 2 saturated vertices with k = =2, Following the

4

proof of Theorem 3.12, it is shown that M” contains 52 edges of U; C G and either
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of w1 2yv4 and w1 2)vm—3. Now, with G = G’ UG" and hence, |M| < |M'| + |M"|, it
is obvious therefore, that for each edge uqug € U, _4 contained in M", either u, or ug
is adjacent to a saturated vertex on U,_5 and also, u,_4v4 (0T Up_40,—3) is adjacent
to saturated u,_svs (or to saturated u,_4v,—3). Hence, |V (G)| < W and
thus, Max(G) < |2mnom=T| O

Theorem 3.23. Let G be a Gy, 1, grid withn =3 mod 4 and m =3 mod 4, m > 11.
Then Max(G) < [22ngmt| and Max(G) < |222g™E5 ] for m = 8K + 3 and
m = 8k’ + 7 respectively.

Proof. The proof follows similar techniques as in Theorem 3.22. O
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1. Introduction

It is well known that functional integral equations of different types find numerous
applications in modeling real world problems which appear in physics, engineering,
biology, etc, see for example [1, 3, 6, 13, 14, 16, 17, 20]. Apart from that, integral
equations are often investigated in monographs and research papers (cf. [5, 11, 15,
17, 23, 24]) and the references cited therein.

In [5], the authors discussed the solvability of the Urysohn integral equation

z(t) = f(t) + /000 u(t, s, z(s)) ds,

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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while the authors in [3] studied the existence of integrable solutions of the following
integral equation

mwh@é%mﬁme»M)

In [2], the authors studied the solvability of the functional integral equation

B(®)
a(t) = f (t,x(a(t)%/o g(t,s,2(7(s))) d8> , t>0

in the space BC(R;) (the space of all continuous and bounded functions on Ry ).
The authors in [4] studied the nonlinear integral equation

z(t) = p(t) +/0 v(t,s,z(s)) ds, t >0

by using a combination of the technique of weak noncompactness and the classical
Schauder fixed point principle. Also, Banas and Knap [7] discussed the solvability
of the equations considered in the space of Lebesgue integrable functions using the
technique of measures of weak noncompactness and the fixed point theorem due to
Emmanuel [19].

In addition in [22], the authors study the functional integral equation of convolu-
tion type

o
o(t) = F(t.a®) + [ bt = Qs
0
using a new construction of a measure of noncompactness in LP(R).

Motivated by the work [22], in this paper, we will study the existence of solutions
to the following more general functional integral equation

x(t) = fi(t,z(t)) + fa (t, /OOO k(t — s)Q(a:)(s)ds) ,teR,. (1.1)

Throughout fi, fo : Ry x R — R, k¥ € L'(R) and Q is an operator which acts
continuously from the space L?(R.) onto itself.

2. Notation and Auxiliary Facts

We will collect in this section some definitions and basic results which will be used
further on throughout the paper.
First, we denote by LP(Ry) the space of Lebesgue integrable functions on R

oo
equipped with the standard norm ||z|[b = [ |=(t)[Pdt.
0

Theorem 2.1. ([10, 21]) Let F be a bounded set in LP(RN) with 1 < p < co. Then,
F has a compact closure in LP(RN) if and only if }llir% T f — fllp = 0 uniformly in
—

f € F, where m,f(x) = f(z + h) for allx € RN.
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In addition, for e > 0, there is a bounded and measurable subset Q of RY such
that || fl| Lrev\@) < € for all f € F.
Corollary 2.2. Let F be a bounded set in LP(Ry) with 1 < p < co. The closure of F
in LP(Ry) 4s compact if and only if }1Ll£>% (Lo f (@) = f(z+ h)\pda:)% = 0 uniformly
infeF.
In addition, for € > 0, there is a constant T > 0 such that ([, \f(x)|pd;v)% <, for
all f € F.

Next, we recall some basic facts concerning measures of noncompactness, [8, 9].
Let us assume that F is Banach space with norm ||.|| and zero element . Denote by
Mp the family of all nonempty and bounded subsets of E and by 9ig its subfamilies
consisting of all relatively compact sets. For a subset X of R, the symbol X stands
for the closure of X and the symbol ¢6X denotes the convex closed hull of X. By
B(z,r), we mean the ball centered at x and of radius 7.

Definition 2.3. A mapping p : Mr — R is said to be a measure of noncompactness
in E if it satisfies the following conditions:

1) The family of kernel of y defined by kerp = {X € Mg : u(X) = 0} is nonempty
and kery C Ng.

2) X CY = puX) <)

3) 1(X) = p(cX) = p(X).

4

)
)
) pA X +1 - Y) <A pu(X)+ (1 =N uw(Y)for 0 < A< 1.
)

5 If X,, € Mp, X, =X, Xp41 C X, forn=1,2, 3, ..andif lim u(X,)=0
n— oo
then N7, X,, # ¢.

In the following, we fix ) # X C L?(Ry) bounded, € > 0, and T > 0. For arbitrary
function z € X, we let

w(z,€) = sup{(/ooo |z (t + h) —m(t)|pdt>; DR < 6},

w(X,e) =sup{w(z,e): z€ X}

and
wo(X) = lim w(X, e€).
e—0
Also, let
1
dp(X) = sup { (/ |x(s)|pds) Tae X}
T
and

d(X) = lim dp(X).

T—o0
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Then, the function p : Mpsr,) — R given by pu(X) = wo(X) +d(X) is a measure of
noncompactness on LP(R. ), [22].

In the end of this section, we state Darbo’s fixed point theorem which play an
important role in carrying out the proof of our main result.

Theorem 2.4. [12] Let Q be a nonempty, bounded, closed, and convex subset of a
Banach space E, and let F' : Q — Q be a continuous mapping such that a constant
k €[0,1) exists with the property

w(FX) < kp(X),

for any nonempty subset X of Q. Then F' has a fixed point in the set 2.

3. Main Results

In this section, we study the existence of solutions to Eq.(1.1) in the space LP(R.).
We consider equation (1.1) under the following assumptions:

(ao) fz(ao) € LP(R+)7 1= 172~

(a1) The functions f; : Ry x R — R, ¢ = 1,2, satisfy Carathéodory conditions and
there exist constant A; € [0,1) and a; € LP(R4) such that

it 2) = fi(s, 9)| < lai(t) — ai(s)| + Ai(lz — y])
for almost all t,s € Ry and z,y € R.

(a2) ke LI(R)
Notice that, under this hypothesis, the linear operator K : LP(Ry) — LP(R})
oo
is given by (Kz)(t) = [ k(t — s)z(s) ds and it is a continuous operator and
0

1K xllp < [k @ll2lp-

(ag) The operator () maps continuously the space LP(R.) onto itself and there ex-
ists a constant b € Ry such that A1 + Xobl|k| @) < 1 and [|Qz| 1r7,00) <
bl|z|| ri1,00) for any . € LP(Ry ) and T € R.

Now, we are in a position to present our main result.

Theorem 3.1. Under the assumptions (ag) — (as3), Eq.(1.1) has at least one solution
z € LP(Ry).

Proof: First of all, we define the operator F': LP(Ry) — LP(R,), by

Fla)(t) = fu(t,a() + fo (t, / Tk - s)@(m)(s)ds) . (3.1)
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It is clear that Fx is measurable for any € LP(R.), thanks to Carathéodory con-
ditions. Next, claim that Fz € LP(Ry) for any « € LP(R4). To establish this claim,
we use the assumptions (ag) — (a3), for a.e. t € Ry, then, we have

[F(@)®)] < [fi(t @) = f1(t,0)] + [f1(2, 0)]
o (1 [ k- Qs ) - R(e0)| + 120.0)

0
< Mllely + 11 0)lp + 1720 0)lp + AsbllklLzs s 2l

+

where we have used Young’s inequality. Therefore, we obtain

[Fzlly < Aullllp + 121G 0)llp + 1205 0)llp + Acbl[Ell Ly [l lp- (3.2)

Hence, F(z) € LP(R;) and F is well defined. Moreover, from (3.2), we have

F(B,,) C B,,, where 1y = ”fﬁ?&;”iﬂiﬂgjp Also, F is continuous in LP(Ry) be-

cause f1(t,-), f2(t,-), K and @ are continuous for a.e. t € Ry.

Further, we will show that wo(FX) < (A1 + A2b||k|1®)wo(X) for any set
() # X C B,,. For, we fix an arbitrary ¢ > 0 and we choose * € X and t,h € R
with |h| < e. Then, we have

|(Fz)(t) — (Fa)(t + h)l
< |filt () = frlt +h,x(@)] + [+ h,2(t) = fi(t + h,2(t + b))

o (1 [ k- 9Qeas) - o (140, [ K- 90 )|

fo (t +h, /Ooo k(t — s)Q(m)(s)ds) — (t +h, /OOO k(t+h — s)Q(x)(s)ds)

<lai(t) —ar(t + h)| + Ar|z(t) — z(t + h)| + |az(t) — az(t + h)|
/0 (k(t—s)—k(t+h—s)Q(z)(s)ds|.

+

+A2

Therefore,

1

( / _(Fa)(t+ h)|pdt)

( lar (t) — an(t + h)|pdt); + (/OOO lo(t) — a(t + h)|pdt) '

+ (/ laa(t) —ag(t+h)|pdt)
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S (717 w9 ke n - @)

= (/oo jas(t) _(Il(t—Fh)pdt); A </°° () _x(t+h)|pdt>;

+( [ a0 aate+ o dt) T ellQal], / k() — k(e + b))t

< w(ay, €) + Mw(x, €) +wlag, €) + Aol Qx|lp[|k — 7Kl L1 (R)-
From the above inequalities, we get

’lU(FX, 6) S w(ah 6) —+ )\1UJ(X, 6) -+ ’(1)((12, 6) —+ )\21)7"0”]{} — Thk”Ll(R).

Since {a;} and {as} are compact sets in LP(R,) and {k} is a compact set in L!(R),
we have w(ai,€) — 0, w(az,€) — 0 and ||k — 7.k L1 @) — 0 as € = 0. Then, we get

’LU()(FX) < )\1w0<X) < ()\1 + )\Qb”kHLl(R))’wQ(X) (33)

In the following, we fix an arbitrary number 7' > 0. Then, for an arbitrary function
r € X, we obtain

([ iraiopa)’
< ([ it - f1<t,o>|pdt)i ([ Ifl(t,O)I”dt);

(710 [T - 90 - A o>|Pdt); ([T 1w o)’

<\ </T x(t)|pdt) Ty (/TOO |f1(t,0)|pdt);

bkl ( / |x<t>|”dt)” " ( / f2<t,o>|f’dt)p |

Since {f1(t,0)} and {f2(¢,0)} are compact in LP(R,), then, as T — 0, we obtain
1

( I fl(t,0)|Pdt> " 5 0and ( I fg(t,0)|pdt> " 5 0. Therefore,
T T

AFX) < (A + AablEll s ) X). (3.4)
From (3.3) and (3.4), we get
X)) < (A1 + A2b| |kl ooy ) 1 (X)- (3.5)

By (3.5) and Theorem 2.4, we deduce that the operator F has a fixed point z in B,
and consequently, Eq.(1.1) has at least one solution in LP(R). O
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4. Example

Consider the functional integral equation

- _t 1 243 [T gy t9)
z(t) = t3+1+4ln(1+x)+4/0 (t—s)e |z(s)|ds. (4.1)

In our example, the functions f1(¢,z) and fo(t,x) are given by

filt,z) = b + 1ln(l + x2)

tB3+1 4
and

fta) =2

20, —41'

It is clear that for i =1, 2, f; : R4 x R — R satisfies assumption (ag). In fact we

t
have al(t) = m, A1 = %, CLg(t) =0and A\ = %
Indeed by using the Mean Value Theorem, we have

t S

(0~ il < o =

+ ey
—|xr — .
1 Y

Furthermore we have

Falt,3) — Fals )] < Sl — .

It is easy to see that assumption (a;) is satisfied.
In our example, the function k(t) takes the form

k(t) = te "

In fact assumption (az) is satisfied and by [3] [|&]/ L1, ) < ﬁ
In our example, the operator @) is defined by

(Qz)(t) = [l=(B)]]-

(@ satisfies assumption (a3) and we have if b =1

1 3
< 4 —— < 1.
AL+ Aob|lEl[ir, ) < 1 + e S

Now, by Theorem 3.1, our functional integral equation (4.1) has a solution belonging
to Ll (R+)
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ABSTRACT: In this paper, we concern by a very general cubic integral
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1. Introduction

Cubic integral equations have several useful applications in modeling numerous prob-
lems and events of the real world (cf. [3, 8, 9, 12, 13, 18, 19]).

In this paper we consider the cubic Urysohn integral equation with linear pertur-
bation of second kind

(1) = o(1) + p(r, (1)) + xQ(T)/O u(r, s, (Az)(s)) ds, 7 € I =[0,1]. (1.1)

In the above equation, we consider ¢ : I = R, ¢ : I X R =R, u:I xI xR —= R are
given functions and A : C(I) — C(I) is an operator verifies special assumption which
will state in Section 3.

Eq.(1.1) is of interest since it contains many includes several integral equations
studied earlier as special cases, see [1, 2, 6, 7, 10, 11, 14, 15, 16, 20, 21, 22| and
references therein. By using the measure of noncompactness related to monotonicity
associated with fixed point theorem due to Darbo, we show that Eq.(1.1) has at least
one solution in C(I) which is nondecreasing on the interval I.

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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2. Auxiliary Facts and Results

In this section, we present some definitions and results which we will use further on.

Let (E,||-]|) be a real Banach space with zero element 0. Let B(x,r) be the closed
ball centered at x with radius r. We denote by B, the closed ball B(0,r). Next, let
X be a subset of E, we denote by X and ConvX the closure and convex closure of X,
respectively. We use the symbols AX and X + Y for the usual algebraic operations
on the sets. Moreover, the symbol Mg stands for the family of all nonempty and
bounded subsets of E and the symbol 9Ng stands for its subfamily consisting of all
relatively compact subsets.

Now, we state the definition of a measure of noncompactness [4]:

Definition 2.1. A function p: Mg — R is called a measure of noncompactness in
FE if it verifies the following assumptions:

1) The family kerp # () and kerp C Mg, where kerp = {X € Mg : u(X) = 0}.
2

(1)
(2) X)) <p(Y),if X CY.
3)
(4)
()

o
#(X) = p(X) and p(ConvX) = p(X).
4) p

AX + (1= ANY) < Ma(X) + (1= \pu(Y), 0< A< 1.

5 If X, € Mp, X,y = Xy, Xpp1 C X, forn=1, 2,3, ... and lim u(X,) =0,

n—oo
then N2, X, # (Z).

Notice that kerp is said to be the kernel of the measure of noncompactness .

In the following, we will work in the Banach space C'(I) of all real functions defined
and continuous on I = [0, 1] equipped with the standard norm ||z|| = max{|z(7)| :
7 € I'}. We recall the measure of noncompactness in C'(I) which we will need in the
next section (see [5]).

Let 0 # X € C(I). For z € X and £ > 0 we denote by w(z,e) the modulus of
continuity of the function x as follows

w(z,e) =sup{lz(t) —z@t)| : 1t € I, |7 —t| < e}

Next, we put w(X,e) = sup{w(z,¢) : z € X} and wo(X) = lim w(X,e). Moreover,

e—0
we define

d(z) = sup{|z(r) — z(t)| — [x(7) —z()] : 7, t € I, T >t}

and
d(X) =sup{d(x) : z € X}.

Notice that d(X) = 0 if and only if all functions belonging to X are nondecreasing
on [.
Finally, we define the function p on the family 9Mc(;y as follows

H(X) = wo(X) + d(X).
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Notice that the function y is a measure of noncompactness in C(I) [5].
We present a fixed point theorem due to Darbo [17] which we will need in the
proof of our main result. First, we make use of the following definition.

Definition 2.2. Let ) # M be a subset of a Banach space E and let p : M — E
be a continuous mapping which maps bounded sets onto bounded sets. The operator
B satisfies the Darbo condition (with a constant x > 0) with respect to a measure of
noncompactness  if for any bounded subset X of M we have

p(PX) < wp(X).

If P verifies the Darbo condition with x < 1 then it is a contraction operator with
respect to p.

Theorem 2.3. Let () # Q be a closed, bounded and convex subset of the space E and
let B : Q — Q be a contraction mapping with respect to the measure of noncompactness

[
Then B has a fized point in the set §2.

Notice that the assumptions of the above theorem gives us that the set Fix’P of
all fixed points of P belongs to 2 is an element of kerp [4].

3. The Main Result

We consider Eq.(1.1) and assume that the following assumptions are verified:
(a1) The function ¢ : I — R is continuous, nonnegative and nondecreasing on I.

(a2) The function ¢ : I x R — R is continuous, ¢ : I x R; — R and

Fe>0: |p(r,21) — o(1,22)| < c|lwy — 2] ¥V (21,20) ER*P & T € 1.

(as) The superposition operator ® generated by the function ¢ satisfies for any
nonnegative function x the condition d(®z) < cd(x), where ¢ is the same ¢
appears in assumption (as).

(a4) The function u: I x I x R — R is a continuous, v : I X I x Ry — Ry and for
arbitrary fixed t € I and « € R the function 7 — u(7, ¢, x) is nondecreasing on I.
Moreover,

3V : R, — Ry (nondecreasing) : |u(r,t,z)| < ¥(|z]) V (r,t) € *& z € R.
(as) The operator A : C(I) — C(I) is continuous and
J ¢ : Ry — Ry (nondecreasing) : [(Az)(7)| < ¥(||z|) for any 7 € I, x € C(I).

Moreover, for every nonnegative function « € C'(I), the function Az is nonneg-
ative and nondecreasing on I.
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(ag) The inequality
o]l + er +¢™ + 2T (R (r)) <r (3.1)

has a positive solution rg such that c+2ro¥ (¢ (rg)) < 1, where p* = max (7,0).
_T_

Under the above assumptions, we state our main result as follows.

Theorem 3.1. Let the assumptions (a1) — (ag) be verified, then the cubic Urysohn
integral equation (1.1) has at least one solution x € C(I) which is nondecreasing on I.

Proof. Let § be an operator defined on C(I) by
(F)(1) = 6(7) + (7, (7)) + 2 (1) Uz)(2), (3.2)
where U is the Urysohn integral operator
1
(Uzx)(7) :/ u(r, t, (Az)(t)) dt. (3.3)
0
For better readability, we will write the proof in seven steps.
Step 1: § maps the space C(I) into itself.

Notice that for a given x € C(I), according to assumptions (a;) — (as), we have
Fx € C(I). Therefore, the operator § maps C(I) into itself.

Step 2: § maps the ball B, into itself.

For all 7 € I, we have

G| < ’¢(T)+s0(7»x(T))+x2(T) / U(T,t,m)@))dt‘
< 1607 + lp(ra(r)) — o(r.0)] + o 0)
1
() / fu(r, £, (Az)(1))] dt
< ol +elll + ¢ + el el [ s

Il + cllzl| + " + 2> T @ (2]))).
From the above estimate, we get

I8l < llgll + cllzll + ¢ + [zl (@ ([l])).
Therefore, if we have ||z|| < ro, we obtain

IS2]| < [|¢ll + ero + ¢* +rg¥((r0)) < o,

in view of the assumption (ag). Consequently, the operator § maps the ball B,, into
itself.
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Further, let B;g be the subset of B, given by
Bl ={z € By, :x(r) >0, for 7 € I}.
Notice that, the set () # B;t) is closed, bounded and convex.

Step 3: § maps continuously the ball Bﬁo into itself.

In view of the above facts about B, and assumptions (a1) — (as), we infer that §
maps the set B;\ into itself.

Step 4: The operator § is continuous on B;‘;.

To establish this, let us fix arbitrarily ¢ > 0 and y € B;f. By assumption (a4),
we can find § > 0 such that for arbitrary = € B;f with ||z — y|| < § we have that
IAz — Ay|| < e. Indeed, for each 7 € I we have

|(F2) (1) — (Sy) (1)
< lp(r,2(7)) — (1, y(7))]

2 | Culrt, (A2)(0) di — 4(7) /

1
+

u(r,t, (Ay)(t)) dt’

< cla(r) — y(r)| + |22(7) /0 (b, (Az)(8)) dt — y2(7) /0 u(T,t,(Am)(t))dt’

) [ utrn o) - 26 [t () dt]

< da(r) = ()| + %) = 20| [ futr. . ()0
1
) [ (et (Aa)(e) = utrt (A e)] .

Therefore, we have
1§z = Fyll < cllz = yll + 2ro ¥ ((ro)) [l — yll + rdw™ (u,e), (3.4)
where we denoted
w*(u,e) = sup{|u(r, t,z) —u(r, t,y)| : 7, t € I, 2,y € [0,4(ro)], | —y| < e}.

From assumption (a4) we infer that w*(u,e) — 0 as € — 0 and therefore, the operator
§ is continuous in B} .

Step 5: An estimate of § with respect to the term related to continuity wq.

Let § # X C B, fix an arbitrarily number ¢ > 0 and choose z € X and 71,7 € I
such that |72 — 71| < e. Without restriction of the generality, we may assume that

71 < 1. In the view of our assumptions, we have
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|(§)(12) — (§)(11)]

< (7)) = (11)| + |72, (12)) — (11, 2(71))]

+ 2% (12) (Uz)(12) — 2*(12) (Uz)(11)]

+ |2?(r2) (Uz) (1) — 2% (1) Uz) (1)

<w(g.e) + lp(r2, 2(m2)) — (T, @ (Tz))|+|<P(71a (12)) — <P(Tl> (1))|
+‘:U2(7'2)’ |(Uz)(12) — (Uz) (1) |+|x To) — 22 7'1)| |[(Uz)(T

< w(,€) + Yo (9, 6) + cw(®,€) + [2(m)|? |Uz)(r2) — Uz)(r )|
+[2(12) — 2(m)| |z(r2) + 2(m1)| [Uz)(71)]
< w(,€) + Yoo (9, €) + c w(zy€)

< w(9,€) + Yo (s €) + cw(@,€) + 2wy ap) (u, €) + 2|lzflw(z, )T (W (||z])),
where we denoted
Tro (0, ) = sup {|p(12, ) — o(11,2)| : 71,72 € I, x € [0,79], |72 — 71| < &}
and
wp(u,e) = sup {|u(re, t,y) —u(r, t,y)| : t, 71,2 €1, y € [0,b], |12 — 11| < e}
Hence,
w(Fz,8) < w(g,€) + o (0, 8) + ¢ w(w, ) + 15wy (rg) (1, €) + 2row(x, €)W (1h(ro)).
Consequently,
W(FX,e) Sw(p,e) + 7 (0, 8) + (¢ + 2rg T (P(ro))) w(X,e) + Tgww(m)(u,e).

Since the function ¢ is continuous on I, the function ¢ is uniformly continuous on
I x [0,79] and the function u is uniformly continuous the set I x I x [0, (r)], then
we obtain

wo(FX) < (¢ + 2rg¥(¥(ro))) wo(X). (3.5)
Step 6: An estimate of § with respect to the term related to monotonicity d.

Fix an arbitrary € X and 71,7 € I with 75 > 7. Then, taking into account
our assumption, we get

|(§z)(72) = (S2)(11)| = (F)(72) — (S2)(71))
= |p(12) + @(12, 2(12)) + m2(72)/0 u(Te,t, (Az)(t)) dt
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—¢(m) — ¢(m, 2(1)) — 332(71)/ u(ry, t, (Az)(t)) dt‘
0
- (aﬁ(h) + (72, 2(72)) + 332(72)/0 u(ra, t, (Ax)(t)) dt

—¢(m) — ¢(m, 2(1)) — 332(71)/0 u(ry, t, (Az)(t)) dt)

< {lo(r2) = d(1)| = (8(72) = ¢(71))]
+ (72, 2(12)) — (71, 2(10))| = (p(72, 2(72)) — @ (71, 2(71)))]

— <x2(ﬁ) ; u(7a,t, (Az)(t)) dt — xQ(Tl)/O u(7,t, (Az)(t)) dt)

- ( /O w(ra, t, (Az) (1)) df — /0 u(r, t, (Az)(D)) dtﬂ
< d(®z) + 2|z ¥ ((||z]))d(x).
The above estimate gives us that
d(§z) < cd(x) 4+ 2ro¥(¢(ro))d(x),

and consequently,
d(FX) < (c+ 2r0¥(¥(ro)))d(X). (3.6)

Step 7: § is a contraction with respect to the measure of noncompactness .
By adding (3.5) and (3.6), we get
wo(FX) + d(FX) < (¢ + 20 W (7o) wo(X) + (¢ + 2r W (1(r0)))d(X)
or

n(@X) < (e+2r¥(y(ro)))u(X).



36 H.K. Awad, M.A. Darwish and M.M.A. Metwali
Since ¢ + 2ro¥(¢(r9)) < 1, then the operator § is contraction with respect to the
measure of noncompactness p.

Finally, Theorem 2.3 guarantees that Eq.(1.1) has at least one solution z € C(I)
which is nondecreasing on I. This completes the proof. O

4. Example

Let us consider the cubic Urysohn integral equation

a(r) = VT + 7(7) + :EQ(T)/ arctan (fosx> dt. (4.1)
0

8 1+72 4 1+1¢2

Here, ¢(7) = g and this function verifies assumption (a;) and ||¢| = 1/8. Also,
¢(7,7) = 177 and this function verifies assumption (az) with

1
lp(r2) —p(ry)l < Sle—yl Viel& (z,y) R

Moreover, the function ¢ verifies assumption (a3). Indeed, for arbitrary nonnegative
function x € C(I) and 71,72 € I with 71 < 75, we have

d(®z) = |(Pz)(72) — (Pz)(r )I*(( z)(12) — ( )(11))

= Il =l ()~ 50 7))
< et - <n>|+\1+72 ()
g (a(r) —a(n) - (1553~ 1 ) a()
= s llolm) — ()] — (o) — o)
= ) < Sda)

The function u(7,t,r) = arctan 1777 satisfies assumption (a4), we have [u(7,t, )| < |z|
which means W(r) = r. Moreover, the operator (Az)(r) = [ ta®(t) dt verifies as-
sumption (as) with ¥(r) = r2.

Therefore, the inequality (3.1) has the form § + 45 +r* <7 or § +r+2rt < 2r.
This inequality admits 7o = 1/2 as a positive solution. Moreover,

1 1 3
2roW =—+-=-<1
C+ 20 U(U(ro) = 5+ 7 = <
Consequently, Theorem 3.1 guarantees that equation (4.1) has a continuous nonde-

creasing solution.
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with Non-Instantaneous Impulses
in Banach Spaces

Mouffak Benchohra and Mehdi Slimane

ABSTRACT: This paper is devoted to study the existence of solu-
tions for a class of initial value problems for non-instantaneous impulsive
fractional differential equations involving the Caputo fractional derivative
in a Banach space. The arguments are based upon Monch’s fixed point
theorem and the technique of measures of noncompactness.
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1. Introduction

The theory of fractional differential equations is an important branch of differential
equation theory, which has an extensive physical, chemical, biological, and engineering
background, and hence has been emerging as an important area of investigation in
the last few decades; see the monographs of Abbas et al. [3, 4], Kilbas et al. [18],
Podlubny [23], and Zhou [25], and the references therein.

On the other hand, the theory of impulsive differential equations has undergone
rapid development over the years and played a very important role in modern applied
mathematical models of real processes rising in phenomena studied in physics, popu-
lation dynamics, chemical technology, biotechnology and economics; see for instance
the monographs by Bainov and Simeonov [12], Benchohra et al. [13], Lakshmikan-
tham et al. [19], and Samoilenko and Perestyuk [24] and references therein. Moreover,

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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impulsive differential equations present a natural framework for mathematical mod-
eling of several real-world problems. In pharmacotherapy, instantaneous impulses
cannot describe the dynamics of certain evolution processes. For example, when one
considers the hemodynamic equilibrium of a person, the introduction of the drugs in
the bloodstream and the consequent absorption for the body are a gradual and con-
tinuous process. In [1, 2, 5, 16, 22] the authors studied some new classes of abstract
impulsive differential equations with not instantaneous impulses.

However, the theory for fractional differential equations in Banach spaces has yet
been sufficiently developed. Recently, Benchohra et al. [14] applied the measure of
noncompactness to a class of Caputo fractional differential equations of order r € (0, 1]
in a Banach space. Let E be a Banach space with norm | - ||.

In this paper, we study the following initial value problem (IVP for short), for
fractional order differential equations

°Dry(t) = f(t,y(t)), forae.te€ (sk,tpt1], k=0,...,m, 0<r <1, (1)

y(t) = gr(t,y(t), t € (tr, sl k=1,....m, (2)

where D" is the Caputo fractional derivative, f : J X E — E, g : (tg,sx] X E = E,
k=1,...,m, are given functions, J = [0,T] and yg € E,0 = sg < t1 < 51 < -+ <

tm < Sm <tmy1=T.

To our knowledge no paper has been considered for non-instantaneous impulsive
fractional differential equations in abstract spaces. This paper fills the gap in the
literature. To investigate the existence of solutions of the problem above, we use
Monch’s fixed point theorem combined with the technique of measures of noncom-
pactness, which is an important method for seeking solutions of differential equations.
See Akhmerov et al. [7], Alvarez [8], Bana$ et al. [9, 10, 11], Guo et al. [15], Mdénch
[20], M6nch and Von Harten [21].

2. Preliminaries

In this section, we first state the following definitions, lemmas and some notation. By
C(J, E) we denote the Banach space of all continuous functions from J into E with
the norm

[Ylloe = sup{lly(@)] : t € J}.

Let L'(J, E) be the Banach space of measurable functions y : J — E which are
Bochner integrable, equipped with the norm

T
Iyl = / ly () dt.
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PC(J,E)={y:J = E: yeC((tktis1), E), k=0,...,m and there exist y(t, )
and y(t1), k=1,....m with y(t;) = y(tx)}.
PC(J, E) is a Banach space with the norm
lyllpc = sup [[y(¢)]-
teJ
Set
J/ =J \ U;anl(tk,sk}.
Moreover, for a given set V of functions v : J — FE, let us denote by
V(it)={vt), veV} ted

and
V(J)={v(t), veV, teJ}

Now let us recall some fundamental facts of the notion of Kuratowski measure of
noncompactness.

Definition 2.1. ([9]). Let X be a Banach space and Qx the bounded subsets of X.
The Kuratowski measure of noncompactness is the map a : Qx — [0, co] defined by

a(B) =inf{e > 0: B C U, B; and diam(B;) < €}; here B € Qx.

Properties: The Kuratowski measure of noncompactness satisfies the following prop-
erties (for more details see [9])

(a) a(B) =0« B is compact (B is relatively compact).
(b) a(B) = a(B).

(c) AC B = a(A) < a(B).

(d) a(A+ B) < a(A) + a(B).

(e) a(cB) = |c|a(B); ceR.

(f) a(convB) = o(B).

For completeness we recall the definition of Caputo derivative of fractional order.
Definition 2.2. ([18]). The fractional (arbitrary) order integral of the function
h € L'([0,T], E) of order r € Ry is defined by

I"h(t) = ﬁ/o (t —s)""'h(s)ds, fora.e.tc[0,T],

where T is the Euler gamma function defined by T'(r) = / tr~letdt, r > 0.
0
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Definition 2.3. ([18]). For a function h € AC™(J, E), the Caputo fractional-order
derivative of order r of h is defined by

(°Dyh)(t) = F(n;—r) /O (t —s)" " M) (s)ds, for ae. t € [0,T),

where n = [r] + 1.
We need the following auxiliary lemmas ([18]).
Lemma 2.4. Letr >0 and h € AC™(J,E). Then the differential equation
°Dih(t) =0, forae telJ

has solutions h(t) = co + cit + cat®> + -+ + 1t L €R, i =0,1,2,...,n — 1,
n=[r] +1.

Lemma 2.5. Let r >0 and h € AC™(J,E). Then
I"°Dyh(t) = h(t) + co + crt + cot®> + -+ ey 1 t" Y, forae t€J
for somec; eR,1=0,1,2,...,n—1, n=[r] + 1.
Definition 2.6. A map is said to be Carathéodory if
it — f(t,u) is measurable for each u € FE.
ii u — F(t,u) is continuous for almost all ¢ € J.

For our purpose we will only need the following fixed point theorem, and the important
Lemma.

Theorem 2.7. ([6, 20]) (Ménch’s fized point theorem). Let D be a bounded, closed
and conver subset of a Banach space such that 0 € D, and let N be a continuous
mapping of D into itself. If the implication

V=conoN(V)or V=NV)U{0}=alV)=0
holds for every subset V' of D, then Nhas a fized point.
Lemma 2.8. ([15]) If V.C C(J; E) is a bounded and equicontinuous set, then

(i) the function t — a(V (t)) is continuous on J, and

a.(V) = OiltlgT a(V(1)).

(ii) a(fOT z(s)ds:xeV) < fOTa(V(s))ds,

where
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3. Existence of Solutions

First of all, we define what we mean by a solution of the IVP (1)-(3).

Definition 3.1. A function y € PC(J, E) N AC(J', E) is said to be a solution of
(1)-(3) if y satisfies y(0) = yo, °D"y(t) = f(t,y(t)), for a.e. t € (sk,tr41], and each
k=0,...,m,and y(t) = g (t,y(t)), for all t € (¢tx, sg], and every k=1,...,m,

To prove the existence of solutions to (1)-(3), we need the following auxiliary
lemmas.

Lemma 3.2. Let 0 <r <1 and let h: J — E be integrable. Then linear problem

D"y(t) = h(t), for each t € Jy := (Sk,tk+1], k=0,...,m, (4)
y(t) = gr(t), for each t € Jj, := (ty,sx] k=1,...,m, (5)
y(0) = yo (6)

has a unique solution which is given by:

Yo + 1855 Jo (t = 8) " h(s)ds, if t €[0,t1],
y(t) = gr(t), ifteJ, k=1,....m, (7)
gi(sk) + ﬁ ffk(t —s)" " th(s)ds, ifted, k=1,...,m.

Proof. Assume that y satisfies (4)-(6).
If t € [0, ¢1] then
°DTy(t) = h(t).

Lemma 2.5 implies

I L
yt:er—/ t—s)" " "h(s)ds.
(0 =0+ 55 | (6= "hl)
If t € J{ = (t1, s1] we have y(t) = g1 ().

If t € J; = (s1,t2], then Lemma 2.5 implies

y(t) = y(sr>+ﬁ / (t — 5)" " h(s)ds
= 91(51)+F<1r)/ (t — s)""'h(s)ds.

If t € J) = (ta, s2] we have y(t) = ga(t).
If t € Jy = (s2,t3] then again Lemma 2.5 implies

y(t) = y(s;>+ﬁ / (t - )" h(s)ds
1

= ga(s2) +

0] / (¢ (s
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If t € J;, = (t, sk we have y(t) = gx(t).
If t € Ji, = (Sk, tg+1) then Lemma 2.5 implies

W) = s+ g [ (= R

L ! r—1
= gr(sk) + ﬁ/ (t—s)"""h(s)ds.

sk

Conversely, assume that y satisfies equation (7).
If t € [0,¢1], then y(0) = yo and, using the fact that D" is the left inverse of I", we
get

D"y(t) = h(t), for each t € (0,¢1].

Ift € Jg := (Sk,tkt1], k=1,...,m, and using the fact that °D"C = 0, where C is
a constant, we get

¢D"y(t) = h(t), for eacht € Jy := (sk,tp+1], k=1,...,m.
Also, we have easily that
y(t) = gr(t), for eacht € Jj := (tg,sx), k=1,...,m.

O

We are now in a position to state and prove our existence result for the problem

(1)—(3) based on Ménch’s fixed point. Let us list some conditions on the functions
involved in the IVP (1)—(3).

(H1) The function f:J x E — E satisfies the Carathéodory conditions.
(H2) There exists p € C(J,R) such that

ILf(t,y)ll < p(t)|lyll for any y € £ and t € J.

(H3) g are uniformly continuous functions and there exists ¢, € C'(J,R,) such that

llgr (t, )]l < ex(t)||y]l, foreach y € Eand t € J, k=1,...,m.

(H4) For each bounded set B C E we have

a(gk(th)) < Ck(t)a(B)7 ted

(H5) For each bounded set B C E we have
a(f(t, B)) < p(t)a(B), t € J.

Let
p* =supp(t), ¢ = max (sup(cg(t))).
tedJ k=1,...m teg
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Theorem 3.3. Assume that assumptions (H1)-(H5) hold. If

p*Tr
I'(r+1)

then the IVP (1)-(8) has at least one solution J.

et <, 8)

Proof. Transform the problem (1)-(3) into a fixed point problem. Consider the
operator N : PC(J,E) — PC(J, E) defined by

Yo+ 155 Jo (t = )" (s, y(s))ds, it ¢ € [0, 1],
i (s, y(s1) + w3 o, (6= ) 7 f(s,y(s))ds, it € g = (s, tyya].
(9)
Clearly, the fixed points of operator N are solutions of problem (1)—(3).
Let ol
Yo
To Z T v (10)
L= e — ¢

and consider the set
Dy, ={y € PC(J,E) : [ly[lc <10}

Clearly, the subset D,, is closed, bounded and convex. We shall show that N satisfies
the assumptions of Theorem 2.7. The proof will be given in a couple of steps.

Step 1: N is continuous.
Let {un} be a sequence such that u,, — v in PC(J, E). Then

for ¢t € Ji, we have

IN(yn) (&) = N ()OI < llgr(t, yn(8)) = gr(t: y(1))]]

1 ! r—1
5 / (=)o) — (5l

for t € [0,;], we have

IN() (1) — Nw)(0)]| < % / (= )1 (5,0 (5)) — £(5,0(5)) 1 ds,

and for t € Jj,, we have

IV (un) () = N ()OI < lgnt; yn(t) — gt y(0))]-

Since gj is continuous and f is of Carathéodory type, the Lebesgue dominated
convergence theorem implies

[IN(tr) = N(u)|loo = 0 as n — oo.
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Consequently, N is continuous.

Step 2: N maps D,, into itself.
For each y € D,,, by (H2), (H3) and (10) we have for each ¢t € J,

INWOI < Ngry@)I + [lyoll + e )/ (t—5)""f(s u(s))lds
< eyl +lwl + 55 [ €=t s
p*T .
< lyoll + 7o (F(7"‘|'1)+C>
S To.-

Step 3: N(D,,) is bounded and equicontinuous.
By Step 2, it is obvious that N(D,,) C PC(J, E) is bounded.
For the equicontinuous of N(D,,), let 71,72 € J, 1 < 72 and y € D,,. Then, for
T1,To € Ji, we have

INW) = Nl = 15 [ 1 s vl

<2 rop [TT* T}a

for 71,7 € [0,11], we have

IN W)~ N = s [ 162 =97 = (= 97 y(6)) s

L(r) Js,
rop* r
2F(T’—|—1)[ _Tl]v

and for 7,7 € Jj,, we have

IN()(r2) = N()(m)ll = llgr (72, y(72)) = gr(m1, y(T))]-

As 11 — 7o, the right-hand side of the above inequality tens to zero.

Now let V be a subset of D,,, such that V' C cono(N(V)U{0}). Then V is bounded
and equicontinuous and therefore the function t — v(t) = a(V'(¢)) is continuous on J.
By (H4), (H5), Lemma 2.8 and the properties of the measure o we have for each t € J

(N(V)(#) U {0})

<«
< a(N(V)(1)).
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Ift e Jg,
olt) < alan(sw. Vi) + 75 | (t— )1 (s, V(s))ds)
< eV + 575 [ (t - )" p(t)a(V(s))ds
< b)) + 575 | (t - 5" Lp(t)o(s)ds
()
if ¢ € [0, 4]
o) < algs / (b= 5 (s, V(s))ds)
< F(lr /Ot (H)a(V (s))ds
< % /0 (t — 8)"Lp(t)v(s)ds
<lole (g )
< oo <c* + TJTFl )
if t € Jj,

v(t) < a(gr(sk, V(sk))
< c(t)a(V(s))
< cx(t)v(s)
< lvfleoc”

. p*T"
< _ .
< vl <C + L'(r+ 1)>

By (8) it follows that ||v||ec = O; that is, v(t) = 0 for each ¢ € J, and then V(t)
is relatively compact in E. In view of the Ascoli-Arzela theorem, V is relatively
compact in D,,. Applying now Theorem 2.7 we conclude that N has a fixed point
which is a solution of the problem (1)-(3). O

This means that
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4. An Example

Let us consider the following infinite system of impulsive fractional initial value prob-
lem,

emd 17 (1
Dzy,(t) = g In(1 + |yn(t)]), for ae. te <0, 3] U (2,1} , (11)
() = ———sinlya(0)]. t€ (5.5 (12)
Yn 74+n—|—et m |Yn y 3'9 ]

Set -
E=t' = {y= (g, s> Syl < 50},
n=1

F is a Banach space with the norm

[eS)
lyll =" lynl-
n=1

Let
fty) = (f1ty), f2(8,9), - fult, ), ),
fn(t,y) = w’
and

gl(t7y) = (gll(tvy)aQIZ(tvy)a s agln(t7y)a . ')a
sin [y (1)
ty) = —ImL
gln(ay) 4+7’L+€t
Clearly conditions (H2) and (H3) hold with
1 1

p(t):m, and cl(t):4 o

+

We shall check that condition (8) is satisfied with r = 3,7 =1, P* = & and ¢* = 1.

Indeed
P +c* ! + = <1
——t = —=+ = .
I(r+1) 5/m 5

Then by Theorem 3.3 the problem (11)-(13) has at least one solution.
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A Characterization of Weakly J(n)-Rings

Peter V. Danchev

ABSTRACT: A ring R is called a J(n)-ring if there exists a natural
number n > 1 such that for each element r € R the equality "1 = r
holds and a weakly J(n)-ring if there exists a natural number n > 1 such
that for each element r € R the equalities r"*! = r or »"*! = — hold.

We completely describe both classes of these rings R for any n, thus
considerably extending some well-known results in the subject, especially
that of V. Peri¢ in Publ. Inst. Math. Beograd (1983) as well as, in
particular, the classical description of Boolean rings when n = 1.

AMS Subject Classification: 16D60, 16534, 16U60.
Keywords and Phrases: Boolean rings; Idempotents; Units; Nilpotents; Jacobson
radical; J(n)-rings.

1. Introduction and Background Material

Throughout, all rings R examined in the current paper shall be assumed associa-
tive, containing the identity element 1 which possibly differs from the zero element
0. Standardly, U(R) denotes the set of all invertible elements of R, Id(R) the set of
all idempotent elements of R and Nil(R) the set of all nilpotent elements of R. Tra-
ditionally, J(R) denotes the Jacobson radical of R. All other notions and notations,
not explicitly defined herein, are well-established in the existing literature. About
the specific terminology, specifically that of a PI-ring, let us recall that it is a ring
whose elements satisfy a polynomial identity with coefficients in Z, the ring of all
integers, and at least one coefficient has to be invertible, that is, +1. In particular,
commutative rings are always PIl-rings.
The following concept is rather well-known.

Definition 1.1. A ring R is called Boolean if > = = for each x € R, that is,
R =Id(R).

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
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These rings have a complete characterization as (the subring of) the direct product
of family of copies of the two element field Zs (see, e.g., [2]). Hence, Boolean rings
are themselves commutative.

To consider some other generalizations, for a fixed prime p, a p-ring is a ring R
in which a? = a and pa = 0 for all @ € R. Thus any Boolean ring is simply a 2-ring,.
It is known that a ring is a p-ring if, and only if, it is a subdirect product of fields of
order p (cf. [15]). On the other hand, for a prime p and a positive integer k, a p*-ring
is a ring R in which a?" = a and pa = 0 for all a € R. The structure of p*-rings has
been described in [1]. A ring R is said to be periodic if, for each a € R, there is a
positive integer n(a) such that a™®+1 = g Every periodic ring is commutative by
a fundamental result due to Jacobson from [12]. If such a natural number n(a) does
not depend on the choice of the element a, that is it could be fixed, we thus come to
the following concept.

Definition 1.2. Let n > 1 be a natural number. We shall say that the ring R is a
J(n)-ring if, for every x € R, the equation "' = z holds.

The special case when n = 1 gives the famous Boolean rings; notice also that
x = 22 always implies that = 7 for all j € N. Likewise, these rings are obviously
perfect, i.e., R = R™*!. Moreover, it was proved in [14] that a ring is a J(n)-ring if, and
only if, it is the direct sum of finitely many p*-rings. Hence, with the aforementioned
result in [1] at hand, the structural characterization of J(n)-rings can be assumed for
totally exhausted. On the other side, they are also somewhat studied in [10], but
without any concrete full description given.

However, the complete description of J(n)-rings was given in [17]. There was
proved that R is a J(n)-ring if, and only if, R is a subdirect product of fields T,
where p is a prime and k is an integer such that p* —1 divides n. Nevertheless, we will
give here a new more convenient and attractive for further applications description
of their structure in terms of the simple p-element fields Z,, where p is a prime, and
the fields F, of ¢ = p* elements, where k € N. So, the objective of this article is to
do that by using an elementary algebraic approach. We refer also to [3] and [13] for
more account to that topic.

In order to substantially enlarge the above explorations, we shall be concerned here
and with giving up the full characterization up to isomorphism of weakly J(n)-rings,
that are, rings whose elements satisfy the polynomial identities z"*! — 2 = 0 or
2"t 2 =0.

We thus come to the following new concept:

Definition 1.3. Suppose that n > 1 be a natural number. We shall say that the ring
R is a weakly J(n)-ring if, for every x € R, the equations #"*! = z or 2" = —x
hold.

It is pretty obvious that subrings and homomorphic images of (weakly) J(n)-rings
are again (weakly) J(n)-rings. Some concrete folklore examples are these:

e”n=1": A ring R is a J(2)-ring if, and only if, R can be embedded as a subring
of the direct product of family of copies of the fields Zo and Zs.
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As usual, F4 denotes the field of characteristic 2 consisting of four elements con-
structed as follows: It is well known that in the polynomial ring Zs[z] the polynomial
1 + x + 22 is irreducible over Zs and hence Zs[z]/(2? + x + 1) = Zy(0) is a field of
4 elements, denoting it by Fy, where 6 ¢ Z, is a solution of the equation 2% = 1. In
fact, the elements in Fy are {0,1,6,0?} taking into account that  + 1 = =1 = 2
and that 2 — 1 = (22 + 2 + 1)(2 — 1) whence 2 = 1 has the set {1 = 6°,0,62} as
solutions. Thus F, is the splitting field of these two polynomials. Note that under
such a construction the equality Fy = Z5 is true.

e"'n=2": A ring R is a J(3)-ring if, and only if, R can be embedded as a subring
of the direct product of family of copies of the fields Zo and Fy.

e"'n=3": A ring R is a J(4)-ring if, and only if, R can be embedded as a subring
of the direct product of family of copies of the fields Zo, Z3 and Zs.

In what follows in the subsequent section, we shall provide a full characterizing of
both J(n)-rings and weakly J(n)-rings.

2. The Main Results

We start in this section with the following technicality by treating the general case of
J(n)-rings, as our purpose is to give a new more transparent and conceptual proof of
the characterization result for these rings than that in [17]. In doing that, we need
the following technical claim.

Lemma 2.1. Let n € N and let R be a ring whose elements satisfy the identity
2"t = x, while 2"t # x for some x, provided k < n and k € N, that is, for every
k < n there exists x in R for which z*t1 is not equal to x. The next three items are
true:

1. R s reduced.
2. J(R) =0.

3. If R is primitive, then n = p"™ — 1 for some m € N and R is a field with p™
elements.

Proof. Items (1) and (2) are rather obvious, which follow directly from the condition
2™t =z, so we omit their verification. The third item is an immediate consequence
of the fact that R is a Pl-ring and of the well-known Kaplansky’s theorem by using
the method presented in detail in [8]. O

We are now proceed by proving with the following basic statement, which some-
what improves on the aforementioned characterizing result from [17] concerning J(n)-
rings.
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Theorem 2.2. Suppose that n € N. Then, for a ring R, the following two conditions
are equivalent:

1. R is a J(n)-ring.

2. R is a subdirect product of finite fields Fp;nk for some primes py and integers
my, k € N, where (p,"* —1)/n for each k.

Proof. ”(1) = (2)”. With Lemma 2.1 at hand, R is a subdirect products of finite
fields F; satisfying the equality 2" +! = x. Let us fix such a field F with p™ elements.
It is then well known that U(F') is a cyclic group of order p™ — 1 which satisfies the
identity ™ = 1. Thus p™ — 1 divides n.

”(2) = (1)”. Letting R be a subdirect product of the fields F;, we then easily see
that each field satisfies 2"*! = z, thus R will also satisfy this identity. O

By the same token, we can derive the following consequence for J(n)-rings in the
presence of minimality of the existing natural number n.

Corollary 2.3. Suppose n € N. Then, for a ring R, the following two conditions are
tantamount:

+1

1. R satisfies the equation x™7" = x with n minimal possible.

2. R is a subdirect product of finite fields Fp';c"'k for some primes py and integers
my, k € N, where (p,"* —1)/n for each k and n = LCM(p;"* — 1| k € N).

For a convenience of the reader, let us recall that F, is the finite field with ¢
elements with ¢ a prime power. We are now ready to prepare our chief result which
completely settles the question when an arbitrary ring is weakly J(n) and which states
as follows:

Theorem 2.4. Let n > 1 be a natural and let R be a ring. Then R is a weakly
J(n)-ring if, and only if, R is a J(n)-ring, or either R =F, or R = P x F,, where
q — 1 divides 2n but not n, and P is a J(n)-ring of characteristic 2.

Proof. In one direction, if R = P x F,, where P is the zero ring or a J(n)-ring of
characteristic 2, for any pair (z,y) € R we indeed have (z,y)" ™ = £(x,y) depending
on the fact whether y € F, is a square or not.

In the other direction, we first observe that « = g for all z € R. By the famous
Jacobson’s theorem for commutativity, R is really commutative. Moreover, by the
usage of classical arguments, R is the direct product of characteristic p rings, where
p is one of the finitely many primes, for which p — 1 divides 2n. Then, at least one of
these rings, say K, contains an element a with a®*! # a. Certainly, char(K) = p > 2.
If foremost R # K, then R is of the form K x P, where P is a non-zero ring. Consider
the element (a, 1) in R. Its n + 1-th power is (a"*1,1), and is equal to +(a, 1). Since
a1 differs from a, it must be that (a"*',1) = —(a,1) = (—a, —1) whence 1 = —1
in P and, therefore, it follows that P is necessarily of characteristic 2.

2n+1
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So, it suflices to show that K = F,, where g has the properties indicated in the
statement of the theorem. To that goal, since the element a satisfied the inequality
a1 +#£ a, we must have a”T! = —a. Besides, since every prime ideal of K is maximal
and since the nil-radical of K is trivial, there exists a maximal ideal I of K for which
a1 = —a modulo I. Then the field K/I is finite of characteristic p. We denote it
by F,. Now, every element y € K/I satisfies y?" ™! = y. Since [y is a cyclic group of
order ¢ — 1, ¢ — 1 divides 2n. Since a™*! = —a and the characteristic of F, is not 2,
the number n is not divisible by ¢ — 1.

If now K admits a second maximal ideal M, then I and M are co-prime, so that
(K/I) x (K/M) is a quotient of K. Consider its element (a,1). Then (a,1)"T! =
(—a, 1) which is not equal to +(a,1) — a contradiction. Thus I is the only maximal
ideal of K. This means that K is a local ring, and hence equal to its residue field
K/I =F,. The last claim is a direct consequence of the fact that 2"*! = £z for all
reK. O

Remark 2.5. It is worthwhile noticing that the cases n = 1 are settled in [9] and
[4]; n = 2 in [5]; and n = 3 in [6]. Moreover, by virtue of the main Theorem 2.4,
in accordance with Theorem 2.2, or with the main result from [17], the study of the
structure of weakly J(n)-rings is completely exhausted.

We shall now be involved with some applications by giving up a slight generaliza-

tion of J(n)-rings for n € N to rings with elements satisfying the equation z" = ¢z,
where ¢ is a (primitive) d-th root of unity for some positive integer d (compare with
the slightly weaker version stated in Problem 3 listed below). Precisely, the following
assertion is true:
Theorem 2.6. Let R be a commutative ring and let f(X) =3, 5o anX" be a polyno-
mial in R[X]. Suppose also that the polynomial f(X) = > >0 anal” ' X™ has a root
in R and that a,al™' =1 forn =0. Then, for ally € R and each ideal I C Ann(y),
the annihilator of y, we have

fy)=0(mod I) = 3ceR : ¢=y(mod I) \ (<) =0.

Proof. The implication ”<" being elementary, we will be concentrated on the reverse

one ”=". To that goal, let A € R be a zero of f(X). We therefore readily check that
¢=y+ Af(y) is a zero of f(X). Keeping in mind that yf(y) = 0, we deduce that

FHM®) =D an(+M )" = FW)+Y_ anX"f)" = F)+Y_ an\"f(y)ag .

n>0 n>1 n>1

This is obviously equal to

FW)Y anag A" = f(y)f(N) =0,

n>0
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as required. O

As a valuable consequence, one derives the following.

Corollary 2.7. Let R be a ring and let d,n be positive integers. Then, for all z € R,
we have

gD+l — . — J¢eR : gdzl/\ac" =q.
Proof. Let x € R. Since for any ¢ € R and for i =d,..., 1, we obtain

pin=1)+1 i(n—1)+1-n (i-1)(n—1)+1

=qxx =qx
the implication ”<" is clear. To prove the converse implication =", we may with
no harm in generality replace R by the subring generated by 1 and x. In particular,
we can assume even that R is commutative.

Now, put I = Ann(z). Consequently, the statement of the corollary is equivalent
to

2D =1(mod I) < 3JceR : §d:1/\§5$n71(m0d1)~

Next put f(X) = X9 —1¢€ R[X] and y = 2" !; thus f(c) = 0. So, the statement of
the corollary is amounting to

fly) =0(mod I) <= dceR : f(C)ZO/\§Ey(modI).

Note that the ideal I is pretty obviously contained in Ann(y). Since A = —1 is a zero

of f(X) = (—1)"1X9 11, the condition of the previous theorem is satisfied and thus
the corollary follows after all. O

It is worthwhile noticing that Theorem 2.6 perhaps can be considerably extended
in the non-commutative case as follows (actually, its formulation smells a little like
the classical well-known Hensel’s lemma):

Let R be a ring and let f(X) € R[X] be a polynomial with coefficients in the center
of R. Suppose also that f(X) has an invertible root in the center of R and that f(0)
inverts in R. Then, for ally € R and every ideal I C Ann(y), the annihilator of y,
we have

fy) =0(mod I) < F<€R : ¢=y(modI) ]\ f() =0.

Some idea for an eventual proof could be the following: The right-to-left part
being self-evident, we will deal with the left-to-right one. To that purpose, let € € R
be an invertible central root of f(X). Put
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ef(X)
f(0)
Notice that h(0) = € inverts in R. Thus h(y) lies in I. We easily check that ¢ = y+h(y)

satisfies the equality f(¢) = 0. Writing f(X) = >, -, a, X" and bearing in mind that
yh(y) = 0, one infers that a

Fy+nh)=> an(y+h(y)) (v) + > anh(y

n>0 n>1

h(X) =

We however see that h(y)™ = h(0)"1h(y) for every n > 1. Therefore, we get that

0=f(y+ny) = F) +h(y) > anh(0)" " = f(y) - 7)1 O+ gy /(R(O):

n>1

Since h(0) = € and f(e) = 0, the last expression on the right must be zero, and thus

fly) = Z%g f(0) is in I, which demonstrably riches us that we are done.

3. Concluding Discussion and Open Questions

We call a ring R w-simply presented if, for any a € R, there exists an integer n =
n(a) > 2 such that either a” = a or ™ = 0. If such a natural n is fixed, and so it
does not depend on a, the ring R is just called n-simply presented.

It is rather clear that 2-simply presented rings R are just the Boolean ones. In
fact, if u € U(R), then u? = u and hence u = 1. This means that U(R) = {1} whence
Nil(R) = {0}. Consequently, for every r € R, it must be that 72 = r, as required. It
is worthwhile noticing that this could also be deduced from [7].

Recall also that (see, e.g., [16]) a ring is strongly clean if every its element is the
sum of a unit and an idempotent which commute each to other. Thus the following is
true: Any n-simply presented ring is strongly clean with nil Jacobson radical. In fact, if
Ris such aring and a € R with a™ = 0, one represents a = (a—1)+1 € U(R)+Id(R).
If now a™ = a, one checks that a = a?b = ba?, where b = "' 4+ a™ 2 — 1. Therefore,
a is strongly regular element and, thereby, it follows from [16] that such an element
a is strongly clean. Finally, this enables us that R is strongly clean. Also, it is pretty
easy to find that U(R) is torsion having U"~!(R) = {1} and thus, in view of [8], one
infers that R is strongly m-torsion clean for some m < n. We, consequently, again
appeal to [8] to get some expected subdirect isomorphism.

About the nil property of J(R), choose an arbitrary z € J(R). If 2" = 0, we are
set. If, however, 2" = z, then z(1 — 2"~ !) = 0 which allows us to conclude that z = 0
since 1 — 2"~ € U(R).

We close the work with the following three problems of interest and importance.
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Problem 1. Describe n-simply presented rings for all n € N as well as 7-simply
presented rings.

Problem 2. For an arbitrary natural n > 1 and a ring R such that its characteristic
is the prime number n + 1, does it follow that R is a J(n)-ring if, and only if, each
element of R is a sum of n idempotents? Equivalently, is such a ring R a J(n)-ring
exactly when R = Id(R) + - - -+ Id(R) (where the sum is taken n-times)?

We conjecture that the answer is ”yes”, provided that n+ 1 runs over some special
primes by noticing in this way that if n = 1, we just identify Boolean rings, and that
if n = 2, the conjecture holds in the affirmative in accordance with [11, Theorem 1].

Problem 3. Describe those rings whose elements satisfy the polynomial identity
2"t — oz =0, where n € N and v? = 1.

It is pretty obvious that weakly J(n)-rings are a partial case of these rings, when
v==£l.
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On Population Dynamics with Campaign

on Contraception as Control Strategy

Virtue U. Ekhosuehi and Fidelis O. Chete

ABSTRACT: This work considers a population divided into two groups
according to the adoption of contraception. The campaign in favour of
contraception is modelled as a bounded optimal control problem within
the framework of the logistic and the Malthusian models of population
dynamics. The control is the fraction of non-adopters successfully ed-
ucated on contraception. The objective is to maximise the number of
non-adopters successfully educated on contraception over time. The op-
timisation problem is solved using the Pontryagin’s maximum principle
and the parameters of the model are estimated using the method of least
squares.

AMS Subject Classification: 49J15, 92D25.
Keywords and Phrases: Contraception; Logistic model; Malthusian model; Optimal
control model; Population.

1. Introduction

The subject of population expansion and control has received considerable attention
in the literature (for instance, [23, 36]). The need to control the rate of population
expansion has led to the introduction of several programmes on the use of contra-
ceptives in many developing countries [21]. For example, in Nigeria (with which the
authors are acquainted), the ’Get it together’ campaign has been introduced to sen-
sitise the masses on the use of contraceptives. The commonly used contraceptives
include condom, diaphragm, vaginal cream/foaming tablets, oral contraceptives or
pills, Intra-Uterine Device (IUD), implant and sterilization. These contraceptives are

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
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accepted globally for birth control [9, 21]. There is no need to stress the different
contraceptives and how it has been accepted worldwide as this can be found else-
where [9, 26, 35, 36]. The practice of birth control in Japan, Russia, Puerto Rico,
China, India and Cameroon has been reported in the literature [26]. The campaign
on birth control is usually inexpensive for the social crusaders® (that is, the birth
control advocates). This is because fertility control are subsidized in both high- and
low-income countries [28]. On the whole condoms are distributed inexpensively and
TUD insertion costs little [8]. This ought to be enough motivation for many adults
to adopt the use of contraceptives. Regardless of the campaign to create awareness
on use of contraceptives some individuals still hold on to their belief and may get
involved in unprotected sex so much so that it may result to unplanned births, sex-
ually transmitted diseases and child abandonment. Early research has shown that
factors such as fear of the unknown effects of contraceptives, spouse’s disapproval,
religious and cultural beliefs, inadequate information and poor service of family plan-
ning clinics, may be barriers to use of contraceptives [21]. The difficulty in getting
the population to accept the use of contraceptives is a problem, particularly in rural
areas of developing countries. This problem is the motive for the continuous research
on awareness creation on birth control with the use of contraceptives [21].

This paper considers a system made up of individuals that have attained the re-
productive (or child-bearing) age and focuses on the use of a method of contraception
(e.g., condoms). The study is aimed at deriving the optimal number of non-adopters
that should be successfully educated on contraception using optimal control theory.
Models based on optimal control theory are well-known in the literature [1, 5, 6].
The increased application of optimal control theory in ecology and natural resource
management has been discussed as well [29]. In this present study, the state variables,
which are the adopters and the non-adopters of the use of contraceptives, coexist. The
control variable is the fraction of non-adopters successfully educated on contraception
(i.e., the new adopters). This control is used as a proxy for the campaign effort. The
use of a fraction of the population as a control is not novel as it has earlier been
considered [23]. Before delving into the mathematical formulation of the population
dynamics, we provide a review on methods of birth control and population models in
Section 2. The model formulation is given in Section 3. Section 4 is concerned with a
numerical illustration of the population dynamics, and Section 5 concludes the paper.

2. Related Works

Birth control is crucial to reducing population expansion [23] and poverty [36] in
developing economies. The gains of birth control, inter alia, include: a smaller pop-
ulation, higher Gross National Product (GNP) per head and reduction in the ratio
of dependent children to work-age population [8]. The methods of birth control are
found in the literature [21, 32]. These include: the long-term methods such as Intra-
Uterine Device (IUD), sterilization for both male and female and implant; the hor-

IThe crusaders in a developing country like Nigeria are mainly physicians, social workers and
non-governmental organisations.
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monal methods such as oral contraceptives, patch and ring; and the barrier methods
such as the condoms, diaphragm and spermicides. It has been found that men who
tend to assign contraceptive responsibility to women have more negative attitudes to-
wards male contraceptive use [35]. The use of contraceptives among women and the
factors that influence their use have been examined [4]. The factors include: being in
a relationship, number of sex partners, pregnancy status, sexual activity status, age
and social class. The prevalence of contraceptive use among women of reproductive
age in Calabar, Nigeria has earlier been studied [7]. Lack of information as one of the
factors that hinders the use of modern methods of birth control has been identified in
Nigeria [21]. Essentially birth control is important in order to attain a steady-state
growth rate of the population [23].

Population studies have gained prominence in the literature. Some of the early
works on population dynamics are found in [16, 24]. Research on the relationship
between population and economic growth has also been carried out [3]. In the study
of pre-industrial societies, the Malthusian model of population dynamics occupies a
central position in the analysis of the demographic change [2, 14, 19, 27]. A competing
model of population dynamics to the Malthusian model is the logistic model. The
Malthusian model is well-suited for populations that are not limited by space, while
the logistic model is the standard model for single-species population growth [34].
The logistic equation, wherein the instantaneous birth rate per individual and the
carrying capacity of the system are the parameters, is a more realistic model in terms
of the birth and death processes of population growth [10]. The logistic curve provides
reliable projections of the total population provided that there is a relationship among
births, deaths and migration [13]. The work of [13] has been generalized [22]. It
has been found that the population size of the logistic model with varying carrying
capacity will eventually be gamma-distributed [25] and that population densities may
exhibit oscillatory behaviour owing to seasonality [15].

Solutions to population models can be either exact or numerical. In [18] exact
solutions to a quasi-linear first-order differential equation that models the growth of a
single population subject to the logistic growth was found. However, in [11], numeri-
cal solutions based on the central finite difference method to the first-order hyperbolic
equation of age and time variables which describes the one-sex models of population
dynamics was provided. The existence of equilibrium solutions of a nonlinear struc-
tured population model and the local asymptotic stability of the equilibria has been
proved [33].

Demographic and environmental variability and the possibility of extinction of
a population may be modelled correctly in stochastic population models [37]. The
structure variables include chronological age of each individual and the population
size. In the stochastic population model it is possible to approximate the model as a
diffusion [12]. In this case the population is at risk of extinction and the stochastic
nature is caused by demographic and environmental fluctuations. The distribution of
the extinction times in the stochastic logistic population model wherein the lifespan
of any population can be described has been investigated [20]. In another study an
alternative approach to the forecasting ability of the logistic population model was
illustrated by modifying the assumption of the homoscedasticity of the error term
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[17]. Later on, a method that can be used to fit a population model in the presence of
observation error was described [31]. This study improves on the existing population
models in the literature [2, 10, 14, 19, 27] by integrating the population dynamics and
the effect of birth control campaign in the same dynamical system. The method of
estimation of parameters for the state-transition equations is similar to the one found
in [31].

3. Model Formulation

In this section, we complete the statement of the problem alongside with the under-
lying assumptions and provide the solution.

3.1. Model Development

Consider a system which consists of individuals of reproductive (or child-bearing)
age. Individuals in the system are assumed to be divided into two mutually exclu-
sive compartments: non-adopters (z(t)) and adopters (y(¢)). We assume that the
babies and the people in child-bearing age are distinguishable. This assumption is
necessary because the transition from non-adopter to adopter is only applicable to
people in child-bearing age. Only a portion of z(t) can transfer to adopters and the
new-born babies cannot be adopter or non-adopter in less than a legally allowable
child-bearing age (say, 15 years). We assume that the adopters and the non-adopters
coexist in the system and their interaction precludes personal issues such as the use of
contraceptives. This assumption is consistent with the setting in rural communities
in developing countries like Nigeria, where sex education is seen as either a taboo
or immoral [21]. The non-adopters may change their opinion due to a re-orientation
campaign on the use of contraceptives provided by birth control crusaders (e.g. physi-
cians, social workers and non-governmental organisations) by whatever means. We
assume that the cost of the campaign, which includes the cost of consultation with
physicians and social workers on the use of contraceptives, is negligible. This is be-
cause fertility control is subsidized in both high- and low-income countries [8, 28]. As
a result cost is not considered within the model formulation.

Let () be the fraction of 'non-adopters successfully educated on contraception’
(new adopters hereinafter). Then (¢)z(t) is the number of new adopters attributed
to the re-orientation campaign on the use of contraceptives. The changes in the total
population are induced by two effects: maturity (the attainability of reproductive
age) and attrition. On attaining the reproductive age, the new member of the system
may be either adopter or non-adopter. The loss in population may be attributed
to attrition such as death, emigration, or attaining menopause. It is reasonable to
assume that the population dynamics of the birth-control adopters and non-adopters
are different. Consequent upon this, the dynamics of the system is assumed to follow
the population growth models below

da(t)
dt

=ma(t) — 122°(t) — 0()z(t), 2(0) = =0, (3.1)
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and
dy(t)
dt
where -1 is the intrinsic growth rate of non-adopters and S is the intrinsic growth
rate of adopters. The term ~.22(t) in equation (3.1) is used to model the loss of
non-adopters induced by the non-use of contraceptives. This is realistic because ill
health, which is one of the consequences of increased family size [9], is worse-off for
the poorest (most of whom are in rural areas) that are most ignorant and apathetic
on use of contraceptives [8]. The effect of interaction between the adopters and the
non-adopters is not considered. Equations (3.1) and (3.2) are analogous to the well-
known logistic model and Malthusian model of population dynamics, respectively. In
practice, equations (3.1) and (3.2) may be subjected to statistical analysis to ascertain
their significance as an appropriate model for the two population compartments. We
assume that the non-adopters may not all accept and practise contraception no matter
the campaign owing to their religious beliefs. For this reason, the control 0(¢) is
assumed to satisfy the relation, 0 < 6(¢) < 1.
Let {¢t:0 <t < T} be a fixed time horizon. Since efforts are made to increase the
number of adopters, we define the objective function to be

= Bry(t) + 0(t)x(t), y(0) = yo, (3.2)

T
max/ O(t)x(t)dt. (3.3)
0

o(t)

The optimal control problem posed by the objective function (3.3) and the state
transition equations (3.1) and (3.2) together with the initial conditions and the bounds
for the control is thus:

T
ma / o(t)z(t)dt,
0

o(t)
subject to
dzgf) = mx(t) — ya?(t) — 0(t)x(t),
dy(t)

i Bry(t) + 0(t)x(t),

2(0) = o, y(0) =50, 0 < 0(t) < 1,2 € (0,T].

This model set-up is a bounded optimal control problem with the bounds being the
closed-open interval 0 < 6(t) < 1.

3.2. Model Solution

To solve the bounded control problem, we employ the Pontryagin’s maximum princi-
ple. The analysis of our solution is as follows.

We compute the control function, 6(t), by assuming that its value is at the lower
bound or it is in the interior. Suppose the total population is a variable, then the
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Hamiltonian, H, with arguments given as (z(t), y(t), 0(t), A1 (t), A2(t)), for the problem
is

H = 0(t)x(t) + M(t)(mz(t) —12a?(t) — 0()z() + A2(t) (Bry(t) + 0(1)z(t)), (3.4)

where \;(t),j = 1,2, is a multiplier function, which defines the marginal valuation of
the productive capacity of the respective state variables. The influence equations for
the state variables x(t) and y(t) are obtained as

dA; t(t) _ _aifé = = 00 + 00 (1~ 2320(0) —00) + X 000)), (35)
and Dalt) -
it~ oy - e®: (36)
Thus,
Ao(t) = pexp(—pit), (3.7)

where @ is a constant. Equation (3.7) implies that the marginal value of the adopters
decays exponentially with time. The Lagrangian function, L, for the Hamiltonian
subject to the control bounds, 0 < 0(t) < 1, is

L =0(t)2(t) + M (t) (na(t) — ya?(t) — 0(t)z(t)) +
A2(t)(Bry(t) + 0(t)x(t)) + p10(t) + p2(1 — (1)), (3.8)

where p; and po are the Lagrangian multipliers when the total population is a variable.
The necessary conditions for (¢) to maximise the bounded control problem are

azft) = a(t) = M(B)x(t) + ha(B)z(t) + p1 = p2 = 0, p1 = 0, p16(t) = 0, p2 = 0. (3.9)

Without campaign on contraception, that is, 6(t) = 0, we use equation (3.9) to get

d(t) _ da(t)

1
dt dt (3.10)

In this case, the optimal population, x*(t) + y*(¢), is obtained from the transition
equations (3.1) and (3.2) by setting 6(¢) = 0. Thus the optimal sub-populations are
found by solving the respective state transition equations. We obtain
t
2t (t) = Zo exp(nt) , (3.11)
(1= Zao(1 - exp(nt)

and
y*(t) = yo exp(Pit). (3.12)

We use the symbol * to denote the optimal value. To increase the adopters, there
is a need for awareness campaign. Such a campaign is effective when at least one
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non-adopter accepts and practises contraception. With campaign on contraception

0(t) lies in the open interval (0,1). In this open interval, we obtain from equation
(3.9) that

dAi(t)  dXao(t)

a — dt

The optimal sub-populations, x*(t) and y*(¢), are obtained using equation (3.7) to
simplify the influence equation (3.5) and then the solution is substituted into the
transition equations (3.1) and (3.2). We therefore obtain

(3.13)

g = Py exp(—pat)

B 272 a 2’72(1 + (pexp(_ﬂlt))’ (3.14)

y* (1) = exp(B1t) (yo + V1 (1 = exp(—Bit) + 02 (I (C1)° — 0(1)) ), (3.15)

and "
x'(t
0*(t) = — *(t) — .1
(t) =m — 7™ (t) (@)’ (3.16)
where
o= 71— 2720
B1— 1 + 27220’
2
g Pile+1) 1+¢
91 = , U9 = ()= ——— T
T B T 2902 =13 @ exp(—pit)
o(t) = p(1 —exp(=fit)) (1 + (1 + ) (1 + pexp(—fit)))
(1+¢)(1 + pexp(—Pit)) ’
and
iy Bipexp(=pit)
2'(t) = 5
272(1 + pexp(—pit))
The optimal solutions (3.14) — (3.16) are feasible, provided that 6(t) € (0,1).
On the other hand, if the total population is fixed, say N, then
dz(t) | dy(t) _
a T O
so that B1y(t) = —(112(t) — y222(t)). In this case, equation (3.4) becomes
H = 0(t)x(t) + A1) (maz(t) — y22”(t) — 0()2(1)), (3.17)

where A(t) = A1(t) — Aa(t). The influence equations for the state variable () is

%gt) == (00) +A() (1 — 2722(t) — 6(1))) - (3.18)

The Lagrangian function, L, for the Hamiltonian subject to the control bounds,
0 <0(t) <1, would be
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L=0t)z(t) + A(t) (mz(t) — v2z?(t) — 0(t)z(t)) + wi6(t) + wao (1 — 6(2)), (3.19)

where wy and ws are the Lagrangian multipliers when the total population is fixed.
With 6(t) = 0, we obtain the same result as in equation (3.11). For 0 < §(t) < 1 and
x(t) # 0, we obtain A(f) =1,

2(t) = 2% (3.20)

y(t) =N — 2% (3.21)

e o(t) = L. (3.22)
2

3.3. Estimation of the Parameters

In most cases, data on population are available at discrete periods, so that the discrete-
time model may be used to approximate the continuous-time process. Suppose his-
torical data are available for ¢ = 1,2,--- /n. Then we estimate the parameters of the
model by setting 0(t) = 0 and applying the method of least squares. By so doing, we
use the difference equation

Ty — Ty = Y1T4_1 — YoTi_q + error, (3.23)

as the discrete-time analogue of the logistic model. Thereafter, we apply the least
squares method to get

A = ([ 1 0]( Xy X% U[X. X)X X% ]'X) 1,

(3.24)

and

=10 110X XL X0 XL )TIXa X% TX),
(3.25)

where X is an 77 X 1 vector of z;, X_1 is an 1 x 1 vector of the one period lagged
number of non-adopters, z;_1, and X2, is an i x 1 vector of the squares of the one
period lagged number of non-adopters, x? ;. We use the hat over the parameters to
denote an estimate. Our approach towards obtaining the estimators for v; and s
is similar to the Solow method [31], except that the first-order derivative dxz(t)/dt is
replaced by the first-order difference z; — z;_1 instead of the current value x; as in
[31].
Similarly, we obtain

Bi=[0 1](le QJle Q) 'le QT (3.26)

where I' is an 7 x 1 vector of Iny,, 2 is an 7 x 1 vector of time instants and e is an
1 x 1 vector of ones.
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4. Numerical Illustration

The model defined by equations (3.14) — (3.16) is illustrated using values tabulated in
Table 1 with the population size at the current period and the proportion of adopters
given as 4.85 x 10% and 0.070, respectively.

Table 1: The population size over time
’ t (in years) ‘ 1 2 3 4 5 6 7 ‘

| Population x105 | 2.00 2.28 2.65 312 345 419 433 |
]Proportion of adopters \ 0.043 0.041 0.038 0.040 0.045 0.049 0.045‘

The parameters of the model are estimated using the least squares estimators in
equations (3.24) — (3.26) as 41 = 0.2893,%, = 5.1278 x 10~% and 81 = 0.1593, respec-
tively. These parameter estimates as well as the model are statistically significant at
the 5% level from the output of the MATLAB program (see Appendix). Using the
parameter estimates, numerical simulations for the optimal sub-populations and the
optimal fraction of new adopters are carried out and depicted in Figure 1.

Fig. a; 3D plot of the population of non—adopters.
x 10 :

Fig.eb: 3D plot of the population of adopters.
x 10 :
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+Fig. d: 3D plot of the total population.

Fig. c: 3D plot of the fraction of new adopters. X 10
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Figure 1: 3D plot of the population dynamics and the control

These simulations are performed in the MATLAB environment (see Appendix for
the MATLAB source code). The simulations show that in the absence of campaign,
the non-adopters and the adopters would continue to grow and the total population
would rise rapidly. It is further shown that with the campaign, the non-adopters would
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reduce drastically and the adopters would increase tremendously. On the whole, the
campaign is able to achieve a reduction in the total population, even though the
fraction of new adopters decreases steadily. These simulations therefore suggest that
the campaign on contraception is a way to improve on the use of contraceptives. Since
contraception could be used as a means of population control, the model proposed in
this paper is a way out of reducing population expansion.

5. Conclusion

This study has provided an insight into population dynamics under birth control
campaign. The approach is to develop a continuous-time optimal control model to
serve as an alternative to the discrete-time approach as in [23]. The fundamentals
of optimal control theory and the Malthusian and logistic models of population dy-
namics have been used as theoretical underpinnings. The method of least squares
has been employed to provide the parameter estimates. Our approach to describing
population defined by two sub-populations according to the use of contraceptives is
very inspiring. Nonetheless, further work may be undertaken so as to incorporate the
interaction between the adopters and the non-adopters. One of the innovations of this
study is to integrate population dynamics and the effect of birth control campaign
in the same dynamical system, by adding the term 6(¢)x(t) in the formula for both
types of population dynamics, as in equations (3.1) and (3.2). This setting may be
improved upon. This can be achieved by taking into consideration the time lags of
the two processes as well as the delay in adopting the use of contraceptives. The time
lags of the two processes, that is the population dynamics by birth and death and the
transition from non-adopter to adopter, may be different. The population dynam-
ics by birth and death takes some decades, while the transition from non-adopter to
adopter happens in shorter time period, only several months or a few years. Incorpo-
rating these variables will go a long way towards refining the model as the most likely
approach may involve systems of delay differential equations. Finally in the absence
of subsidy, the core check and balance of driving force in the birth control campaign
would be cost. In this case a well-defined cost function needs to be figured out and
added as a part of the objective function.
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Appendix

clc

P=[2; 2.28; 2.65; 3.12; 3.45; 4.19; 4.33]*10A6;
Xlag=(ones(length(P),1)-[0.043; 0.041; 0.038; 0.040; 0.045; 0.049; 0.045]).%P;
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Ylag=P-Xlag;
P0=4.85%x10A6; x0=(1-0.07)*P0; y0=(P0-x0);

X=[Xlag(2:1length(P),1); x0];
Y=[Ylag(2:1length(P),1); yOl;
T=[1:1length(P)]’;

gl=[1 0]*(inv([Xlag Xlag.A2]’*[Xlag Xlag.A2])*[Xlag Xlag.A2]’*X)-1,
g2=[0 -1]*(inv([Xlag Xlag.A2]’*[Xlag Xlag.A2])*[Xlag Xlag.A2]’*X),

b1=[0 1]*(inv([ones(length(P),1) T]’*[ones(length(P),1) T])*[ones(length(P),1)
T]’*log(Ylag)),

st-test for the significance of parameters.

I=eye(length(P)); N=length(P); p=2; s=inv([Xlag Xlag.A2]’*[Xlag Xlag.A2]);
betahatl=(inv([Xlag Xlag.A2]’*[Xlag Xlag.A2])*[Xlag Xlag.A2]’*X);

se=sqrt ((X’*(I-[Xlag Xlag.A2]*s*[Xlag Xlag.A2]’)*X)/(N-p)),
covbeta=(seA2)*s,

tcalO=(gl+1)/sqrt(covbeta(l,1)),

tcall=-g2/sqrt(covbeta(2,2)),

tTab1=2.02;

#Decision rule.
if abs(tcal0)>2.02
disp(’Reject HO: the constant term, gl, is significant at 57 level’)
else
if abs(tcal0)<2.02
disp(’We do not reject HO: the constant term, gl, is not significant at 5/
level’)
end
end

if abs(tcall)>2.02
disp(’Reject HO: the constant term, g2, is significant at 5}, level’)
else
if abs(tcall)< 2.02
disp(’We do not reject HO: the constant term, g2, is not significant at 5%
level’)
end
end

Rsquare=(betahatl’*[Xlag Xlag.A2]’*[Xlag Xlag.A2]*betahat1-N*(mean(X))A2)
/ (X’ *X-N* (mean (X)) A2),

Fcal=(N-2)*Rsquare/(1-Rsquare) ,
Ftab=5.59;

if Fcal>Ftab
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disp(’Reject HO: the model 1 is significant at 5/, level’)
else
if Fcal<Ftab
disp(’We do not reject HO: the model 1 is not significant at 5% level’)
end
end

%t-test for the significance of parameter beta.

I=eye(length(P)); N=length(P); p=2;

s2=inv([ones(length(P),1) T]’*[ones(length(P),1) T]);
betahat2=(inv([ones(length(P),1) T]’*[ones(length(P),1) TI1)* ...
[ones(length(P),1) T]’*log(Ylag));

se2=sqrt ((log(Ylag)’*(I-[ones(length(P),1) T]*s2*[ones(length(P),1) T]’)* ...
log(Ylag))/(N-p)),

covbeta2=(se2/A2)*s2,

tcal2=bl/sqrt(covbeta2(2,2)),

%#Decision rule.
if abs(tcal2)>2.02
disp(’Reject HO: the constant term, bl, is significant at 5% level’)
else
if abs(tcal2)<2.02
disp(’We do not reject HO: the constant term, bl, is not significant at 5%
level’)
end
end

Rsquare=(betahat2’*[ones(length(P),1) T]’*[ones(length(P),1) T]*betahat2-Nx...
(mean(log(Ylag)))A2)/(log(Ylag) ’*xlog(Ylag) -N*(mean(log(Ylag)))A2),

Fcal=(N-2)*Rsquare/(1-Rsquare),
Ftab=5.59;

if Fcal>Ftab

disp(’Reject HO: the model 2 is significant at 5 level’)
else

if Fcal<Ftab
disp(’We do not reject HO: the model 2 is not significant at 5% level’)
end

end

v=(g1-2%g2*x0) / (b1-g1+2xg2*x0) ;

n=10;

for t=1:n;
x1(t)=(x0*exp(glx*t))/(1-(g2*x0/gl)*(1-exp(gl*t)));
y1(t)=yO*exp(blxt);
x(t)=(g1/(2%g2)) - (blxv*exp(~bl*t) )/ (2xg2* (1+v*exp(~-bl*t)));
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th(t)=gl-g2*((gl/(2%g2)) - (bl*vxexp(-blxt))/(2xg2* (1+v*exp(-bl*t)))) ...
-((b1A2) *vxexp(~bl1*t) )/ ((2*g2* (1+v*xexp (-b1xt) ) A2) *((gl/(2*g2)) ...
- (b1lxvxexp(-blxt))/(2*g2* (1+vxexp(-bl*t)))));

z1=(v*(1-exp(-b1xt))) *(1+(1+v)* (1+v*kexp(-bl*t)));

z2=(1+v) * (1+v*exp (-bl*t)) ;

k1=b1x*(v+1)/(2*%g2*vA2) ; k0=g2A2/(4*g2*b1); m=((1+v)/(1+v¥exp(-bl*t)))A2;
y(t)=exp(blxt)* (yO+k0* (1-exp (-b1xt))+k1* (log(((1+v)/(1+v*exp(-bl*t))IA2) ...
- ((vk(1-exp(-b1xt)))* (1+(1+v)* (1+vxexp(-blxt)))) / ((1+v)* (1+v*exp(-bl*t)))));
end

clf

subplot(2,2,1)

t=1:n;

ribbon(t’, [x1’ x’],0.5)

zlabel(’x(t)’)

ylabel(’t (in years)’)

title (’Fig. a: 3D plot of the population of non-adopters.’)

subplot(2,2,2)

t=1:n;

ribbon(t’, [y1’ y’1,0.5)

zlabel(’y(t)’)

ylabel(’t (in years)’)

title (’Fig. Db: 3D plot of the population of adopters.’)

subplot(2,2,3)

t=1:n;

ribbon(t’,th’,0.1)

zlabel(’theta (t)?)

ylabel(’t (in years)’)

title (’Fig. c: 3D plot of the fraction of new adopters.’)

subplot(2,2,4)

t=1:n;

ribbon(t’, [(x1’+y1’), (x’+y’)],0.5)

zlabel(’Total population’)

ylabel(’t (in years)’)

legend (’Absence of Campaign’,’Effective Campaign’)
title (Fig. d: 3D plot of the total population.’)
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ABSTRACT:  We generalized the concepts in probability of rough
Cesaro and lacunary statistical by introducing the difference operator Af
of fractional order, where « is a proper fraction and v = (ymnk) is any
fixed sequence of nonzero real or complex numbers. We study some proper-
ties of this operator involving lacunary sequence 6 and arbitrary sequence
p = (prst) of strictly positive real numbers and investigate the topological
structures of related with triple difference sequence spaces.

The main focus of the present paper is to generalized rough Cesaro
and lacunary statistical of triple difference sequence spaces and investi-
gate their topological structures as well as some inclusion concerning the
operator Af.

AMS Subject Classification: 40F05, 40J05, 40G05.
Keywords and Phrases: Analytic sequence; Musielak-Orlicz function; Triple se-
quences; Chi sequence; Cesaro summable; Lacunary statistical convergence.

Introduction

A triple sequence (real or complex) can be defined as a function z : NxNxN — R (C),
where N,R and C denote the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple sequence was introduced
and investigated at the initial by Sahiner et al. [10, 11], Esi et al. [1-3], Dutta et al.
[4], Subramanian et al. [12-15], Debnath et al. [5] and many others.

A triple sequence x = (Znk) is said to be triple analytic if

1
m+n+k < 0.

sup |xmnk
m,n,k

The space of all triple analytic sequences are usually denoted by A3. A triple sequence
& = (Tmnk) is called triple gai sequence if

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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1
)™ TR — 0 as m,n, k — oo.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [6] as follows

Z(A)={r=(zx) cw: (Axy) € Z}
for Z = ¢, ¢y and o, where Az = xp, — 2541 for all k € N.

The difference triple sequence space was introduced by Debnath et al. (see [5])
and is defined as

Ammnk} = Tmnk — Tm,n+1,k — Tm,n,k+1 + Tm,n+1,k+1

_'rerl,n,k + xm+1,n+1,k + xm+1,n,k+1 - xm+1,n+1,k+1

and AZ,nk = (Tmnk) -

1. Some New Difference Triple Sequence Spaces with
Fractional Order

Let T’ («) denote the Euler gamma function of a real number «. Using the definition
I' () with o ¢ {0,—1,—2,—3,-- - } can be expressed as an improper integral as follows:

= fooo e *x* ldx, where « is a positive proper fraction. We have defined the
generalized fractional triple sequence spaces of difference operator

S )“+”+wI‘(a+1)
mn m-+u,n+uv w ]-]-

In particular, we have
16
(1) A7 (Tmnk) = Tonnk + ToTmLnt1hes +
(ii5) AT (Tynk) = Tk — s Tmttns 1kl —

Now we determine the new classes of triple difference sequence spaces A5 (z) as
follows:

{x Tnk) € w3 (Agx) € X}, (1.2)

where

A )" D (a4 1)
(Emnk: uz:ovz%wz:o u+ v +w 'F( ( T +w) n 1)$m+u,n+’u,k+w
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and
X € X?A ('T) = X? (Aroylxmnk) = Hmnk (Aro;x)
= [fount (((m 7+ k! | Ay 0)].

Proposition 1.1.

(i) For a proper fraction o A® : W XW xW — W x W x W defined by equation
of (2.1) is a linear operator;

(i1) For o, >0, A% (AP (i) = AP (2pnk) and A% (A (Tmnk)) = Tomnk-
Proof: Omitted.

Proposition 1.2. For a proper fraction a and f be an Musielak-Orlicz function, if

. . 3A _ .
X} () is a linear space, then X; " (z) is also a linear space.

Proof: Omitted.

2. Definitions and Preliminaries

Throughout the article w?, x3 (A), A3 (A) denote the spaces of all, triple gai differ-
ence sequence spaces and triple analytic difference sequence spaces respectively.
Subramanian et al. (see [12]) introduced by a triple entire sequence spaces, triple

analytic sequences spaces and triple gai sequence spaces. The triple sequence spaces
of x3 (A), A3 (A) are defined as follows:

3 (A) = {x ewd: ((m+n+k) |A;vmnk|)1/m+n+k —0asm,n, k — oo} ,
A3 (A) = {x ew® :sup,, 1 | AL |/ < oo} .

Definition 2.1. An Orlicz function ([see [7]) is a function M : [0,00) — [0,00)
which is continuous, non-decreasing and convex with M (0) = 0, M () > 0, for
x>0 and M (x) — oo as x — oo. If convexity of Orlicz function M is replaced by
M (z+vy) < M (z)+ M (y), then this function is called modulus function.
Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct Orlicz
sequence space.
A sequence g = (gmn) defined by

Imn (V) = sup{|v|u — (frnk) (W) :w >0}, myn,k=1,2,---

is called the complementary function of a Musielak-Orlicz function f. For a given
Musielak-Orlicz function f, (see [9]) the Musielak-Orlicz sequence space t; is defined
as follows

)1/m+n+k

tf:{waS:If(|xmnk| —>Oasm,n,k:—>oo},
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where Iy is a convex modular defined by

Ir(@)=> Y

m=1n

)1/m+n+k

M8

fmnk: (‘xmnk| , = ((Emnk:) € tf

b
Il

1

We consider t; equipped with the Luxemburg metric

o0 00 00 |x |1/m+n+k:
d(x7y :ZZmenk< mnk mnk )
1

1n=1
is an extended real number.

Definition 2.2. Let « be a proper fraction. A triple difference sequence spaces of
Agx = (A?‘/xmnk) is said to be Ag strong Cesaro summable to 0 if

] 1 u v w N B
I 55 2 DI
m=1n=1k=1
In this we write Ai’;xmnk —le11] Af‘{xmnk. The set of all A?Y‘ strong Cesaro
summable triple sequence spaces is denoted by [C, 1,1, 1].

Definition 2.3. Let a be a proper fraction and S be a nonnegative real number.
A triple difference sequence spaces of A,‘j‘x = (Afjl’mnk) is said to be A,? rough strong
Cesaro summable in probability to a random variable AJz : W xW xW — RxR xR
with respect to the roughness of degree 3 if for each € > 0,

1 u v w B
li —_ P (|A%xnk, 0] > =0
ol 22, 2 2 P (A 01255
: : @ [C,1,1,1]74 o a
In this case we write A STmnk —p A SZTmnk- The class of all BAT— strong

Cesaro summable triple 5equence spaces of random variables in probability and it will
be denoted by §[C,1,1 1]

3. Rough Cesaro Summable of Triple of Af

In this section by using the operator Af, we introduce some new triple difference
sequence spaces of rough Cesaro summable involving lacunary sequences # and arbi-
trary sequence p = (pps¢) of strictly positive real numbers.

If @ be a proper fraction and 5 be nonnegative real number. A triple difference se-
quence spaces of AJX = (Aﬁ‘y‘xmnk) is said to be A — rough strong Cesaro summable
in probability to a random variable AJX : W x W x W — R x R x R with respect to
the roughness of degree 3 if for each € > 0 then define the triple difference sequence
spaces as follows:
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(4)

O(Af‘/,p)G:ZZZP fmnk hl Z A,?X 25+6 < 0.

r=1s=1t=1 rst (mnk)€l gt

A
) —>[ﬁc’171’”P C (A%,p),- The class of all
BC (Ai’;, p) , — rough strong Cesaro summable triple sequence spaces of random
variables in probability and it will be denoted by 3 [C, 1,1, I}PA .

(i)

In this case we write C'(A%,p)

Clasrl, =3P 5 X fune[1A5X]

r=1s=1t=1 (mnk)Elqt

>pP+e] <o0.

PA
p _>[ﬁc,1,1,1] C [Ai’;,p}e. The class of all

6C [A?y‘, p] 0 rough strong Cesaro summable triple sequence spaces of random
variables in probability.

In this case we write C [A(;, p]

(iid)

Prst

1
Cn (85:9)y =P | founi || d o Ax >B+e| <o
rst (mnk)El ¢
In this case we write Cy (Aij,p)e —>[BC’1’1’1]PA Ch (A?Y‘,p)e. The class of all

BCA (Az , p) 0" rough strong Cesaro summable triple sequence spaces of random
variables in probability.

Cn[as ], = Y P [jA0X

. P s 1) < oo
rst (mnk)€l, st

A
p —>£30’1’1’1]P Ch [Aﬁ,p}e. The class of all

BCA [A?Y‘, p] 0" rough strong Cesaro summable triple sequence spaces of random
variables in probability.

In this case we write Cy [Aij,p]

a . 1 « n|Prst
VA5 = s B PUme [ATX0] 2 849 o

0 %[60,1,1,1]1“ N(A’O;’p)e' The class of all

BN (Afj,p) 0 rough strong Cesaro summable triple sequence spaces of ran-
dom variables in probability.

In this case we write N(Aﬁ,p)
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Theorem 3.1. If a be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and (prst) is a triple difference analytic sequence then the
sequence spaces C (Aif,p) C [A;",p]e, Ch (A?‘/,p)e, Ch [Aiﬁ,p]a and N (A;’,p)e are
linear spaces.

9’

Proof: Because the linearity may be proved in a similar way for each of the sets of
triple sequences, hence it is omitted.

Theorem 3.2. If a be a proper fraction, B be nonnegative real number, f be an
Musielak-Orlicz function and (prst), for all v,s,t € N, then the triple difference se-
quence spaces C [A?{,p]e is a BK-space with the Luxemburg metric is defined by

oo o0 oo

o = 35 3 s [0

u=0 v=0 w=0
1/p

+ lim LZZmenk P hlt > ja%f") =p+e| ,1<p.
s

uVw—00 UVW
r=1s=1t=1 (m,n,k)EL st

Also if prst =1 for all (r,s,t) € N, then the triple difference spaces Cy [Ai‘,p}e and
N (Aﬁ,p)e are BK-spaces with the Luzemburg metric is defined by

oo o0 oo

@)y = DD D s |

u=0 v=0 w=0

1 1

.1 ) >

+uvggoo 0w o Z Sk [P (|ASz]) > B +¢].
(m'vnvk)elrst

Proof. We give the proof for the space Ca [AS,p], and that of others followed by

using similar techniques.

Suppose (z™) is a Cauchy sequence in Cy [Ai’;,p] where 2" = (z;50)" and 2™ =

9’
(x?;-é) are two elements in Cy [Ag,p] o Then there exists a positive integer ng (¢)
such that |z" — ™| — 0 as m,n — oo for all m,n > ng (¢) and for each i,5,¢ € N.
Therefore

.11 12 'Aaxll AQQL'12

LTovw  Tuvw -+ v igl vy il

21 22 a,.21 .22

Tovw Tovw - Afzi;, Afzi,
and

are Cauchy sequences in complex field C and Cy [Ag, p} 0 respectively. By using the
completeness of C and Cy [A?Y‘,p] g We have that they are convergent and suppose
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that 7%, — 2450 in C and (AE‘Y‘ :Lﬂ) — Yije in Cy [Aﬁ,p}e for each i,75,¢ € N as

n — oo. Then we can find a triple sequence space of (x;5¢) such that y;;0 = ASwije
for 4,7, € N. These z7;, can be interpreted as

i—mj—n {—k

=Y At

u=1 v=1w=1

ZZZAW% m,v—mn,w— k7(y1 m,l—n,1—k = Y2—m,2—n,2—k = * :yOOO:0)~

u=1v=1w=1

Tij0 =
Yije

'YZJZ

for sufficiently large (i, j, ¢); that is,

. 11 Qo 7
Aw ije A”/ zjé

.21 @ .22
A LJZ A L]Z

(a%a") =

converges to (A,‘;‘l‘iﬂ) for each i,j,£ € N as n — oco. Thus |2 — x|, — 0 as m — oo.
Since Cp [Af‘/, p] p isa Banach Luxemburg metric with continuous coordinates, that

is |[™ — x|, — 0 implies ’m?ﬂ —xijg‘ — 0 for each i,j,¢ € N as n — oo, this shows
that Cy [A%,p], is a BK-space. O
Theorem 3.3. If o be a proper fraction, B be nonnegative real number, f be an

Musielak-Orlicz function and (prst), for all v,s,t € N, then the triple difference se-
quence space C (Aﬁ,p)e is a BK-space with the Luxemburg metric is defined by

[o *lENNe e B¢ o}

e = 35S o [R]

u=0v=0 w=0

1 0o oo oo 1 p 1/p
. N - _
+ ulezgoo VW Z Z Z fmnk P Ryt Z A’y'r = 6 + € , 1<p
r=ls=li=l (mo7,k) €L

Also if prst = 1 for all (r,s,t) € N, then the triple difference spaces Ca (A,"Y‘,p)e s a
BK-spaces with the Luxemburg metric is defined by

s 55 o ]
u=0v=0w=0
+ lim —fmnk P ! Z Af:z >0B+e€

uvw—00 UV
st (m,n,k)Elq¢
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Proof: The proof follows from Theorem 4.2.
Now, we can present the following theorem, determining some inclusion relations
without proof, since it is a routine verification.

Theorem 3.4. Let a,& be two positive proper fractions a > € > 0 and [ be two
nonnegative real number, f be an Musielak-Orlicz function and (p.st) = p, for each
r,s,t € N be given. Then the following inclusions are satisfied:

(i) C(AS,p), C C(AS,p),;
(it) C'[AS,p], C C[AS,p],;
(iti) C(AS,p), € C(AT,q),, 0<p<g.

4. Rough Lacunary Statistical Convergence of Triple
of AY
5

In this section by using the operator A?Y‘, we introduce some new triple difference
sequence spaces involving rough lacunary statistical sequences spaces and arbitrary
sequence p = (ppst) of strictly positive real numbers.

Definition 4.1. The triple sequence 6; ¢ ; = {(m;, ne, k;)} is called triple lacunary if
there exist three increasing sequences of integers such that

mo=0,h; =m; —m,_1 — 00 as i — 0o and
ng=0,hy =ng —ng_1 — 00 as £ — 0o,
kozo,hij:kj—k‘j,l%ooasj%oo.
Let my; ¢ = minek;, hipj = hi%, and 60, ; is determine by

Lio;={(m,n, k) :m_1 <m<m; and ny_1 <n <ngandkj_1 <k <k;},

m; ne __ k‘j
q;i = e = ;45 = L .
mi—1 Ty—1 j—1

Definition 4.2. Let a be a proper fraction, f be an Musielak-Orlicz function and 6 =
{m,ng kt}(rst)eNUO be the triple difference lacunary sequence spaces of (Aﬁank) is

said to be AJ— lacunary statistically convergent to a number 0 if for any € > 0,

. 1
lim —
rst—o0 h?"st

H(mvnvk) € Lrst : frmnk HAng”k’GH = 6}| =0
where

I st ={(m,n, k) :me_1 <m<mpandns_1 <n<nsandki_1 <k <k},

my — Ng — kt
qr = y4s = ,qt = A .
mMy—1 Ns—1 t—1

In this case write A;J‘X —50 A?‘/x.
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Definition 4.3. If o be a proper fraction, 8 be nonnegative real number, f be an
Musielak-Orlicz function and 0 = {mrnskt}(r,s,t)€N3 U(0,0,0) be the triple difference
sequence spaces of lacunary. A number X is said to be AJ — Ny— convergent to a
real number 0 if for every € > 0,

. 1 . B
TSItILHOO hpst Z Z Z fmnk HAA/ank’OH =0.

méel,. nel; kel

In this case we write A% X i —Ne Q.

Definition 4.4. Let o be a proper fraction, 8 be nonnegative real number, f be
an Musielak-Orlicz function and arbitrary sequence p = (p,s) of strictly positive
real numbers. A triple difference sequence spaces of random variables is said to be
AS— rough lacunary statistically convergent in probability to ASX : W x W x W —
R x R x R with respect to the roughness of degree g if for any €,§ > 0,

lim o [{(mn, k) € et - P ([t (|02 @aont)])]7™ > B4 €) > 6} =0

rst—o0 hrst

and we write A% X, =5 0. It will be denoted by 357 .

Definition 4.5. Let a be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (p,s:) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be AJ—
rough Np— convergent in probability to ATX : W xW xW — R xR xR with respect
to the roughness of degree § if for any € > 0,

tim 5SS P ([ (185 X)) 2 84 9} =0,

rst—o0 h
TSt el nels kel,

P
and we write Ang"k —>Jﬂv" Ai‘X. The class of all 5—Ny— convergent triple difference
sequence spaces of random variables in probability will be denoted by ﬂNGP .

Definition 4.6. Let a be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (p,s:) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be AJ—
rough lacunary statistically Cauchy if there exists a number N = N (¢€) in probability
to ASX : W x W x W — R x R x R with respect to the roughness of degree f3 if for
any €,0 > 0,

1
lim
rst—o00 hrst

H(m,n,k) S Irst P ([fmnk: (’A,(;‘ (xmnk - xN)|)]pmt Z ﬁ+€) 2 6}’ =0.

Theorem 4.1. Let « be a proper fraction, B be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers, 0 < p < oo.

(@) If (xmnk) — (N (Aﬁ,p)e) for prst = p then (Tpmnk) — (Af‘/ (Sg)) .
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(i1) If € (A2 (Sp)), then (zmni) — (N (A2, p)g).
Proof. Let x = (k) € (N (Af‘/,p)o) and € > 0,

{P ([frmnk (|A5 Xk )] > B+ €) }] = 0.
We have

LS P (e ([AS X )] = B4 0))

rst (mnk) Elrst

1
hrst

So we observe by passing to limit as r, s,t — oo,

. 1
lim —
rst—o0 hrst

p
< ( 0 ) P( lim 1
o+ € rst—oo hrst

which implies that z,,,r — (Ai‘; (Sg)) .
Suppose that x € A% (A%) and (zmne) — (A% (S)). Then it is obvious that
(Ag:p) € A3 and
1
hrst

as r,s,t — 0o. Let € > 0 be given and there exists ugvowg € N such that
. 1)
H(m,n, k)yelg:P ([fmnk (’Aﬁ'y‘ (xmnk)D]pm > B+ %) > 2}‘
«__ € /98
-2 (d (Ag‘x, y))A3 2

where Y07 S S VuvwZuwww| = 0, for all 7 > wg,s > vg,t > wp. Further
more, we can write ’Agmmnﬂ <d (Agxmnhy) <d (A;‘ac,y)A3 =d(z,Y)pa,. For
Yy

Z |{(m,n,k) € Irst P ([fmnk (|Aaa/ (xmnk)D}prﬂ Z 6+ 5) 2 5}‘ <

Bte\’
)
[{0m.n. k) € Lost = P ([Fonni (|85 (@) )] = B+ €) = 0}

Z ’Azxmnk}’p) =0,

(m,n,k)EI gt

[{(m.n.k) € Lot P ([frunre (AT @) )] 2 84 €) Z 8} =0

)

as
r, Sat > Uo, Vo, Wo

hrl’st Z P ([fm”k (‘A?/ank‘)]p) = hrl*stP ( Z [fmnk (‘A'?ank‘)]p)

(mnk)€l st (mnk)El st

1 1 5
+hrstP ( Z [fmnk: (|A3Xm”k‘)]p) < hrstP (hrst (; + 2)

(mnk)¢Ist

+hrst + - =€+ (5



Some Triple Difference Rough Cesaro and Lacunary Statistical Sequence Spaces 91

Hence (xmnk) — (N (Ag,p)e). O

Corollary 4.1. If a be a proper fraction, 8 be monnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers then the following statements are hold:

(i) SNA3 C A5 (Se) N AY (A%);
(i1) A% (Sp)MNAZ (A%) = A2 (w]).

Theorem 4.2. Let « be a proper fraction, 3 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers. If © = (k) 5 a AS— triple difference rough lacunary statistically con-
vergent sequence, then x is a AS— triple difference rough lacunary statistically Cauchy
sequence.

Proof. Assume that (zpnr) = (A% (Sp)) and €,6 > 0. Then

5 {08 € Lot s P ([ (1850 )] 2 8+ 5}

for almost all m,n,k and if we select IV, then

5 [{mnk) € b P ([ (18508 ) = 8+ 5) ]

holds. Now, we have
[{(m.n, k) € Lnst : P ([ (|AF (@mnk — 2n)[)]") }]
’{ m,n, k E Irst : P ([fmnk (|A$xmnk|)]p”t 2 6+ %)}’

+3 H( 1,k) € Lrst : P ([ (18520 ])]" 2 8+ £) }] < %(me) _

<

SN

for almost all m, n, k. Hence (Zmnk) is a AT — rough lacunary statistically Cauchy. [

Theorem 4.3. If o be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers and 0 < p < oo, then N (A?y‘,p)o C A5 (Sp)-

Proof. Suppose that © = (zynk) € N (A9,7P)9 and

[{(m.n.k) € Lt 2 P ([fonnn (| AT@ e )]” 2 5+ €) ]

Therefore we have

i 2 P (8a)) 2 X G

st (mnk)El st (mnk)El st

y ) S Irst : P ([fmnk (|Af:xmnk|)]p Z ﬂ-’-ﬁ)}‘ (B + €>p
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So we observe by passing to limit as r, s,t — oo,

. 1
lim
rst—o0 hrst

[{(m.n.k) € Lot = P ([fonni (|AT (i) )] 2 B+ €) 2 6}

1 1
STBroP P i mn AT mn P =0
Gror |7\ s (mZ) [Fonni (| @gu)])]
implies that x € A (Sp). Hence N (Ag,p)a C A2 (Sp) . O
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neutral differential equation (NDE). We aim to extend and improves some
results found in the literature.
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1. Introduction

In [1], sufficient conditions for solutions of the (NDEs) form

%(x(t) +e(t)a(t — 7)) +p(H)(t) + q(H)z(t — o) = 0

to tend zero as ¢t — oo are established.

In [4, 8, 10, 15, 17], it was considered a (NDE),

%(w(t) +px(t— 7)) = —ax(t) + btanh(z(t —0)) =0

and the asymptotic stability (AS) of solutions are investigated.

(2)

In addition, some qualitative behaviors of solutions of equation (2) or some differ-
ent models of that (NDE) were investigated in the relevant literature; for example,
(S), (AS), (ES) in [2, 6, 9, 11, 14, 16, 17-25], (GES) in [3], asymptotic behaviors in

[13], oscillation and non-oscillation in [5, 7] and so on.

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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In this paper, we deal with the following (NDE) with different variable delays:

2

2
% [m(t) + Zpi(t)m(t - Ti(t)):| +a(t)h(x(t)) — Z bi(t) tanh x(t — 0;(¢)) =0, (3)

=1

for t > 0 where a;,b; : [0,00) — [0,00) are continuously differentiable functions and
2?21 a?(t) < 1. The functions 7;(.) : [0,00) — [0,7], (1 > 0) and o;(.) : [0,00) —
[0,04], (o; > 0) are bounded and continuously differentiable, and the functions h,
p1 and pg are continuous with h(0) = 0. Let r; = max{rn,0;} > 0, (i = 1,2).
Let g1, p2, s, pa € (0,1) be positive constants such that 71 (t) < p1, 75(t) < ua,
o (t) < ps and o4(t) < pa. For each solution of (NDE) (3), we suppose that

xo(0) = ¢(0),0 € [-r;,0], where ¢ € C([—r;,0]; R).

2. Stability Result

Our stability result is given below.
Theorem. Let K, ag, a1, a2, a3 and ay be positive constants. The zero solution of
(NDE)(3) is global exponential stable if the following matrix inequalities hold:

Qi Q2 Yz Qg Q5 0
¥ Qoo Qg oy Q5 0O
_ * Q33 Qaq Q35 0O
= * * * Quu 0 0 <0,
* * * x  Qs5 0
* * * * *  Qgo
Ay A Az Ay A 0
¥ Agy Agg Agy Aps 0
. * * Agg A34 A35 0
A= * * x Ay 0 0 <0, (4)
* * * x  Ass 0
* * * * *  DNgs
where
~ [h(x)zTl, xz#£0
M) = {h’(O) , =0
and

h(z)

2 2
AL+ ag A KT 4 g\ e2Kai
. M 1 12 + a3 12

=1 i=1

QH :2K(10)\1 — 2a(t)a0
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g 2 a )\ 2
271 2Kt 4 2K€71 B
+ ¥ ;(e Z::
h(x
Q10 =2\ Kagpy (t) - Alaoa(t) (m )pl (t),
h(z
ng 22)\1Ka0p2(t) — Alaoa(t) EU )pQ(t)’

Q14 =A10b1 (1),

Q15 =M aoba(t),

Qo =20 Kagp? (t) — a A (1 — py),
Qa3 =2\ Kagp (t)pa(t),

Qog =M aopr (t)b1 (),

Qa5 =A1app: (t)ba(1),
Q33 =2\ Kogpa(t) — ar A1 (1 — pz),
Q34 =A1aopa(t)bi(t),
Q35 = \1opa(t)ba(t),
Qug = — azAi (1 — pa),
Q55 = — azAi(1 — pa),
Qge = — a2,

2 2
A =2Kap)s — 2a(t)ag z) A2 + a1 Ag ZeQK” + 3o ZeQK”’L',

=1 i=1
2 2
OZZA Z 2KT; 014)\ Z 2Ko;
h
Az =20 Kagpi(t) — A2a0a(l) f)m(t),
h(z)

Az =2 2 Kagpa(t) — )\gaoa(t)sz(t)a

A14 :)\anbl (t),
ANE :/\zaobz( )

Agy =2Xa Kagpi(t) — azAe(1 — p1),
Aoz =2 K oop1 (t)p2(t),

Aoy =Xaaop1 ()b (1),

Ags =Aaaqp1(t)ba(t),

Aszz =2Xa Kagp3(t) — aiAi (1 — pa),
Azy =Xaagp2(t)bi(t),
Ass =Xoagpa(t)ba(t),
Ags = — azAa(1 — pa),
Ass = — azAa(1 — pug),
Agsg = — a0y,

1 = 1 o

=3 == | =1,2).
A1 271 +o; A2 S, (1=1,2)
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Proof. Choose an auxiliary functional, that is, Lyapunov functional (LF) by

2
V() = Vi(t.a) = #ag ol +sz ot = ()]
2 t
+a Z 2K (s+7i) (S)dS
=l L
9 0t
+a22// K022 (5)dsdo
i
2 t
+az / 20 tanh? 2(s)ds
z:ltiai(t)
0
+a42// 2K(=0) tanh? x(s)dsdd,
fcr t+6

where a; € R, (1 =0,1,...,4), a; > 0, and we choose them later.
The calculation of derivative of (LF) V(.) with respect to the (NDE) (3) gives that

Cﬂgt(')QKethao{ +sz w(t —7i(t ))}2

+ 22Kt [ +Zpl ot — 7( ))]

2
X { —a(t)h(z(t)) + Z b;(t) tanh x(t — ai(t))}
i=1
2
+ o Z T 22(1) — oy Z (1 — 7} (1)K E=mOF7) 2 (1 — 7,(1))
=1
o 2 2
_f2 2Kt 2K (t+7i)1,.2 _ 2Kt 2
QK-l[e e Ja2(t) — age Z; 22 (s)ds
= = t—Ti

2
+og Z K93 tanh? 1 (t)

i=1

- ag,z )e2K(t=oi®+o0) tanh? 1 (t — o,(t))
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2 2 1

— 2%4{ [t — 2K (H)] tanh? 2(t) — aue?? Z tanh® z(s)ds

= 2Ke*Ktag 22 (t) 4 2x(t)p1 () (t — 71(t)) + 2z (t)pa ()2 (t — To(t))]
+ i (8)2?(t — 71 (t)) + p3a’(t — 7(t))
+ 2p1 (t)p2(t)z(t — 71(2))x(t — 2(t))

1 262K, [ _ a(t)%w)lj(t) + z(t)b1 () tanh z(t — o1 (t))

+ x(t)ba(t) tanh x(t — o2(t)) — a(t)@x(t)pl(t)x(t —71(t))
o)™ a1yt — (1)

+ (p1(®)z(t = (1)) + pa(H)(t — 72(1))) (01 (t) tanh z(t — o1 (¢))

+ by(t) tanh z(t — oo (t)))}

2
+ o Z BT 224 — ay (1 — 71 (2))e2 KO+ 12 (4 — 7 (1))
=1
— (1 — 74(t))e2KET2OF72) 2 (4 1) (1))

2 2 t

Q2 2Kt 2K7; 2 2Kt 2
+ Yo ;[e —1]z%(t) — ase Z x“(s)ds

7::1t7’7'i
2
+ a3 Z 2Kt tanh? 1 (t)
i=1
— as(1 — o (t))e2KE=1O+o) tanh? 2(t — 01 (1))
— asg(1 — oy (t))e2KE=o2(OF02) tanh? 1(t — oy (t))

2 2 1

4 oKt 2Ka; 2 2Kt 2
+ K¢ ;[e — 1] tanh® z(t) — aue Z tanh” z(s)ds.

)
)

=1y %y
The assumptions of the theorem implies

— (1 =7 (1)) < oy (1 — )
—ar (1 —m3(t)e* 0 < —ay (1 - po)
— ag(1 — o () =70 < —ag(1 — p)

and

— a1 — o5(t))e” (27720 < —ag(1 — pg).
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Then,

w < 2K e*Ktqy [x2 (t) + 2z(t)p1 () (t — 11(t)) + 22(t)p2(t)x(t — 12))

dt
+pi()a?(t = (1) + p3(t)a (t — ma(t))
+ 2p1(O)p2(t)2(t — 71 () 2(t — 72(t))

1+ 262Kty | — a(t)@ﬁ(t) + x(t)by () tanh 2 (t — o1(t))

h(x)

+ x(t)ba(t) tanh x(t — o2(t)) — a(t)Tx(t)pl(t)x(t —7(t))

——z(t)p2(t)x(t — 72(t))

+ p1(t)b1(t)x(t — 71(¢)) tanh z(t — o1 (¢))
Ye(t — 71 (t)) tanh x(t — o2(t))

t)by (t)x(t — 72(t)) tanh x(t — o1 (t))

) (1)) ( (1))

Hba(t)x(t — (1)) tanh x(t — o9

+alze2K(t+n)x2(t) 2Kt(l — )z (t_Tl(t))
i=1
K1 — po)a?(t — ma(t))

2 2

Q2 oKt 2K, 2 2Kt 2
+55¢ [e —1]z*(t) — age Z x*(s)ds

— o

i=1 =1, 7,

2
+ag Z 2 tanh? (1) — aze?XH(1 — pg) tanh? z(t — o1 (1))
i=1
— a3e?®(1 — py) tanh® 2(t — o2(t))
2

N 20% 2Kt ;[eZKw — 1] tanh? z(t)

— oKt Z tanh? z(s)ds.

Since
tanh? < mz,
then
2

av(.) h(z) 2 o
: 2Kt 2K 2 2K
— <e*Y[2Kap — 2aoa(t)7 +a ;:1 e + K ZEzl(e -1)
s &
+as § :eQKcr 4 (€2Kai _ 1)]332@)
i=1
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>
—~

+ [AK agp1(t) — 2a0a(t)7x)p1 ®)]z(t)(t — 71(t))

M) a0~ 72(0)

(
+ 201 (t)x(t) tanh z(t — o1(1))
+ 2a0bo (t)x(t) tanh z(t — o2(t))
+[2Kaopi(t) — an (1 — m)]a®(t — 7 (1))
+ 4K aopa (t)p2 (1) z(t — 71.(8))x(t — 72(t))
+ 200p1 (£)b1 (B)z(t — 11(¢)) tanh x(t — o1 (¢))
+ 2c0p1 (£)ba(t)x(t — 71 (t)) tanh x(t — o2(t))
+[2Kaop3(t) — an (1 — po)]a®(t — 72(t))
)b ( )
(t

+ [4K agpz(t) — 2apa(t)

+ 2a0p2 ()b (t)x(t — 12(t)) tanh z(t — o1 (t))
+ 200p2(t)b2(t)z(t — T2(t)) tanh x(t — o2(t))
— as(1 — p3) tanh? 2(t — o1 (1))
— as3(1 — pg) tanh? 2(t — o9 (t))

2 t

(
)b
£)bs

Then,

t t
avy(. 21 |
Céézn/mwmmmwgm/ﬁhmwmm
= t—o;

where

E1(t,s) = [z(t),z(t — 11(t),z(t — 72(t)), tanh z(t — oy (1)), tanh z(t — o2 (1)), z(s)]T
and
&(t,s) = [z(t), z(t—11(t)), 2(t—To(t)), tanh 2(t — o1 (t)), tanh 2:(t — 02 (¢)), tanh (s)] T .

() < 0, which implies that V(.) < V(0,2(0)). In view of

From (4), we have ‘gt
4¢

the (LF ), we find

V(0,2(0)) = aofw(0) + > pi(O)a(~ri(O)F + a1 Y / 2K+, (5)ds

- —Ti (0)



102 M. Gézen and C. Tung

5 00 5 0
+ ao Z / /€2K s)dsdf + as Z / K(s+:) tanh? (s)ds
i:l_n 0 = 1_0 (0)

+oz4z / / 2K (=0) tanh? z(s)dsd6.

It is also obvious that

+sz —7;(0))]* = ao[2(0) +2$(0)ZP1‘(0)$(—T¢(0))

If we use the inequality

then

In view of the assumption Y, p2(t) < 1, it follows that

)+ sz —7i(0))]* < ao[32%(0) + 32°(—71(0)) + 32%(—72(0)))]
<9ap sup [p(0)f,
06[*7‘1',0]
2 9 0
o Z / 2K(s+n)$2(8)d8 <ag Ze2K” / f sup0 . 2Kl 2(t)ds
=1_"0) i=1 ) te[—:(0),0]
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2
—a Y sp PR (1)7(0)

te[—7:(0),0]

2
<o Z 2Erip, sup 2Kt (1)
; te[—7;(0),0]

2
<ary e sup [g(0)),
P

06[77‘.“ ]

0
[ sup 2 /eQK(g 6’)ds
s€1[0,0] 9

IN
|

1 20y, —2K0
ZKOLQZ/ sup z“(s)e de

i:l_,,_ €[-0,0]

1

IN

< ez ) €FT sup [9(0)),
4K2 Z ae[ T“ ]| ( )|

0 9 0

2
ag Z / 2K+ tanh? z(s)ds < asg ZeQKC” / e?K522(s)ds

—0:(0) i=1 —0:(0)
0

IN

te[—o;(0),0]

—0; 0

2
a3 Z 2o sup  e2K22(1)0;(0)
. te[—o4(0),0]

2
< az Z€2K”T1 sup 2Kt 2(t),
: te[—o0:(0),0]

0

0
0442/ sup z?2 /ezK(g g)ds
—0 6

IN

=1, s€1[6,0]

5 0 0
Oé4Z//€2K(S_9) tanh? z(s)dsdf
0

103

1 T,
0522 bup 2[ 4K2+—4K262K’]

2
a3 Z e2Koi / sup  e2Klz%(t)ds
i=1
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2
1 1
< 0 2 2Ko;
S O e

1 2Kr; 2
<—=ag )y e sup |p(0)]°.
< e Z S Lo

Hence,
9 0
V(Oa .13(0) + sz z )]2 + ay Z / €2K(S+Ti)l'2 (S)dS
i=1
7TL(0)
5 0 0 ) 0
+tog Y / /eZK(S‘O)xz(s)dsde +tazy / 2K (03 tanh? o(s)ds
=lor b i=1*0i(0)
5 0 0
+ay Z / /eQK(S_e) tanh® z(s)dsdd
i:l_m 6
2
2Kr; 2KT.L 2
< [9ag + (a1 + as) Zl rie* T 4 (g + a4)4 Z Zl ees[lrlgo]
=M.
We can now write
|x+sz 7i(t))? < Mye

where M; = aMo > 0. For Ve € (0, min{2K, —2 log |p;(t)|}) and v > 0, the inequality
ry < wva? + %y2 for any z,y € R implies that

2

1+U
EtZ|pz z(t — 7i( ))|2

+sz t_Tz )

1+U er; e(t—T;
< (L o)My+— S I (et

=1

e < (1 +w)

And from Ve € (0, min{2K, —2 log |p;(t)|}), we have Z?:l Ipi(t)|?e™ < 1. Thus, if
we choose v > 0 sufficiently large, then it follows that

2 2 eT;
. i (T 1+ K
Zz_l ‘p ( )| ( 'U)e < 1'

v
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Therefore,
2
e < (1+v)M; + fyz lz(t — 7;(2))|2es ) (VT > 0),
i=1
sup {e”[z()]*} < (L+0)Mi+v sup |p(0)]* +~ sup {e[z(t)]*}, (i=1,2).
0<t<T 6€[r;,0] 0<t<T

Consequently, we obtain

(1+v) My + 7 supgey,, o lp(0)?

sup {e*[z]*} < , (i=1,2).
0<t<T 1—7
When 7" — +o00, we can find that
14+ v)M;1 + vsupgey,. 9)|?
sup {e!|e(t)?) < ( YM1 + v supgeyy, o7 [0(0)] =12
0<t<oo 11—«
Thus,
2| < Mye™ ",
where
14 v)My + v supgey,. 0)|?
M, = ( JMy + pee[l,o]|90( )l >O,a:§>0, (i=1,2).
1—7 2
This ends the proof. O
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ABSTRACT: In this article, homotopy analysis method is successfully
applied to find the approximate solution of Caputo fractional Volterra
integro-differential equation. The reliability of the method and reduction
in the size of the computational work give this method a wider applica-
bility. Also, the behavior of the solution can be formally determined by
analytical approximate. Moreover, we proved the existence and conver-
gence of the solution. Finally, an example is included to demonstrate the
validity and applicability of the proposed technique.
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1. Introduction

In this paper, we consider Caputo fractional Volterra integro-differential equation of
the form:

eDeu(z) = g(x) + / K, ) F(u(t))dt, (1.1)
0
with the initial condition
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110 A.A. Hamoud, M.Sh. Bani Issa, K.P. Ghadle and M. Abdulghani

where D¢ is the Caputo’s fractional derivative, n—1 < a <n, n € Nandu: J — R,
where J = [0,1] is the continuous function which has to be determined, g : J — R
and K : J x J — R, are continuous functions. F': R — R, is Lipschitz continuous
function.

The fractional integro-differential equations have attracted much more interest
of mathematicians and physicists which provides an efficiency for the description of
many practical dynamical arising in engineering and scientific disciplines such as,
physics, biology, electrochemistry, chemistry, economy, electromagnetic, control the-
ory and viscoelasticity [2, 5, 8, 7, 9, 10, 17, 18, 20]. In recent years, many authors
focus on the development of numerical and analytical techniques for fractional integro-
differential equations. For instance, we can remember the following works. An ap-
plication of fractional derivatives was first given in 1823 by Abel [1] who applied the
fractional calculus in the solution of an integral equation that arises in the formula-
tion of the Tautochrone problem, Al-Samadi and Gumah [3] applied the homotopy
analysis method for fractional SEIR epidemic model, Zurigat et al. [23] applied HAM
for system of fractional integro-differential equations, Yang and Hou [20] applied the
Laplace decomposition method to solve the fractional integro-differential equations,
Mittal and Nigam [18] applied the Adomian decomposition method to approximate
solutions for fractional integro-differential equations, and Ma and Huang [17] applied
hybrid collocation method to study integro-differential equations of fractional order.
Moreover, properties of the fractional integro-differential equations have been studied
by several authors [11, 12, 21, 23]. The homotopy analysis method (HAM) that was
first proposed by Liao [14, 15, 16], is implemented to derive analytic approximate so-
lutions of fractional integro-differential equations (FIDEs) and convergence of HAM
for this kind of equations is considered. Unlike all other analytical methods, HAM
adjusts and controls the convergence region of the series solution via an auxiliary
parameter h.

The main objective of the present paper is to study the behavior of the solution
that can be formally determined by analytical approximated method as the homotopy
analysis method. Moreover, we proved the existence and convergence of the solution
of the Caputo fractional Volterra integro-differential equation.

The rest of the paper is organized as follows: In Section 2, some preliminaries
and basic definitions related to fractional calculus are recalled. In Section 3, homo-
topy analysis method is constructed for solving Caputo fractional Volterra integro-
differential equations. In Section 4, the existence and convergence of the solution
have been proved. In Section 5, the analytical example is presented to illustrate the
accuracy of this method. Finally, we will give a report on our paper and a brief
conclusion is given in Section 6.

2. Preliminaries

The mathematical definitions of fractional derivative and fractional integration are
the subject of several different approaches. The most frequently used definitions of
the fractional calculus involves the Riemann-Liouville fractional derivative, Caputo
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derivative [13, 19, 22].

Definition 2.1. (Riemann-Liouville fractional integral). The Riemann-Liouville frac-
tional integral of order ao > 0 of a function f is defined as

T f(z) = F(la)/ox(x—t)"‘_lf(t)dt, 2>0, a€eR'
Jf(x) = f(o), (2.1)

where R7 is the set of positive real numbers.

Definition 2.2. (Caputo fractional derivative). The fractional derivative of f(x) in
the Caputo sense is defined by

‘Dif(x) = J" D" f(x)
ﬁ Jo (@~ f)m*“l%dt, m—1<a<m,
- (2.2)
25, a=m, meN,

where the parameter « is the order of the derivative and is allowed to be real or even
complex. In this paper, only real and positive a will be considered.
Hence, we have the following properties:

L JoJvf = JoFvf a v >0,

_ _D(B+1) +
2. Jalﬁ— mxﬁ *,

3. J*D*f(x) = f(z) — Zl:_olf(k)(Oﬂ%?, x>0, m—1<a<m.

Definition 2.3. (Riemann-Liouville fractional derivative). The Riemann Liouville
fractional derivative of order a > 0 is normally defined as

Def(x) =D™Jm f(x), m—1<a<m, meN. (2.3)

Theorem 2.4. [22] (Banach contraction principle). Let (X, d) be a complete metric
space, then each contraction mapping T : X — X has a unique fized point x of T in
X de. Tx =.

3. Homotopy Analysis Method (HAM)

Consider,
Nu) =0,

where N is a nonlinear operator, u(z) is unknown function and z is an independent
variable. Let ug(z) denote an initial guess of the exact solution u(x),h # 0 an
auxiliary parameter, Hi(x) # 0 an auxiliary function, and L an auxiliary linear
operator with the property L[s(x)] = 0 when s(x) = 0. Then using ¢ € [0,1] as an
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embedding parameter, we can construct a homotopy when consider, N[u] = 0, as
follows [4, 6, 14, 15, 21]:

(1 —q)L(¢(x; q) — uo(x)] — ghH: (2)N[d(x; q)] = H[p(x; q); uo(x), Hi(x), h,q). (3.1)

It should be emphasized that we have great freedom to choose the initial guess
uo(x), the auxiliary linear operator L, the non-zero auxiliary parameter A, and the
auxiliary function Hy(z). Enforcing the homotopy Eq.(3.1) to be zero, i.e.,

ﬁ1[¢(x;q);u0(x)le(x)aha CI] = Oa (32)

we have the so-called zero-order deformation equation

(1 —q)L(¢(z; q) — uo(x)] = ghH1(z)N[d(x; q)], (3.3)
when g = 0, the zero-order deformation Eq.(3.3) becomes
¢(x;0) = uo(x), (3.4)

and when ¢ = 1, since i # 0 and H;(z) # 0, the zero-order deformation Eq.(3.3) is
equivalent to

¢(z;1) = u(x). (3.5)

Thus, according to Eqgs.(3.4) and (3.5), as the embedding parameter ¢ increases
from 0 to 1, ¢(x;q) varies continuously from the initial approximation wug(z) to the
exact solution u(z). Such a kind of continuous variation is called deformation in
homotopy [14, 23]. Due to Taylor’s theorem, ¢(z;q) can be expanded in a power
series of ¢ as follows

$(w;q) = uo(w) + > um(x)g™, (3.6)

m=1

where | gm .
un(z) = - E D, (3.7)

Let the initial guess ug(x), the auxiliary linear parameter L, the nonzero auxiliary
parameter i and the auxiliary function Hy(z) be properly chosen so that the power
series (3.6) of ¢(x;q) converges at ¢ = 1, then, we have under these assumptions the
solution series

u(@) = p(x;1) = ug(x) + Y (). (38)

From Eq.(3.6), we can write Eq.(3.3) as follows:

(1= q)Llp(x;q) —uo(x)] = (1 —=q)L[Y_ um(z)q™] (3.9)

m=1

qhH:(z)N[¢(z; )],
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then

LIy um(2)q™] — Z um(2)q™] = ghH: (x)N[(; q)]. (3.10)
m=1

By differentiating Eq.(3.10) m times with respect to ¢, we obtain

Zum ¢~ L[> wn (@)™} = ghHy (@) N[6(z; )™
= m!L[um(z) — um—1(z)]
= hHi(z)m quo.
Therefore,
Ll (2) = Xt 1 ()] = BH (2)Ron (73 (2)), (3.11)
where
m—1 €T
R (@) = sy e Do (3.12)
and

_J0, m<1,
Xm = 1, m>1.

Note that the high-order deformation Eq.(3.11) is governing the linear operator L,
and the term R, (um,—1(z)) can be expressed simply by Eq.(3.12) for any nonlinear
operator N.

HAM applied to fractional Volterra integro-differential
equation

We consider Caputo fractional Volterra integro-differential equation given by (1.1),
with the initial condition (1.2). We can define

Niplei] = “D*0(wiq) ~ 9(o) ~ [ KwO)F(o(t )
Now we construct the zero-order deformation equation

(1 —q)°D%[p(x; q) — uo(x)] = ghN[¢(x; q)], (3.13)

subject to the following initial conditions

up(x) = ¢(0;q) = ug = Z 5k (3.14)

k=0
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where ¢ € [0,1] is the embedding parameter, h # 0 is an auxiliary parameter, ug(x)
is an initial guess of the solution u(z) and ¢(z;q) is an unknown function on the
independent variables x and ¢g. Also we suppose that

cD(C) =0, (3.15)

where C is an integral constant. When the parameter ¢ increases from 0 to 1, then the
homotopy solution ¢(x;q) varies from wug(x) to solution u(x) of the original equation
(1.1). Using the parameter ¢, ¢(z;q) can be expanded in Taylor series as follows:

d(x3q) = uo(x) + D um(x)q™, (3.16)

where u,,(z) define as (3.7).
Assuming that the auxiliary parameter & is properly selected so that the above
series is convergent when ¢ = 1, then the solution u(x) can be given by

u(@) =uo(z) + > um(2). (3.17)

Differentiating (3.13) and the initial condition (3.14) m times with respect to g,
then setting ¢ = 0, and finally dividing them by m!, we get the m*"-order deformation
equation

D (@) = Xmttm—1(2)] = R (U (), (3.18)

subject to the following initial conditions,
um (0) =0, (3.19)

where

R (o) = (mil)!amaj;figé(lz;qmq:o

= cDaum_l(I) - /Om K(x,t)F(um—l(t))dt - (1 - Xm)g(l‘),

and

—
Um = U, UL, "+ 5 Um-

Applying the operator J* to both sides of the linear m-order deformation (3.18)

(@) = (o + )tm1 () — hJ® {/0 K (1) F (1 (0)dt + (1~ xn)o(2)|-
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4. Main Results

In this section, we shall give an existence and uniqueness results of Eq. (1.1), with
the initial condition (1.2) and prove it. Before starting and proving the main results,
we introduce the following hypotheses:

(H1) There exists a constant Ly > 0 such that, for any uy,us € C(J,R)

|F(u1(2)) = F(ug(2))] < L [ur = usl.

(H2) There exists a function K* € C(D,R"), the set of all positive function contin-
uous on D = {(z,t) e RxR:0 <t <z <1} such that

K*= sup [} |K(z,t)|dt < cc.
z€[0,1]

(H3) The function g : J — R is continuous.

Lemma 4.1. If ug(xz) € C(J,R), then u(z) € C(J,R") is a solution of the problem
(1.1) = (1.2) iff u satisfies

b m9c—sa_1 s)ds
[ @ gl

v @t ([ R Fear ) as

u(z) = wo+

1 k
forx e J, and ug = >, Oy

Now, we will study the existence and uniqueness result of the solution based on
the Banach contraction principle.

Theorem 4.2. Assume that (H1)-(H3) hold. If

(%) <1, (4.1)

then there exists a unique solution u(x) € C(J) to (1.1) — (1.2).

Proof. By Lemma 4.1. we know that a function u is a solution to (1.1) — (1.2) iff u
satisfies

ua) = wt g [ " — 5)2 Y g(s)ds + = “(o— gy
X ( ; K(S,T)F(u(T))dT> ds.
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Let the operator T': C(J,R) — C(J,R) be defined by

1 mx—so‘*l s)ds
o [ @ gl

e | @m0 ([ K F)ar)ds.

Firstly, we prove that the operator T' is completely continuous. We can see that, if
u € C(J,R) is a fixed point of T', then u is a solution of (1.1) — (1.2).

Now we prove T has a fixed point v in C(J,R). For that, let uy,us € C(J,R) and
for any z € [0, 1] such that

(Tu)(@) = uo+

1 ‘ a—1
ui(x) = wup+ I‘(cv)/o (x —8)* " g(s)ds

i | e ([ K Pn()ar)as,

and

1 ! a—1
@/o (x—s)*" g(s)ds

*ﬁ /Om(x — )27 /0 K (5, 7)F (ua(r))dr ) ds.
Consequently, we get
|(Tu)() — (Tus) (@)
F(la) /o(x N S)a_1</08 K (5, 7)] | F(u1(7)) = F(uz(7))| dT)ds

ug(x) = wg+

Fra [ (@) — wa(@)

|
A~
=
h
|
~
g
&
<
[ V)
2

From the inequality (4.1) we have

K*Lp
T~ Tunl < (s ) b = el
This means that T is contraction map. By the Banach contraction principle, we
can conclude that T has a unique fixed point u in C(J,R). O
Now, we will study the convergence theorem of the solutions based on the HAM.

Theorem 4.3. If the series solution u(z) = Y~ um(x) obtained by the m-order
deformation is convergent, then it converges to the exact solution of the fractional
Volterra integro-differential equation (1.1) — (1.2).
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Proof. We assume Y~ un,(z) converge to u(z) then

lim ., (x) =0.

m— o0
We can write
Dum(x) — XmUm—1(x)] = D% (x) + (“D%usz(x) = DYuq(x))
m=1
+(°D%us(z) = D%uq(x)) + ...
+(°D%up(z) = D%up—_1(x))
= °D%u,(x). (4.2)
Hence, from Eq.(4.2)
nh_)rrgo un(x) = 0. (4.3)
So, using Eq.(4.3), we have
Z Dt () — XmUm—1(x)] = Z [CD%Upm () — Xm D% Upm—1 ()] = 0.
m=1 m=1

Therefore from Eq.(4.3), we can obtain that

> D () = Xt 1 ()] = D R (T (2)) = 0.

Since h # 0 and we have
Z mfl(umfl(,’b)) =0. (44)
m=1

By substituting R, 1(um i(x)) into the relation (4.4) and simplifying it, we have

o0

Ron—1(m_1(z))

D%t (x / K (@, ) F(tt—1 (£))dt — (1 xm)g(2)]

m=1
[es) [eS)
= CDQ(Zuml /K-Tt ZFU'ml
m=1 m=1
=) (1= xm)g()
m=1

= ‘D% / K(z,t)F(u(t))dt — g(x).

From Eq.(4.4) and Eq.(4.5), we have

“DOu(z) = / K (2, ) F (u(t))dt,

therefore, u(z) must be the exact solution of Eq.(1.1) and the proof is complete. I
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. INlustrative Example

In this section, we present the analytical technique based on HAM to solve Caputo
fractional Volterra integro-differential equations.

Example 1. Let us consider Caputo fractional Volterra integro-differential equation:

DO )] = 3212\3ff 15+/0 #u(t)dt, (5.1)

with the initial condition
u(0) = 0.

From (3.13), (5.1) can be written as

Niolasa)] = D*o(ia) - 2000 - 7 ot

Now, using the m*"-order deformation equation (3.18) and initial conditions (3.19),
and recursive equation (3.20) we can write

() = (Xm+h)um1(x)—hJ0'5[(1—Xm)3212\3ff 15+/0 st (0]
Then,
wl) = 0.
w(z) = h(?’g—m?,
w) = - n T )T e,
uste) = (- n 0T )

(1 - Tyt (VT e,

thus the HAM series solution can be written as

= ualw) = T+ (=T 1) 4 n T

n=0
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The exact solution of (5.1) when 3\/24,32 <h<O0is

u@) = 3 uala)
n=0

32

N 1
. h(?’?_l)(l—(l—h@ﬁ—l» e

— h(M— )[1+(1h(3ﬁ ))+(1—h(%— N2+ | 2P

6. Conclusions

Homotopy analysis method is successfully applied to derive approximate analytical
solutions for fractional Volterra integro-differential equations. Also, we proved the
existence and convergence of the solution. Moreover, the obtained results show that
we can control of the convergence district of homotopy analysis technique by control
the auxiliary parameter A. The convergence theorem and the illustrative example
establish the precision and efficiency of the proposed technique.
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The Real and Complex Convexity

Abidi Jamel

ABSTRACT: We prove that the holomorphic differential equation
©"(p+c) =v(¢")? (¢ : C — C be a holomorphic function and (v, c¢) € C?)
plays a classical role on many problems of real and complex convexity. The
condition exactly v € {1, 21 /s € N\{0}} (independently of the constant
¢) is of great importance in this paper.

On the other hand, let n > 1, (A3, A2) € C2, and g1,92 : C* — C be
two analytic functions. Put u(z,w) =| Ayw — g1(2) |? + | Asw — go(2) |?,
v(z,w) =| Ajw —g1(2) |2 + | Aow — g2(2) |?, for (2,w) € C* x C. We
prove that u is strictly plurisubharmonic and convex on C" x C if and only
if n =1, (A1, A42) € C?\{0} and the functions g; and go have a classical
representation form described in the present paper.

Now v is convex and strictly psh on C™ x C if and only if (A;, As) €
C2\{0}, n € {1,2} and g1, g» have several representations investigated in
this paper.
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1. Introduction

Tt is not difficult to prove that if g : D — C be a function (not necessarily holomorphic)
such that v is convex over D x C, then g is an affine function, where D is a convex
domain of C", n > 1 and v(z,w) =| w — g(2) |?, for (z,w) € D x C.
But if we consider the case of 2 functions, the problem is difficult. However if g1, g5 :
C™ — C be 2 holomorphic functions, v;(z,w) =| Ajw — g1(2) |?
+ | Agw — g2(2) |?, v2(2,w) = v1(Z,w), for (z,w) € C" x C and Ay, Ay € C.

We have the questions:
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— Find exactly all the conditions described by ¢g; and g» such that v; is convex
over C" x C?

— Find exactly all the conditions described by g1 and g2 such that v; (respectively
vg) is convex and not strictly psh over C* x C?

— Find exactly all the conditions described by g1 and g such that v; (respectively
vg) is convex and strictly psh over C™ x C?

Several questions can be studied in this situation.

The class of convex and strictly psh functions is a good family for the study
and has several applications in complex analysis, convex analysis in several complex
variables, harmonic analysis (representation theory), physics, mechanics and others.
For example, the importance of my study of this last class is to discover the existence
of an infinite family of convex and strictly psh functions but not strictly convex (or
not strictly convex in all Euclidean open ball of the domain of definition) on the
above form. It follows that the exact characterization of the (convex and strictly psh)
functions of the form | Ajw — g1(2) |> + | Asw — ga(2) | describe the existence of
an important family of holomorphic functions (which is fundamental for the study).
Note that if n increases, the problem is difficult if we consider several absolute values.

Using this paper, we can answer to the following question.

Characterize all the holomorphic not constant functions f1, fo : C* — C and all
the holomorphic not constant functions Fy, Fy : C™ — C, such that u is convex
(respectively convex and strictly psh) over C* x C™, where n,m > 1 and

u(z,w) =| fi(z) = Fy(w) * + | f2(2) = Fa(w) |”

for each (z,w) € C™ x C™.

Now, for example, given g1,gs : C" — C be two analytic functions, n > 1 and
Ay, Ay € C\{0}. Define u(z,w) =| Ajw — g1(2) |> + | Asw — g2(2) |?, for (z,w) €
C™ x C. We prove that u is convex and strictly plurisubharmonic on C" x C if and
only if n =1, g1 and g9 satisfies

{ g1(z) = Ay1(az + b) Jr@(cz +d)
92(2) = Az(az +b) — Ai(cz + d)

(for each z € C with a,b,d € C and ¢ € C\{0}), or

g1(2) = Ai(arz + by) + Ageler=+d)
g2(2) = Ag(ayz + by) — Ajelerztd)

(for each z € C, where aj,b1,d; € C and ¢; € C\{0}).

However, the number of the absolute values implies that n = 1. The great differences
between the classes of functions (convex and strictly psh) and strictly convex is one
of the purpose of this paper.

Moreover, if we replace C™ by a convex domain bounded on C™, the above result is
not true.
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We show extension results of ([3], Corollaire 17), which is the following.

Let o, 8 € C, (o # ) and g : C" — C be analytic. Using holomorphic differential
equations, we prove that | g+ a | and | g + 8 | are convex functions over C" if and
only if ¢ is an affine function on C”.

Observe that the complex structure plays a key role in this situation. For example,
let p(z) = 22 + 1, for z = (21,...,2,) € C", 21 = (z1 + iy1) € C, where z1,y; € R.
Then ¢ is real analytic on C". | ¢ +0 |=| ¢ | and | ¢ + 1 | are convex functions on
C™. But ¢ is not affine on C".

Let U be a domain of R, (d > 2). We denote by sh(U) the subharmonic functions
on U and my the Lebesgue measure on R%. Let f : U — C be a function. | f | is the
modulus of f, Re(f) is the real part of f. supp(f) is the support of f. For N > 1 and
h=(hy,...hy), where hy,...hn : U = C, | h||= (| h1 |2 +..4 | hy [2)2.

Let g : D — C be an analytic function, D is a domain of C. We denote by ¢(©) =
g,9M) = ¢ is the holomorphic derivative of g over D. g2 = ¢”,¢®) = ¢/”. In general
gm) = g;;(f is the holomorphic derivative of g of order m, for all m € N.

Let z € C",z = (21,...,2n),m > 1. For n > 2 and j € {1,...,n}, we write z =
(25 Z3) = (Z1y ey 2j—1, Zjy Zj1y ooy Zn) Where Zj = (21, ey Zj—1y Zj4 1y ey 2n) € CPLIE
&= (&,...,&,) € C", we denote < z/€ >= 2161 + ... + 2,&, and B(&,r) = {( € C"/
| ¢ =& ||<r} for r >0, where \/< /€ > =| £ | is the Euclidean norm of &.
C(U)={¢:U — C/ypis continuous on U}.

CHU) = {¢ : U = C/p isofclass C* on U} and C¥(U) = {p : U — C/p €
C*(U) and have a compact support on U}, k € NU {co} and k > 1.

Let ¢ : U — C be a function of class C?. A(yp) is the Laplacian of (.

Let D be a domain of C", (n > 1). psh(D) and prh(D) are respectively the class of
plurisubharmonic and pluriharmonic functions on D.

Definition 1. Let ¢ : D — R be a function of class C? and a € D. We say that ¢
2

(a)ajay > 0, for all a = (e, ..., ) €

n
is strictly plurisubharmonic at a if —
_Zl 0207,

Cc™\{0}.

Moreover, we say that ¢ is strictly plurisubharmonic on D if ¢ is strictly psh at
every point a € D.
For all a € C,| a | is the modulus of a. Re(a) is the real part of a. D(a,r) = {z € C/
| z—a|<r}and dD(a,r) ={2z€C/ | z—al|=r}, for r > 0.
For p an analytic polynomial over C, deg(p) is the degree of p.

J.k=

For the study of properties and extension problems of analytic and plurisubhar-

monic functions we cite the references [1], [4], [5], [6], [7], [8], [10], [13], [14], [15], [16],
[19], [20], [21], [24], [25], [26], [27], [29], [30], [32], [34], [35] and [12]. Several properties
of analytic functions and their graphs are obtained in [12] and [13].
The class of n-harmonic functions is introduced by Rudin in [33]. There are many
investigations of plurisubharmonic functions in [2], [18], [22], [23], [28], [29], [31], [11]
and [9]. Good references for the study of convex functions in complex convex domains
are [17], [21] and [35].
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2. A Fundamental Properties over C”

The following 4 lemmas (Lemma 1, Lemma 2, Lemma 3 and Lemma 4) are fun-
damental in this paper. Convex and plurisubharmonic functions are connected by
the

Lemma 1. Let u: C" — R be a continuous function, n > 1. Put v(z,w) = u(w — %),
for (z,w) € C™ x C"™. For z = (21, ..., 2n),@ = (a1, ...,a,) € C" and 1 < j < n, we
write z; = (xj + i%j4n) and o; = (bj +ibj1n), where £j,Tj4n,b;,b0j4n € R,

The following conditions are equivalent

(a) u is convex on C™;
(b) v is psh on C™ x C™;
(¢c) For all ¢ € C*(C™), ¢ > 0, we have

- Z / (2)bjbrdma, (z) = Re( Z / 6z 82 (2)ajopdman(2))
7,k=1 J

J,k 1
E / 9 ]9 a )ajak: m2n(2> =

J,k=1

for each o = (avq, ..., ) € C™;

(d) For all ¢ € C°(C™), ¢ > 0, we have

1 2n 82Q0
Z / (2)ajandman(2)) < / u(2) 5 (2)bjbidman (2)
7,k=1 j,k=1 J k
Z/ 8zjazk (2)ajoidman (2)

J,k=1

for each o = (aq,...,a,) € C™. (This is an important property in real and
complex analysis);

Z/ 82] (2)ajoudmay, (2) Z/ azjazk (2)ajadmay, (),

7,k=1 7,k=1
for eacha:(al,..., n) € C", for each ¢ € CX*(C™), ¢ > 0.

Proof. (a) implies (b) is evident.

(b) implies (a).
Case 1. n=1.
Let p: C — Ry, pis a radial C* function, supp(p) C D(0,1) and [ p(§)dma(£) = 1.
For all § > 0, we define ps by ps(§) = 6%/)(%), for £ € C.
Observe that v(z,.) is sh and continuous on C.
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Fix 6 > 0 and z € C. We have

v(z, ) * ps(w) = / o(zsw — €)pa(€)dma(€) = / u(w — € — 2)ps () dma (€)
= ps(w — %) = ¥s(z,w),

where ¢5(¢) = [u(¢ — &)ps(§)dma(§) = u+* ps(C), for ¢ € C.
Therefore the function s is C> on C. Consequently, s is C> on C2.

Let A(z,w, &) = v(z,w—&)ps(§), for z,w, & € C. Since u is continuous on C, then
A is continuous on C3. Note that the function A(.,.,¢) is psh on C2, for each ¢ € C.
Since ps have a support compact, then by ([32], p.75), s is psh on C2.
Consequently, 15 is C* and psh over C2.
By ([3], Lemme 3 p. 339), the function ¢; is convex over C. Thus u * ps is a convex
function on C, for all § > 0. The sequence of functions (u * p1), (for j € N\{0}),
converges to the function w uniformly over all compact subset of C because u is
continuous. Therefore, u is convex on C.

Case 2. n > 2. This proof is similar to the Case 1.
(a) implies (c) is well known.

(c) implies (a).
Let j € {1,...,2n}. If b; =1 and b, = 0, for all k # j, then
0%
/ ) g (Jdman(2) 2 0.

It follows that
2n 62
Z/u(z)a—;(z)dmgn(z) = /u(z)Aap(z)dmgn(z) >0,
j=1 J

for all p € C(C™), ¢ > 0.
Therefore u = v on C"\E, where v is a subharmonic function on C” and FE is a
borelien subset of C™ with mg, (E) = 0.

Now, assume that u is not subharmonic on C™. Then there exists zy € C" and

r > 0 such that )

uz0) > B )

/ w(&)dmap (§).
B(zo,r)

Since
[ u@amae) = [ olydman o).
B(zo,r) B(zo,r)
it follows that u(zp) > v(zp) and consequently, v(z9) — u(zp) < 0.
Since u is continuous on C", then (v — u) is an upper semi-continuous function
on C". Therefore, there exists n €]0,r[ such that (v — u) < 0 on B(z,7n). Since
man(B(20,1)) > 0 and u = v on C"\ E, we have a contradiction.

The rest of the proof of this lemma is similar to the two above proofs. O
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Remark 1. The constant % is the good constant for the two inequalities in the
assertion (d) at Lemma 1.

Let D be a not empty convex domain of C", n > 1 and s € N\{0, 1}. There does
not exists a constant ¢ > 0 such that for all ©: D — R be a function of class C* and
convex on D, we have

1, & % 2 92 u
E' Zm(z)%’ak < Zaw]a 2)bjbr < c Za Jevjou |,
J,k=1 j,k=1

Vz = (21,..,2n) € D, Va = (a1, ...,a,) € C", zj = (x; +i%j4n), @; = (b; +ibj1n),
(acj,xj+n,bj,bj+n S R), 1<5<n.

Lemma 2. Let a,b,c € C. We have

(A) (aca@ + bBB + 2Re(caB) > 0, for all (a, B) € C?) if and only if (a > 0, b >0
and | ¢ |*< ab).

(B) (ac@+bBB+2Re(caB) > 0, for all (o, B) € C2\{0}) if and only if (a > 0, b > 0
and | ¢ |2< ab).

Proof. See ([3], Lemme 9, p. 354).

Lemma 3. Let u : G — R and h : D — C, G is a convexr domain of C*, D is
a domain of C", n > 1. Suppose that u is a function of class C? on G and h is a
pluritharmonic (prh) function over D. Then we have

(A) The Levi hermitian form of | h |? is

(‘ | (92’](),2]9 A%k

Jik=1

_|Z J|2+|Za O‘J|2

for each z = (21, ..., 2n) € D, for all a = (ay, ..., ap,) € C™.
We can also study the case where h is n-harmonic on D.

(B) u is convex on G if and only if

= " 9%
_ _
DD v azjaz azar |< ) azjaa(z)%o"“

7,k=1

for each z € G and all a« = (ay, ..., ) € C™.
u s strictly convex on G if and only if

| Z 82']82 Z)ajon [< z 8,2]82 2)oa

for each z € G and every o = (o, ..., ) € C"\{0}.
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Proof. Let z=(z1,...,2,) € D, a = (a1,...,a,) € C™.
Vi, k € {1,...,n}, since h is prh on D then

(| h|?, . 0h,  Oh) oh o)
) (2) = S (G + () G o).
Therefore,
9 ( |h| _ " Oh oh), .__ " Oh __o(n)
=) o (e + 3 2 ,
Z 3z](92k A 4,0z (2)e; 0% () Lk:lm(z)ak 9z, (2)a;
N0k O “~ Oh <Ok, .
gz @ (G Eaw) + (5 (s (X5 (lew)
Jj=1 k=1 j=1
n ah n ah
= 7(2’)0@ 1> + | Za (2)a; |2
j=1""7 j=1

The following lemma plays a classical role on several problems of complex analysis.
Several fundamental properties of pluripotential theory deduced by this lemma was
obtained in this paper.

Lemma 4. Let f1,..., fn,91,-, 98 : D — C, D is a domain of C™*, n, N > 1.

Put f = (f1,..,fn), 9 = (91,...,9n) and assume that f1,...,fn, g1,...,9N are
holomorphic functions on D. Let w : D — R be a function of class C?. Then
(M F12+ 1l gl?) and (|| f+7 ||?) have the same hermitian Levi form over D.
In particular (u+ || f ||> + || g ||?) is strictly psh on D if and only if (u+ || f+7 ||?)
1s strictly psh on D.

N N N
Proof. | f+g[P=>_|fi+g5 P=|fI*+1gl*+>_Figi+D_fig; on D.
j=1 j=1 j=1
N N
Observe that Z(fjgj + fig;) = 2Re(2fjgj) is a pluriharmonic (prh) function on
j=1 j=1
N
D. Consequently, the Levi hermitian form of the function Z( fijg; + £;g;) is equal
j=1
zero on D x C". Tt follows that || f+g || and (|| f ||*> + || ¢ [|*) have the same
hermitian Levi form on D. O

Now we choose a proof which is classical in complex analysis of the following.

Theorem 1. Let g1,92 : C* — C be two analytic functions, n > 1 and Ay, As €
C\{0}. Put

u(ap)(2) = A1(< z/a > +0) — g1(2) |* + | Aa(< 2/a > +b) — ga(2) |*= u(z),
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forz€e C", acC” and b € C.

The following conditions are equivalent

(A) u(ap) is convex on C", for all a € C" and b € C;

(B)
{ 91(2) = A1(< z/ar > +b1) + Az(< z/er > +d)™
92(2) = Az2(< z/a1 > +b1) — Ar(< z/er > +di)™

(for each z € C™ with ay,¢1 € C",by,dy € C,m € N), or

91(2) = A1(< z/ag > +by) + Agel<z/c2>+d2)
92(2) = As(< z/ag > +by) — Ajel<=/e2>+d2)

(for each z € C™, where az,co € C", by, dy € C).

Proof. Case 1. n=1.

(A) implies (B). For a,b € C, ugy) is a function of class C*° on C2. Therefore we

have

62’&(5)1,)
022

aQU(E’b)

2
9207 (z), VzeC,V(a,b)eC”.

() |

Fix z € C. Then

| 91 (2)[A1(az + ) — g1(2)] + g5 (2)[A2(az + b) — g2(2)] |
<[ Ara—gi(2) [* + | A2a — g5(2) %,

for all a,b € C.
State 1. Take a = 0. Then

| =97 (2)71(2) — g3 (2)72(2) + b(A1g] (2) + A295 (2)) [<] g1 (2) [* + | g5(2) |,

for all b € C.

If (A197(2) + Aagy(2)) # 0. Then the subset C is bounded. A contradiction.

It follows that (A;g} + A2g5) = 0 over C. Consequently, (A1g1 + Aag2) is an affine
function on C.

State 2. For all a € C, we have

| 91 (2)[Araz — g1(2)] + g5 (2)[Azaz — g2(2)] |
<| Ara—gi(2) I* + | Asa— g3(2) |7, VzeC.

It follows that

| 97 (2)1(2) + 95 (2)72(2) <] Ara — g1 (2) |* + | Aza — g5(2) |?
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for each z € C. We have

(| A1 P + [ A2 1) | a | —2Re[a(A1g1(2) + Azg5(2))]+ | g1(2) 17 + | g5(2)
— 1 g (2)71(2) + g5 (2)g2(2) |> 0,V2 € C, Vae€C.

Now observe that

(I A1 P+ 1 A2 *) | a|* —2Re[a(Arg)(2) + A2g5(2)]+ | 91(2) |* + | ga(2) 7

— 197 (2)71(2) + 92 (2)32(2) |=| av/| A |? + | Az |?
1 a 2 -1 A A 2
A Pr A |2( A191(2) + Azg5(2)) | +m | A1g1(2) + A2g5(2) |
+191(2) P + 1 92(2) [P = | 97 (2)71(2) + g3 (2)72(2) [> 0

for each a € C. o o
For a = e (A191(2) + A295(2)), we have

‘ A2 |2 2 | Al |2 / 2
[ et L TR i
‘Al |2 + | A2 |2 |gl(z) | |A1 |2 + ‘ A2 |2 ‘92(‘2) |
2 A A —_— J—
A 1 4, e A1 () ()= | 91 (2)F1(2) + 02 (2)92(2) [> 0.

Thus

1 / J— J—
EEEPNE | A2gi(2) = Arga(2) |2 = | 9 (2)71(2) + 95 (2)g2(2) > 0

for each z € C. Put A = f‘—; € C\{0}.
Ayg! + Asgl =0 on C and then g = —Ag} over C.
Therefore we have

(1)

(] Ay |2 i | Ay |2) | A29/1(z) - Algé(z) |22| glll(z)(gl(z) - A92(2)> |

for each z € C.
Since g{ = —=g4, then

(2)
1
(1AL 2+ 42 %)

| 20 6(2) — An2) 1= St () 1(2) — Aga(2)) |

| Aagi(2) — Arga(2) P>

for every z € C.
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(1) implies that

‘ gil(z)(gl(z) - Ag?(z)) |S (‘ Al |2 i | Ag |2) ‘ Alel(z> - Algé(z) |2

for each z € C.
Then

|91 (2)(91(2) — %92(2)) = ﬁ | A2gY(2)(A201(2) — Arga(2)) |

1
<
T (AP A2?)

| Azg1(2) — A1gh(z) |2

for each z € C.
Then we obtain the inequality

3)

| Az |?
(1AL ]2+ 1 A2 )

| Aagl (2)(A2g1(2) — A1ga(2)) |< | A2y (2) — Argh(2) |2

for every z € C.
Now (2) implies the following inequality
(4)

| Ay |
(| AL 2+ A2 ?)

| —A191(2)(A201(2) — A1g5(2)) |< | A2 (2) — Avga(2) |2

for every z € C.

The sum between the inequalities (3) and (4) implies that
| A2gY (2)(A201(2) — Arga(2)) | + | —A1g5(2)(A201(2) — A1g2(2)) |

AP+ Ay P , .
<UAMPHTA ) ) — Aigh(=) =] Aagh(z) — Argh(2)
(A E+] 42 )

for each z € C.
By the triangle inequality we have

| (A2g7 (2) — A1g5(2))(A2g1(2) — Ar1g2(2)) |<| Azgi(2) — Argy(2) |2

for each z € C.

Now put ¢(z) = A2g1(2) — A192(2), for z € C.
Note that ¢ : C — C, ¢ is holomorphic over C. ¢ satisfy the holomorphic differential
inequality | ¢”¢ |<| ¢’ |* on C. Then "¢ = vy(¢')?, where v € C, | v |< 1.

By ([3], Corollaire 14, p. 361; Théoréme 22, p. 362) exactly v € {1, 51/t € N\{0}}.



The Real and Complex Convexity 133

Therefore ¢(z) = (az +b)® for all z € C, where a,b € C and s € N, or ¢(z) = ele*+9)
for all z € C, where ¢,d € C.
Step 1. ¢(2) = (az + )%, for all z € C. Then Asgi(z) — A1g2(z) = (az + b)*.

Now since A1¢}(2) + Aagy(z) = 0, then Ay1g1(2) + Azg2(2) = a1z + by, for all
z € C, where aq,b; € C. We have the system

{ &91(2) - ég2(z) = (CLZ + b)s
A191(2) + Azga(2) = a1z + by

for each z € C. o
It follows that (| Aa |> + | A1 [?)g1(2) = As(az +b)* + Aj(arz + by), and then

gg(z) = AQ(GQZ —+ bg) — E(agz —+ bg)s
for each z € C, where ag, bs,a3,b3 € C and s € N.

Step 2. p(2) = e(**9) for all z € C.
Then we have by the Step 1, the system

{ Azgi(2) — A1ga(z) = et
A191(2) + Aaga(z) = a1z + by

for all z € C, with (ay,b; € C).
Then

{ 91(2) = Ay(azz + b)) + As(azz + b3)*®

{ g1(2) = A1(e1z + dy) + Agelczztd2)
ga(2) = Ag(c12 +dp) — Ajele2ztdz)
for each z € C, where ¢1,dy,ca,ds € C.
(B) implies (A) is evident.

Case 2. n > 2.

For z = (21, ..., 2n) € C", we write z = (21, Z1), Z1 € Ccr1, 2 eC.
We can prove that (A1g1 + Asgs) is an affine function on C".

A191(2) + Aaga(z) =< 2/ag > +by, ag € C", byeC.

Consider the functions ¢1(., Z1), g2(., Z1) and we use the problem of fibration as
follows. By the Case 1, we have

{ 91(2) = Ay[o(Z1)z1 + B(Z1)] + Azp(2)

92(2) = Az[a(Z1)z1 + B(Z21)] — Arp(2),
where o, 3: C"~! = C and ¢ : C" — C.
A201(2) = Arga(2) = (| AL [P + | A2 [*)o(2).
Then ¢ is analytic on C™. Consequently,

(A1g1(2) + A292(2)) = (| A1 P + | A2 )l Z1) 21 + B(Z1)] =< z/ag > +bo
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for each z € C".

Then « and  are analytic functions. « is constant and S is an affine function on
C"~ ! Then a(Z1)21 + B(Z1) =< 2/A > +u, A€ C", u € C (2 = (21, Z1) € CM).
It follows that | ¢ |? is convex on C". By ([3], Théoreme 20, p. 358), the proof is
complete. O

Theorem 2. Let g1,92 : C* — C be two analytic functions, n > 1 and Ay, As €
C\{0}. For all a € C" and b € C, define

ugap) (2) =| Ai(< z/a > +b) — g1(2) [P + | Aao(< 2/a > +b) — ga(2) |,

Ulab,er,es)(2) =| AL(< 2/a > +b) — g1(2) + 1 |2 + | As(< z/a > +b) — g2(2) + 2 |27

for each z € C".

The following assertions are equivalent

(A) wap is strictly convex on C", for each (a,b) € C" x C;
(B) n=1 and g1, g2 are affine functions on C with the condition (A1g5 # Aag));

(C) There emists c1,co € C such that uqp.c, c,) 15 strictly convex on C", for every

(a,b) € C" x C.

Proof. (A) implies (B).
Since w4 p) is strictly convex on C”, for each (a,b) € C" x C, then by Theorem 1, we
have

{ gl(Z) = A1(< z/a1 > +b1) +§(< Z/Cl > +d1)m
92(2) = Aa(< z/ay > +b1) — A1 (< z/eq > +di)™

(for each z € C", where ay,c; € C™,by,d; € C,m € N), or

91(2) = A1(< z/az > +b2) —i—@e(g/cp“‘d?)
gg(Z) = A2(< Z/Clg > +b2) — A16(<z/c2>+d2)
(for each z € C™, where as,cy € C™, by, dy € C).

Case 1. o
{ gl(Z):A1(< z/a1>+b1)+ﬁ(< Z/Cl>+d1)m
92(2’) = A2(< z/a1 > +b1) — A1(< Z/Cl > +d1)m

for each z € C".

Uap)(2) =| A1(< z/a > +b— < z/a1 > —b1) —Ay(< z/ey > +d))™ |2

+ | Ax(< z/a > +b— < z/ag > —by) + AL (< z/er > +di)™ |2,
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where (a,b) € C™ x C.
Choose now a = a; and b = by. It follows that

u(z) =[< z/er > +dy P (| Ay P+ ] A2 )

and u is strictly convex on C”.
Thus v is strictly convex on C", where v(z2) =|< z/c; >|*™, for z € C". But v is
strictly convex on C™ if and only if m =1, n =1 and ¢; € C\{0}.

g1(2) = Ay(a1z + by) + As(cr1z + di) = a1z + fi,
92(2) = Az(arz 4+ b1) — Ai(c1z + di) = oz + fa,

for z € C, with oy, B1, 2,82 € C and (g #0or az #0).
In this case A1g5 = A1(Asar — Aicr), Aagh = Az(Arar + Ascr).
Aigh # Asgy, because — | Ay |2 ¢ #| Az |2 ¢1.

Case 2. _
g1(Z) = A1(< Z/Clg > +b2) + A26(<Z/C2>+d2)
92(2) = Aa(< z/ag > +bs) — A e(<z/c2>+d2)

for each z € C. For (a,b) € C" x C,
Uapy (2) = | A1(< z/a > +b— < z/as > —by) — Agel<#/c2>d2) |2
+ | Ao(< z/a > +b— < z/ag > —by) + Aje(<#/c2>+d2) 2
Choose now a = as and b = by. It follows that
u(z) =] (/) 2 (| A, P g | Ay )

and u is strictly convex on C". Thus ¢ is strictly convex on C", where ¢(z) =
| e<#/¢2> |2 for all z € C". But now observe that ¢ is not strictly convex at all
point of C”, for all n > 1. Therefore this case is impossible.

(B) implies (A) is evident.
(B) implies (C). Note that if

Uasberen) (2) =] Ar(az +b) = gi(2) +e1 [P+ | Az(az +b) = ga(2) + 2 )
a,b,cq,co € C, we now prove that

0<|Aja—g; >+ | Asa—gh|?, foreach acC.

If a = lel € C (g; is an affine function), then a # %, because if a = %’2, then
4 = 4 and therefore Asg) = A1g5. A contradiction.

Consequently, | Aja — g} |*> + | Asa — g} |?>> 0, for every a € C. It follows that
Ua,b,c1,cq) 18 strictly convex on C, for all (a,b,c1,¢2) € Cc4.

(C) implies (B). By the proof of the assertion (A) implies (B), we have

{ 91(2) —c1 = Ai(< z/an > +51) + Ax(< 2/ > +62)™
92(2) —co = Ax(< z/ag > +51) — A1(< z/ag > +52)™
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(for each z € C", where ay, a3 € C", 31,62 € C,m € N), or

91(2) —¢ = A1(< Z/'Yl > +51) +A726(<z/72>+52)
92(3) — o = A2(< Z/’Y1 > +61) — Tle(<2/72>+52)

(for each z € C™, where 71,72 € C", 61,02 € C).
Case 1.

{ 91(2) —e1 = Ai(< z/ar > +B1) + Ao (< z/az > +52)"
g2(2) —ca = Aa(< z/an > +01) — A1(< z/ag > +52)™

for each z € C".
Uaper,en)(2) = | AL(< z/a > +b— < z/ar > —P1) + As(< z/ag > +52)™ |
+ | As(< z/a > +b— < z/ag > —B1) + A1(< z/ag > +62)™ |?

for each z € C™.
Take a = a1, b = 1, then we have

Uabrer,es) = (| A1 P + | A2 ) [< 2/ > 462 [P

Therefore u(q,p ¢, c,) is strictly convex on C" if and only if m =n =1 and az # 0.
Therefore (g1 — ¢1) and (g2 — ¢2) are affine functions and consequently, g; and g2 are
affine functions.

g1(2) =Mz + 1 = Ai(caz + B1) + As(aez + B2) + ¢,

92(2) = Aoz + po = Ag(onz + 1) — Ar(z + ) + c2,

where A1, p1, Ao, o € C. Then (A;1g5 # Aag)).
Case 2. L

g1(2) —c1 = A1(< z/y1 > +01) + Age(<2/72>+02)

go(2) — ca = Aax(< 2/ > +01) — Aje(<z/12>+02)
for each z € C™.
We prove that this case is impossible. O

Using the holomorphic differential equation £ (k+c) = (k)% (k: C — C, (vy,¢) €

C2, k is holomorphic on C), we prove

Theorem 3. Let (A1, A3) € C2\{0} and n > 1. Given two analytic functions g1, go :
C" = C. Put ugap(z) =] A1(< z/a > +b) — g1(2) |* + | A2(< z/a > +b) — ga(2) |2,
for z € C", (a,b) € C" x C.

The following conditions are equivalent

(A) u(ap) is strictly convex on C", for each (a,b) € C" x C;

(B) n=1, g1, 92 are affine functions on C and we have the following 3 cases.
Ay =0, Ay #£0. Then g5 # 0.
Ay =0, Ay #0. Then g} # 0.
Ay #0 and As #0. Then Aagy # A1gh.
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Proof. If A; # 0 and Ay # 0, we use the above Theorem 2.
Now suppose that Ay = 0 and A; # 0. For (a,b) € C" x C, u(qy) is C*° and strictly
convex on C". Therefore we have

3uam mm
< _
| Z 0z;0zy, (2)ajen | Z azjazk Y%k

J,k=1 7,k=1

for each z = (21, ..., 2,) € C", for every a = (o, ..., ) € C"\{0}.
It follows that for z = (z1,...,2,) fixed on C", for a € C" fixed and o =
(a1, ..., ) € C™"\{0} fixed, we have the inequality

B n 829 B n 829
(5) 1T Y D (Gajon + T Y ()
k=11%k jh=1%1Y %k
n 2 n
— Ai(< z/a > +b) 8'91 (2)ajop | < | AL < afa > — a—@(z)aj |2
= 020z = 0%

0
+|Z 92 j|2

for each b € C.
Observe that the right expression of the above strict inequality (S) is independent

£ b. Therefore it 3 9!
(@) . ereiore 1 J;lazjazk

A contradiction. It follows that

(2)ajoy # 0, then the subset C is bounded.

n 2
Z &(z)ajak =0, for every z = (21,...,2,) € C" and o = (a1, ..., ) € C™.
k=1
Since g7 is a holomorphic function over C™, then g¢; is an affine function on C™.

Choose (ag, bg) € C™ x C such that A;(< z/ag > +by) = g1(2), for all z € C™.

Therefore (g, p0)(2) =| g2(2z) |*, for each z € C". Consequently, | g [* is
strictly convex on C". Then, n = 1. In particular | go |? is convex on C. By
([3], Théoreme 20, p. 358) we have ga(z) = (Az 4 0)*, (for all z € C, where ), 0 € C,
s € N), or ga(z) = eM=+9) (for all 2 € C, with Ay, 6, € C).
Case 1. g2(z) = (A\z +6)?, for all z € C.
We have | g5 (2)g2(2) |<| gh(2) |?, for each z € C. Then A # 0 and s = 1.

gy(z) =X #0, (z€C).

Case 2. go(z) = e1#+91) for each z € C.
| g2 |? is a function of class C° on C. We prove that | g |? is not strictly convex at
all point of C. Therefore this case is impossible. O

Corollary 1. Let g1, g2 : C* — C be two analytic functions. Fora € C™, b,c € C, put

Uap,e)(2) =< 2/a > +b—g1(2) + ¢ > +|< z/a > +b— ga(2) |?
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for z € C". The following conditions are equivalent
(A) u(ap,e) is convex on C", for each (a,b,c) € C" x C x C;
(B) g1 and go are affine functions on C™.

Question. Let (A7, A2) € C2\{0} and n > 1. Find exactly all the analytic functions
91,92 : C" — C such that v is convex and w is strictly (n + 1)— sh on C™ x C, where
v(z,w) =] Ajw — g1(2) |> + | Asw — go2(2) |? and u(z,w) = v(z,w) + v(Z,w), for
(z,w) € C" x C?

The case of the conjugate of holomorphic functions

Theorem 4. Let g1,92 : C" — C be two analytic functions, where n > 1. Given
(A1, 43) € (C\{0})? and u(zw) =| Ayw —gi(2) 2 + | Agw — Ga(2) 2, for (,w) €
C™ x C. The following assertions are equivalent

(A) u is convex on C™ x C;
(B) We have the two following fundamental representations.

{ g1(2) :E(< z/a > +4b) + As(< z/c > +d)™
92(2) = Aa(< z/a > +b) — A1 (< z/e > +d)™

(for each z € C™, where a,c € C",b,d € C,m € N), or

gl(z) = E(< Z/)\ > —|—lu) + A2€(<z/’y>+§)
92(2) = A72(< Z/A > —hu) _ Ale(<z/»y>+5)

(for each z € C™, where \,y € C", u,6 € C).

Proof. Let T(z,w) = (z,w), for (z,w) € C* x C. T is an R— linear bijective
transformation over C™ x C. Therefore, v = uoT is convex on C" x C. But
v(z,w) =| Ay~ Fi(2) [P + | A2W — Ga(2) =] Arw — g1(2) [P + | Aow — ga(2) |?

for (z,w) € C™ x C. By the Theorem 1, we conclude the proof. O
Example. Let g(z) = 22+2, 2 € C. Put g1 = g, g2 = —g.
Then g; and go are analytic functions on C. Let D = D(2i, ;). Define u(z,w) =|
w—g1(2) > + [ w—g2(2) %, v(z,w) =] w—71(2) P + | w—52(2) [, (,w) € C*
Then u(z,w) = v(z,w) = 2(] w |*> + | g(2) 1?), (2,w) € C% We have u is strictly
convex on D x C. But we can not write g; and g» on the form of the above theorem.

Now let (A1, A2) € C*\{0}. Define uy (2, w) =| Ayw — k1(2) |? + | Asw — ka(2) |?,

v1(z,w) =| Ajw — k3(2) |2 + | Agw — ky(2) |2, for (z,w) € D x C, where k; = Aag,
ky = —Aig, ks = Asg, ky = —A;g. Note that ky, ks, k3 and k4 are analytic functions
on D. We have u;(z,w) = vi(z,w) = (| A1 |2 + | A2 |P)(| w |? + | g(2) |?), for
(z,w) € D x C. Then u; and v; are functions strictly convex on D x C, but kq, ks,
ks and k4 are not affine functions on D.

It follows that in all bounded not empty convex domain of C" (n > 1), the above

theorem is false.
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Theorem 5. Let g1,90 : C* — C be two analytic functions, where n > 1. Let

(A1, Ag) € (C\{0})? and define v(z,w) =| Ajw — g1(2) | + | Adsw — G2(2) |

(z,w) € C™ x C. The following assertions are equivalent
(A) v is convex and strictly psh on C™ x C;

(B) n € {1,2} and we have the following cases:
If n=1, then
{ g1(2) = Ai(az +b) + Az(cz +d)™
g2(2) = Ag(az +b) — Ai(cz + d)™

2. for

(for each z € C, where a,b,c,d € C,m € N with (m =0,a #0), (m =1, (a,c) #

(0,0)), (m>2,a#0) ), or

g1(2) = A1 (A2 + p) + Age(r3+9)
g2(2) = Ag(\z + p) — Ayel7#+9)

(for each z € C, where A\, u,7,6 € C, (X\,7v) # (0,0)).
If n =2, then

{ g1(z) = E(< z/a > 4b) + As(< z/c > +d)
= Az(< z/a > +b) — A1(< z/c > +d)

92(2)

(for each z € C%, where a,c € C2, b,d € C with the determinant det(a,c) # 0),

or

91(2) = A1(< 2/ > +p) + Aze(<=/1>+9)
g2(2) = Ag(< 2/X > +p) — Ayel<z/7>+9)

(for each z € C%, where \,y € C2, u, 8 € C with the determinant det(\, ) # 0).

Proof. Let T:C" xC — C" xC, T(z,w) = (z,w), for (z,w) € C" x C.

T is an R linear bijective transformation on C™ x C. Then voT = u is convex on

C" x C. u(z,w) =| Ajw — g1(2) |> + | Asw — g2(2) |2, for (z,w) € C" x C.

It follows that

{ 61() = AL(< /0> +5) + As(< 2/ > +d)™
92(2) = Aa(< z/a > +b) — A1(< z/c > +d)™

(for each z € C", where a,c € C*, b,d € C,m € N), or

{ 91(2)
92(2)
(for each z € C", where A,y € C™, u,d € C).
Case 1.

A1(< 2/A > +p) + Agel<=/7>F9)
As(< 2/A > +p) — Agel<z/1>+9)

1
2

{ 91(2) = Ai(< z/a > +b) + As(< z/c > +d)™
92(2) = Aa(< z/a > +b) — A1 (< z/c > +d)™

for each z € C™. We have
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v(z,w) = | Aj(w— < z/a > —b) — Ay(< z/ec > +d)™ |2
+ | Ag(w — < z/a>—b) + A (< z/e > +d)™ |2
=( AP+ P)(w-<z/a>-b*+|<z/c>+d[*™),

for (z,w) € C* x C.

Let vi(z,w) =|w—< z/a>—b |2+ |< z/e > +d |*™, (z,w) € C" x C.
v and v; are functions of class C"° on C" x C. Note that v is strictly psh on C* x C
if and only if vy is strictly psh on C™ x C. By Lemma 4, v; is strictly psh on C™ x C
if and only if vy is strictly psh on C" x C, where

va(z,w) =|w 2+ |< z/a > +b > + |< z/c > +d |*™

for each (z,w) € C™ x C (v is a function of class C* on C™ x C).
But the Levi hermitian form of vy is

L(v2)(z, w)(e, B) =| B |2 +|<ala >|2 +m? |< a/e >|2|< z/e > +d |2m,—2’

for each (z,w) € C" x C and all (o, ) € C™ x C.
We have (L(v2)(z,w)(a, 8) > 0, ¥(z,w) € C"* x C, V(a, ) € C™ x C\{0}) if and
only if (p2(z, ) > 0, Vz € C", Yo € C™\{0}), where

©02(&,0) =|< 0/a >* +m? |< §/c >]?|< &/c > +d ™2

for (§,9) € C™ x C™.
Step 1. m = 0.
Then |< a/a >|> 0, for each a € C*"\{0}. Thus n =1 and a € C\{0}.

In this case we have L
91(2) = A1(az +b) + As
{ 92(2) = Az(az +b) — Ay
for each z € C.
Step 2. m = 1.

Let p3(a) = pa(2,a) =|< a/a >|? + |< a/c >|?, for (z,a) € C" x C. Now since we
have po(z,a) > 0, for each z € C", and a € C"\{0}. Then ¢3(a) =|< a/a >|* +
|< a/e >|?> 0, for every a € C™\{0}.
Put a = (a1, ...,a), ¢ = (€1, ..., Cn). Let a = (a1, ..., ) € C™. We have p3(a) =0
if and only if @ = 0. But p3(a) = 0 is equivalent with < a/a >= 0 and < a/c >= 0.
Therefore
a1ay + ... +apa, =0
{ ajcy + ... + ape, = 0.

Then aq(ai,c1) + ... + ap(an,c,) = (0,0) € C? (C? is considered a complex vector
space of dimension 2) if and only if a3 = ... = a,, = 0. Then the set of vectors
{(a1,c1), ..., (an,cn)} is a free family of n vectors of C2. Therefore n < 2.
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State 1. n = 1.
|<afa>*+|<ale>P=|aal® + | ac [*> 0,
for each o € C\{0}. Then (a,c) # (0,0). Therefore

{ q1(z) = E(ﬁz +b) 4+ Az(cz + d)
gg(Z) = AQ(EZ + b) — Al(EZ + d)

for each z € C. We have
vi(z,w) =|w—azZ—b|* +|cz+d|?

and
va(z,w) =|w P+ |az+b > +|ez+d|?.

vg is strictly psh on C? because | a |? + | ¢ |?>> 0.

State 2. n = 2.
In this case {(a1,c1), (az,c2)} is a basis of the C— vector space C2. It follows that
{(a1,az), (c1,c2)} is a basis of C? and consequently, {(at1, @), (¢1,¢2)} = {a,c} is a
basis of C2. Then the determinant det(a, c) # 0.
In this case we have

{ g1(z) = E(< z/a > 4b) + As(< z/c > +d)
g2(%) = As(< z/a > +b) — A1 (< z/c > +d)

(for each z € C%, where a,c € C?, b,d € C with the determinant det(a, c) # 0).
Step 3. m > 2.

oz, ) =|< afa >* +m? |[< afc >]P|< z/e > +d P72, z,a € C".

State 1. ¢ = 0.
Then po(z,a) =|< a/a >|*> 0, for every a € C"\{0}.
It follows that n = 1. Consequently, a # 0. In this case we have

91(2) = Ay(@z +b) + Agd™
92(2) = AQ(EZ + b) — Aid™

(for each z € C, where a € C\{0}, b,d € C and m € N, m > 2).

State 2. ¢ # 0.
There exists zp € C" such that |< z9/c > +d |= 0.
Since (2m — 2) > 2, then |< zp/c > +d |*™~2= 0. It follows that p2(29, ) =
|< a/a >|?>> 0, for each o € C™"\{0}.
Then n =1 and a € C\{0}. In this case

{ g1(2) = A1(@z + b) + Az(cz + d)™
92(2) = As(@z +b) — Ay(cz + )™



142 A. Jamel

(for each z € C, where a € C\{0}, c € C\{0}, b,d € C and m € N, m > 2).
Consequently, for m > 2 and independently of ¢, we have in all this step 3, n = 1 and

{ 91(2) = A1(@z +b) + Ag(cz + d)™
g2(2) = Ax(@z +b) — Ay(cz + )™

(for each z € C, where a € C\{0}, b,¢,d € C and m € N, m > 2).

Case 2. o
gl(z) = A1(< Z/)\ > +N) + A26(<z/y>+5)
g2(2) = Aa(< 2/XA > +u) — A e(<z/7>+9)

for all z € C™.
v(zw) = (| A1 P+ | A2 P)(|w—<z/A> = |* + | el</7>70) 2),

for (z,w) € C™ x C.

Let uy(z,w) =| w— < 2/A > =7 |> + | {<2/7>+9) 2 for (z,w) € C" x C.
v and uy are functions of class C°° on C™ x C. We have v is strictly psh on C* x C if
and only if u; is strictly psh on C™ x C.

Now define

Uz (z,w) =| w 2 + |< 2/A > 4p |? + | <=4 2,

for (z,w) € C™ x C. ugy is a function of class C* on C" x C. By Lemma 4, we have
uy is strictly psh on C™ x C if and only if us is strictly psh on C™ x C.
The Levi hermitian form of ug is

L(uz)(z,w)(e, B) =| B + [< /A > + [< afy >[*| S0 2,
for each (z,w) € C™ x C, for all (o, 8) € C" x C. We have
(L(u2)(z,w)(a, B) > 0, ¥(z,w) € C" x C, ¥(a,B) € C" x C\{(0,0)})
if and only if
(p1(z,0) =|< a/A >|? + |< afy >|?| (<*/7>F) 250, Yz e C?, Va e C"\{0}).

Now observe that (¢1(z, ) > 0, Vz € C", Va € C*"\{0}) if and only if (0(z,a) =
< a/A > + |< a/y >|*> 0,Ya € C*"\{0}). But 6 is independent of z € C".
Therefore, u is strictly psh on C" x C if and only if p(a) =|< a/X >2 + |< a/y >]*>
0, for all o € C™\{0}).

By the same method of the Case 1, we prove that n < 2.
Step 1. n=1. Then (| A |? + |~ |?) > 0.
Step 2. n = 2. Then by the same algebraic method developed in the Case 1, we prove
that the determinant det(\,~) # 0.

The proof is now finished. O
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The complete characterization

Theorem 6. Let g1,g2 : C" — C be two analytic functions, n > 1. Given (A1, Ag) €
CA\{(0,0)}. Put v(z,w) =| Ayw —g1(2) |*> + | A2w —g2(2) |?, for (z,w) € C* x C.

The following conditions are equivalent
(A) v is convexr and strictly psh on C" x C;

(B) n € {1,2} and we have the following three cases.
If Ay, Ay € C\{0}, this situation is studied in the above theorem.
If Ay # 0, Ay = 0, then g1 is affine on C", | g |? is conver on C" and
(| g1 12 + ] g2 |?) is strictly psh on C™.
If Ay =0, Ay # 0, then gy is affine, | g1 |* is conver on C"™ and
(| g1 12 + | g2 |?) is strictly psh on C".
Corollary 2. Let g1,g2 : C* — C be two analytic functions, n > 1. Given (A1, As) €
C2. Put v(z,w) =| Ayw —g1(2) |* + | Asw — g2(2) |?, for (z,w) € C" x C.
The following conditions are equivalent
(A) v is convex strictly psh and not strictly convex on C"™ x C;
(B) n € {1,2}, (A1, A3) € C*\{0} and we have

{ 91(2) = AL(< 2/A > +p) + Ag(< 2/ A1 > +m1)*
92(2) = Aa(< z/A > +p) — A1(< 2/A1 > +1)®
(for each z € C™, where A, \y € C", u, 11 € C, s € N with (s =0,n=1,A=0),
or(s=1,\=0n=1,2#£0),0r (s >2,n=1,\#0)), or
g1(2) = A1(< 2/ A2 > +pp) + Agel 2/ Pa>Hua)
gg(z) = A2(< Z/)\g > +M2) — A16(<Z//\3>+”3)

(for each z € C™, where Ao, A3 € C", po,us € C, with (n = 1,Aa # 0), or
(n=1, A3 #0), or (n =2, the determinant det(\a, A3) # 0)).

Corollary 3. Let g1,g2 : C* — C be two analytic functions, n > 1. Given (A1, As) €
C2. Put v(z,w) =| Ayw — g1(2) |? + | Asw — Ga(2) |?, for (z,w) € C" x C.
The following conditions are equivalent

(A) v is conver strictly psh and not strictly convex at all point of C™ x C;
(B) n € {1,2}, (A1, A3) € C*\{0} and we have

[ 519 =Tl a2 1)+l 5>
g2(2) = Aa(< z/X > +p) — A1(< z/A1 > +p1)®

(for each z € C"™, where A\, \; € C™, u,u1 € C, s € N with (n=1,s =0,\ #0),
or(n=1,seN,A\; =0,\#0)), or

g1(z) = E(< z/Aa > 4u2) + A26(<Z//\3>+M3)
92(2) = A2(< Z/AQ > —|—lu2) _ A1€(<Z/>‘3>+/"3)
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(for each z € C™, where A, A3 € C", o, us € C, with (n = 1, A3 # 0, Ao = 0),
or (n =2 and the determinant det(A2, A3) # 0)).

In fact we have the following.

Theorem 7. Let n > 1 and consider two holomorphic functions g1,g2 : C* — C.
Given (A1, Ag) € (C\{0})?. Let
u(z,w) =| Ayw = gi(2) [ + | Aow — G2(2) [, v(z,w) = u(z, 0)+ | Ayw — gi(2) |
+ | Azw — ga(2) [P v1(z,w0) =| Ayw — g1(2) [ + | Aow — g2(2) |?
+1 Aw —7gi(2) [ + | Azw — 73(2) |,

for (z,w) € C™ x C. The following conditions are equivalent
(A) u is convex on C™ x C and v is strictly psh on C" x C;
(B) u is conver on C™ x C and vy is strictly psh on C"™ x C;

(C) n €{1,2} and we have the following two cases.
@
{ g1(z) = E(< Z/A > 4p) + Ao(< 2/ A1 > 4pu1)®
g2(2) = Ag(< 2/ X > +p) — A1(< 2/ A1 > +1)*

(for each z € C™, where \,\1 € C", pu,u1 € C, s € N, with (n = 1,\ # 0), or
(n=1,A #0,s=1), or (n=2,5 =1 and the determinant det(\, A1) # 0)).
(II)

gl(z) — A71(< Z/)\Q > +M2) + A26(<Z/A3>+M3)

92(2) = As(< 2/Aa > +pg) — Ayel=z/As>Fus)
(for each z € C™, where Ao, A3 € C", po,us € C, with (n = 1, Ao # 0), or
(n=1,X3 #0), or (n =2 and the determinant det(A2, A3) # 0)).

Proof. This proof is similar to the proof of Theorem 4.

Now we can answer to the following question.
Question. Let n > 1 and Ay, As € C\{0}. Find all the functions fi, fo : C* — C
such that f; € C(C™) and

w1 is psh on C* x C
s is convex on C" x C,

or (for example)
1 is psh on C™" x C

2 is convex and strictly psh on C™ x C, but not strictly convex on all
not empty open ball of C" x C,
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where
e1(z,w) = log | Ayw — fi(z) | +log | Asw — f2(2) |,
p2(2,w) = | Avw = fi(2) P + | Asw = fa(2) P,
for (z,w) € C™ x C.
Using algebraic methods, we can prove the following theorem:

Theorem 8. Let n > 1 and (A1, As) € C2. Given g1,g2 : C* — C be two analytic
functions. Put u(z,w) =| Ajw — g1(2) |> + | Asw — g2(2) |2, (2,w) € C" x C.
The following conditions are equivalent

(A) u is convex and strictly psh on C" x C;
(B) n € {1,2}, (A1, As) € C*\{(0,0)} and we have the following three situations.
(1) A1 #0 and Ay = 0. Then n =1, g1 is affine, | go |* is convex and strictly

sh on C.

(2) A1 =0 and Ay # 0. Then n € {1,2}, | 1 |? is convex on C", go is affine
on C" and (| g1 |* + | g2 |?) is strictly psh on C™.

(3) Ay, Ay € C\{0}. Then n € {1,2}, g1 and g2 are affine functions on C"
and (| g1 |? + | g2 |?) is strictly psh on C™.

3. A Classical Complex Analysis Problem

Let n,N > 1 and (Al,Bl,...,AN,BN S (C\{O}) For fhgl,...,fN,gN :C" - C,
define

™R

ui(z,w) = | Ayw = fi(2) I + | Biw — g1(2) %,
vi(z,w) = | Ayw — fi(2) P+ | Biw —gi(2) |,
(z,w) = | Ayw — fn(2) | + | Bnw — gn(2) |7,
(

un(z,w) = [ Ayw = fn(2) [P + | Byw — g8 (2) 1%,

un(z,

u=(u1 +..+uyn) and v = (v1 + ... + vn), for (z,w) € C" x C. Define

v1(z,w) =log | Ayw — f1(2) | +log | Biw — g1(2) |,. .-,

on(z,w) =log | Ayw — fn(2) | +1og | Byw — gn(2) |, (z,w) € C" x C.
Question. Find all the functions f1, g1, ..., fn,gn : C* — C such that fi, ..., fy are
continuous functions on C™ and

u1 is convex on C" x C and
1 is psh on C" x C

uy is convex on C™ x C and
N is psh on C™ x C; and
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the function u is strictly psh on C™ x C?

Question. Find exactly all the functions fi1,91,..., fnv,gn @ C* — C such that
f1, ..., fn are continuous functions on C”, and

v1 is convex on C™ x C and
w1 is psh on C" x C

vy is convex on C™ x C and
N is psh on C™ x C; and

v is strictly psh on C* x C?

Theorem 9. Letn > 1, n+1 = 2¢q, ¢ € N. Let Ay, By,...,Ay, B, € C\{0} and
159155 fq, 94 : C" = C be 2q analytic functions. Define

ui(z,w) = | Ajw — f1(2) |2 + | Biw — ¢1(2) |2,...7
ug(z,w) = | Aqw — f4(2) [* + | Baw — gq(2) |

and v = (u1 + ... + uq), for (z,w) € C* x C.
The following conditions are equivalent

(A) ui,...,uq are convex functions on C™ x C and u is strictly psh on C"™ x C;
(B) For each j € {1,...,q}, we have
{ fi(z) = Aj(< 2/ X5 > i) + Bjej(2)
9i(2) = Bj(< 2/Xj > +15) — A;jpi(2)

for each z € C", with A\; € C", u; € C, ¢, : C* — C be a holomorphic function,
| @, |2 is a convex function on C" and

_ o (9a 9p1 9pq 9¢q
(At = Az, e At = Ags (@) 5 (@) (G2 (@)s s 57 (@)

is a basis of C", for all a € C™.

(We can also study the problem w is strictly psh on C™ x C and not strictly convex on
all not empty open ball of C™ x C, ...).

Proof. (A) implies (B). Let j € {1,...,q}. By Theorem 1, we have

{ fi(z) = Aj(< 2/X; > +p5) + Bjpi(2)
9i(2) = Bj(< 2/X; > +p5) — A;p;(2)
¢j: C" = C, y; is analytic and | ¢; |? is convex on C™.
In fact ¢;(2) = (< z/v; > +9;)%, (for all z € C", where v; € C", §; € C, s; € N), or
©;j(2) = e(<#/a>+b) for all z € C", with a; € C*, b; € C.
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We consider in this proof the case where

{ f](Z) = Aj(< Z/)\] > +,uj) +Bj(< Z/’}/j > +5j)5-7

9;(2) = B (< z/Xj > +p) — Aj (< z/v; > +6;)%

for each z € C™ and all j € {1,...,n} (the proof of the other cases are similar of this
proof). Therefore,

u(z,w) = (| Ay P4 | By P)[| w— < 2/A\1 > —p1 |? + |< 2/71 > 461 2] + -+
+ (] 44 1>+ B, |2)H w— < z/Ag >~y ?+ < z/vq > +0q |28q]»

(z,w) e C" x C.
Define

’U(Z,’LU) = | w— <Z/>\1 > —u |2+ ‘< Z/’Yl > +61 |2$1 + .-
+ | w—<z/Ag > —py ?+ 1< 2/vq > +44 |25,

(z,w) € C™ x C. u and v are functions of class C*° on C" x C.

We have in fact u is strictly psh on C™ x C if and only if v is strictly psh on C"* x C.
Because this situation, we study the function v.

Let T:C"xC - C"xC, T(z,w) = (z,w+ < 2/ >), for (z,w) e C"xC. T isa
C— linear bijective transformation over C" x C. Put v; = voT. Then v, is a function
of class C*° on C™ x C.

We have v is strictly psh on C™ x C if and only if vy is strictly psh on C™ x C.

vi(z,w) = w—p1 P+ < z2/m > 401 P 4 | w— < z/Ae — A > —pp |
+ < 2/y2 > 402 22+ | w— < 2/Ag — A1 > —py |
+ < 2/74 > +44 254,

for (z,w) € C™ x C.
The Levi hermitian form of vy is

L(v1)(z,w)(a, B) = | B * +s7 |< a/m >[P|< z/m > +01 172
+ ‘ ﬁ— < Oé/)\z -\ >|2 +S§ |< O[/’Yz >|2|< Z/’}/Q > +52 |28272 +...
+ | B= < af/rg =M > 452 |< /vy >PI< 2/7g > +04 |52,

for (z,w), (o, B) € C™ x C.
Fix now (zg,wp) € C" x C. Let (a, 8) € C" x C with L(v)(z0,wo)(a, ) = 0. Then
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5=0
st < a/m >Pl<z/m > +6 Pr?=0
< Oz/)\g — A1 >=0

s3|< afye >2|< 2/72 > +0o [25272=0

<afAg—A >=0

s3 1< a/vg >P1< 2/7g > +04 [P %= 0.
Thus
p=0

< Oz/)\g - A1 >=0

< Oz/)\q — A1 >=0
s?|< a/y >P< z/y >+ [2172=0

sz |< afyg >P< 2/vq > 404 [*572=0.

Therefore this above system is equivalent with 8 = 0 and the system

<Ot//\2—>\1 >=10

<a/rg—XM >=0
s2 < a/y1 >P2< 2/ > +01 [2172=0

sz |< afyg >P< z2/vq > 404 [**72= 0.

Consequently, v is strictly psh on C™ x C if and only if (for each (a, ) € C* x C
and every (z,w) € C™ x C, the condition L(v1)(z,w)(a, f) = 0 implies that & = 0
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and § = 0). Then the system

<Oé/>\2—)\1 >=10

< Ck/)\q - A1 >=0
st |< a/y >P< z/m > 4601 [2172=0

s2 1< afvg >PPI< 2/ > 40q [*972=0
implies that a = 0.
Using algebraic methods, we have then (A2 — A1,..., Ay — A1,71, .., Yq) 1S & basis

of C* = C*~! and s; = ... = s, = 1 (C" considered a complex vector space of
dimension n). O

Theorem 10. Letn =2¢,n € N,n>1, g € N. Let fi,g1,..., fg,9 : C* = C be 2¢q
holomorphic functions and A, B, ..., Ay, By € C\{0}.
Define

uj(z,w) =| Ajw = fi(2) P + | Bjw = g5(2) [, u= (w1 + ... +ug),

for (z,w) € C" x C and j € {1, ...,q}. The following conditions are equivalent

(A) ui,...,uq are convex functions on C™ x C and u is strictly psh on C" x C;

(B) For every j € {1,...,q},

{ fi(2) = Aj(< z/Xj > +p5) + Bjgp;(2)
9;(2) = Bj(< z/Aj > +u5) — Ajp;(z)

(for each z € C™, with \j € C", p; € C, ; : C" — C be a holomorphic function
and | p; |? is a convexr function on C™) and

1 91 9¢q 9pq
(Al,...7>\q7(821 (a), ..., D (oz)),...,(az1 (@), ..., 9-, (a)))

is a basis of C™ for all a € C".

(We can also study the problem u is strictly psh on C™ x C and not strictly convex on
all not empty Euclidean open ball of C™ x C, ...).
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4. Real Convexity and Complex Convexity

Question. An original question of complex analysis is now to find exactly the set of
all continuous functions f1, ..., fy : D — C (D is a convex domain of C*,n > 1, N > 1)
such that ¢ is psh on D x C, where ¢(z,w) = log(| w— f1(2) |? +..4 | w — fn(2) [?),
for (z,w) € D x C.

Observe that for V = 1, this is exactly all the holomorphic functions over D. But
for N > 2, the set of solution contains several classes of functions.

Example. N =2 and D = C". Put
ki(z) = (< z/a > 4b) + (< z/c > +d)°,

ko(2) = (< z/a > +b) = (< z/c > +d)°,

z € C" a,c € C"\{0}, b,d € C, s € N\{0}. k1, ko, k; and ky are not holomorphic
functions over C™. The function 1 is psh on C" x C, where 9 (2, w) = log(| w—k1(z) |?
+ | w— ka(2) |?), (z,w) € C" x C.

Theorem 11. Let g1,92,k : C" — C be three analytic functions, n > 1. Let
(A1, A2) € (C\{0})?. Put u(z, w) =| A1(w—k(2))—g1(2) |* + | Az(w—k(2))—g2(2) |,

o(z,w) =| Arw — gi(2) * + | Aw — ga(2) P, for (,w) € € x C.
The following conditions are equivalent

(A) u is convex on C" x C;

(B) k is an affine function and

{ 91(2) = A1(< z/a > +D) —|—§(< z/e > +d)™
92(2) = Aa(< z/a > +b) — A1 (< z/c > +d)™

(for each z € C™, where a,c € C",b,d € C), or

gl(Z) = A1(< Z/)\ > —i—’u,) _|_A72€(<z/'y>+5)
g?(Z) = A2(< Z//\ > +/J’) _A716(<Z/’Y>+5)

(for each z € C™, where A,y € C", u,d§ € C);
(C) v is convex on C™ x C and k is an affine function on C".

Theorem 12. Let Ay, Ay € C\{0}. Consider three holomorphic functions g1, g2, k: C"—C,
n > 1. Put

w —k(2)) = g2(2) I,
|2

v(z,w) = | Ar(w — k(2)) — g1(2) [ + | As(
w(z,w) = | Ayw — g1(2) | + | Asw — ga(2)
uy(z,w) = | Ay (w —k(2)) [* + | Az(w — k(2)) %,

)

for (z,w) € C" x C. The following conditions are equivalent
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(A) v is strictly psh and convex on C" x C;
(B) n € {1,2}, k is an affine function and
{ 91(2) = Ai(< 2/A > +p) + Azp(2)
g2(2) = Aa(< 2/ X > 4pu) — Ar1p(2)

(for each z € C", where A\ € C", u € C and ¢ : C* — C be analytic, | ¢ |* is
convex on C™ and (| k |* + | ¢ |?) is strictly psh on C");

(©)

> is conver on C",

| Aag1 — A1go
(A1g1 + Azgo) is affine on C,
k is affine on C™, and

the function (| k |? —&—W | Aogr — A1 go |?) is strictly psh on C™;

(D) w is convex on C™ x C, uy is convex on C™ x C and the function (u + uy) is
strictly psh on C™ x C.
(If n = 1, we can study the strict plurisubharmonicity of v and u on a neigh-
borhood of 0D(0,1) x D(0,1)).
Remark 2. Let A;, Ay € C\{0} with (4145 # A;As) and g1,92 : C — C be two
analytic functions. Put u(z,w) =| Ayw — g1(2) [* + | Adow — g2(2) %, v(z,w) =
| Ayw —g1(2) |2 + | Agw — Ga(2) |?, for (2, w) € C2. If w is strictly psh on C?, then v
is strictly psh on C? (and the converse is false).

By a simple study of u and v, we prove that this property is not true for the class
of convex functions (respectively strictly psh and convex, strictly convex, strictly psh
convex and not strictly convex on all not empty Euclidean open ball of C?,...). This
is one of the great differences between the above classes of functions.

A good comparison between the subject strictly convex and the concept (convex
and strictly psh) can be follows by the following two theorems.

Theorem 13. Fiz g1,g92 : C" — C be two holomorphic functions, n € N\{0}. Let
(A1, Ag) € C%. Define

v(z,w) =| Ayw —Gi(2) |? + | Adsw — 32(2) |?,  (2,w) € C" x C.
The following conditions are equivalent
(A) v is strictly conver on C" x C;
(B) n=1, (A1, A42) € C*\{(0,0)} and

{ 91(2) = Ai(az +b) + Ag(cz + d)
g92(2) = Aa(az +b) — Ay(cz + d)

(for each z € C, where a,b,c,d € C, ¢ #0).
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Theorem 14. Let g1,g2 : C* — C be two holomorphic functions, n € N\{0}. Let
(A1, As) € C%. Define

u(z,w) =| Ajw —g1(2) |* + | Adgw — g2(2) |, (2,w) € C" x C.
The following conditions are equivalent

(A) w is strictly psh and convex on C™ x C, but u is not strictly convez in all not
empty Fuclidean open ball of C™ x C;

(B) n=1, (A1, As2) € C*\{(0,0)} and
g1(2) = A (az + b) + Agelez+d)
g2(2) = Ag(az +b) — Ajelex+d)
for each z € C, with a,b,d € C and ¢ € C\{0}.

Now one can observe that there exists a great differences between the classes (con-
vex and strictly psh) and strictly convex functions in all of the above two theorems.

The representation theorems for another cases

We begin by

Theorem 15. Let k(w) = (aw + b)™, for all w € C, where a € C\{0} and b € C,
m € N, m > 2. (| k|? is convex on C). Let (A1, A2) € C?\{0} and consider two
holomorphic functions g1,g2 : C* — C, n > 1. Define

u(z,w) =| Aik(w) — g1(2) > + | Agk(w) — g2(2) >, (z,w) € C" x C.
We have
(A) w is convex on C™ x C if and only if

{ 91(2) = Aspp(2)
92(2) = —Aip(2)

for each z € C", where ¢ : C* — C, ¢ is holomorphic and | ¢ |* is convex on
(Cn’.

(B) u is convex on C™ x C and u(.,0) is strictly psh on C™ if and only if n =1 and
| ¢ |? is strictly sh on C.

(The same case for k(w) = e@@t0) for all w € C, with a; € C\{0} and
b, € (C)

Observe that, in all not empty convex domain G subset of C", (n > 2), there
exists K : G — R be a function of class C? such that K is strictly psh on G, but
K is not convex in all not empty Euclidean open ball subset of G. For example
Ki(z,w) =| w—€* |2, (z,w) € C%. K; is strictly psh on C2, but K; is not convex in
all Euclidean open ball of C? (consider K (%, w)).

The converse can be studied and investigated by the following.
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Theorem 16. Let (A;, A2) € C?\{0} and n > 1.
Let o(w) = (aw + b)™, where a € C\{0}, b€ C, m € N, m > 2 (for all w € C) and
g1, 92 : C* — C be two holomorphic functions. Define

u(z,w) =| Arp(w) = g1(2) |* + | Azp(w) — g2(2) |,
for (z,w) € C* x C. The following conditions are equivalent
(A) w is convex and not strictly psh at all point of C™ x C;

(B) We have the following two cases

{ g1(2) = Ag(< 2/X > +p)®

g2(2) = —A1(< 2/A > +p)?

(for every z € C™, where A\ € C*, up € C, s € N such that (s = 0), or
(n=1,A=0), or (n>2)), or

5 (z) — fze(<z/A1>+u1)
92(2) — _Tle(<z/kl>+u1)

(for each z € C™, where \y € C™, uq € C, such that (n =1, \; =0), or (n > 2)).
(The same situation if p(w) = e@+8) for w € C, where a € C\{0}, b € C).

In general observe that if k is an arbitrary holomorphic function on C, there does
not exists (By, Bz) € C*\{0}, there does not exists n > 1 and fi, f2 : C* — C be two
holomorphic functions such that v is convex on C" x C; v(z,w) =| B1k(w) — f1(2) |?
+ | Bok(w) — f2(2) |2, (2,w) € C™ x C. The example is given by the following theorem
which is fundamental in mathematical analysis.

Theorem 17. Let (A1, A3) € (C\{0})? and n € N\{0}. Define pi(w) = w?,
pa(w) = w* + w? and p3(w) = w3 + w, for w € C and p be an analytic polyno-
mial over C, deg(p) < 2. Let ¢ = (p1,¢2), where p1,p2 : C* — C be two analytic
functions. Define

g (z,w) = | Ap1(w) — @1(2) 2 + | Agpi(w) — @2(2) %,
vp(z,w) = | Aipz(w) — 1(2) [ + | Agpa(w) — pa(2) %,
bo(z,w) = | Aips(w) = 1(2) |* + | Aops(w) — pa(2) > and
pe(z,w) = | Aip(w) — @1(2) | + | Agp(w) — pa(2) |,

for (z,w) € C™* x C. We have the following four assertions:

(A) There exists an infinite number of holomorphic functions g1,g92 : C* — C,
g =(g1,92) and ug is convex on C" x C.

(B) There does not exists an holomorphic function f = (f1, f2), where f1, fo : C"—=C
such that vy is convex on C" x C.
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(C) There does not exists an holomorphic function k = (ky, k2), where ki, ke : C"—C

such that Yy, is convex on C™ x C.

(D) For all polynomial p analytic on C, deg(p) < 2, there exists always an infinite

number of holomorphic functions 61,02 : C* — C, 8 = (01,02) and py is convex
on C™ x C.
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1. Introduction and Preliminaries

Banach contraction theorem is one of the fundamental theorems in metric fixed point
theory. Banach proved existence of unique fixed point for a self contraction in com-
plete metric space. Since the contractions are always continuous, Kannan introduced
a new type of contractive map known as Kannan mapping [8] and proved analogues
results of Banach contraction theorem. The importance of Kannan mapping is that
it can be discontinuous and it characterizes completeness of the space [14, 15]. In [11]
Reich introduced a new type of contraction which is a generalization of Banach con-
traction and Kannan mapping and proved existence of unique fixed point in complete
metric spaces. Later Chatterjea defined a contraction similar to Kannan mapping
known as Chatterjea mapping [4] and proved various fixed point results. Inspired by
these contractions, several authors did research in this area using different spaces and
by weakening the contraction conditions [2, 7, 9, 12].

The concept of coupled fixed point was introduced by Guo and Lakshmikantham
[6]. They proved fixed point theorems using mixed monotone property in cone spaces.

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
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In [3] Gnana Bhaskar and Lakshmikantham proved coupled fixed point theorems for
contractions in partially ordered complete metric spaces using mixed monotone prop-
erty. Kannan, Chatterjea and Reich type contractions are further explored in coupled
fixed point theory and the results are reported in [1, 5, 13]. Recently the concept of
FG-coupled fixed point was introduced in [10] and they proved FG-coupled fixed point
theorems for various contractive type mappings.

In this paper we prove existence of FG-coupled fixed point theorems using Kannan,
Chatterjea and Reich type contraction on partially ordered complete metric spaces.

Now we recall some basic concepts of coupled and FG-coupled fixed points.

Definition 1.1 ([3]). An element (z,y) € X x X is said to be a coupled fixed point
of themap F': X x X - X if F(z,y) =2 and F(y,z) = y.

Definition 1.2 ([10]). Let (X,dx,<p,) and (Y,dy, <p,) be two partially ordered
metric spaces and F : X XY — X and G: Y x X — Y. We say that F' and G have
mixed monotone property if for any z,y € X

1,22 € X, 11 <p, 22 = F(x1,y) <p, F(z2,y) and G(y,z1) >p, G(y,z2)

y1.92 €Y, y1 <p, y2 = Flx,p1) 2p, F(x,y2) and G(y1,2) <p, G(y2,2).

Definition 1.3 ([10]). An element (z,y) € X x Y is said to be FG-coupled fixed
point if F(x,y) =« and G(y,x) = y.

If (x,y) € X xY is an FG-coupled fixed point then (y,z) € Y x X is a GF-
coupled fixed point. Partial order < on X x Y is defined as (u,v) < (z,y) <
z >p u, y <p, v V(zr,y),(u,v) € X x Y. Also the iteration is given by
Fril(z,y) = F(F"(2,y),G"(y,z)) and G""(y,2) = G(G"(y,2), F"(z,y)) for ev-
eryn € Nand (z,y) € X xY.

2. Main Results

Theorem 2.1. Let (X,dx,<p,),(Y,dy,<p,) be two partially ordered complete metric
spaces. Let FF: X XY — X and G:Y x X =Y be two continuous functions having

1
the mixed monotone property. Assume that there exist p,q,r,s € [O, 5) satisfying

dx (F(z,y), F(u,v)) < p dx(z, F(z,y)) + q dx (u, F(u,v)); Ve Zp, u, y <p, v (1)

dy (G(y,x),G(v,u)) <r dy(y,G(y,z)) + s dy (v,G(v,u));Ve <p, u,y >p, v. (2)

If there exist xg € X,yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo,xo) then
there exist x € X,y € Y such that x = F(z,y) and y = G(y, z).
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Proof. Given zy <p, F(zo,y0) = z1 and yo >p, G(yo,z0) = y1.

Define z,, 11 = F(2n, yn) and yp41 = G(Yn, 2n) for n =1,2,3..

Then we can easily show that {z,} is increasing in X and {y,} is decreasing in Y.
Using inequalities (1) and (2) we get

dx (Tn+1,2n) = dx (F(n, Yn), F(Tn-1,Yn-1))
<p dx(@n, F(Tn,yn)) + ¢ dx(Tn—1, F(Tn—1,Yn-1))
=p dx(Tn, Tny1) + ¢ dx(Tn_1,2n)
ie, (1 —p) dx(xni1,2n) < qdx(Tp—1,2n)

. q
ie, dx (2n, Tny1) < ﬂdX(wn—hxn)

=01 dx(Tn-1,%n) where 6 = i <1
< 5% dx(Tp—o,Tn_1)
<67 dx (2o, 1)

Similarly we get dy (Yn+1,yn) < 62" dy (y1,y0) where o = 1 i S <L

Consider m > n

dX(xmvxn) S dX(%m,$m71> + dX(ajmfl>-'L‘mf2) + ...+ dX(anrhxn)
< 51m71 dx(l‘l,l‘o) + (51m72 dx(xl,l‘o) 4+ 6" dx(xl,xo)
= 61n(1 +61+ ...+ 61min71) dx(xhl'o)
<N
1—-6;

dx (z1,20).

Since 0 < §; < 1, 6™ converges to 0(as n — 00). Therefore {F™(x0,y0)} is a Cauchy
sequence in X. Similarly we can prove that {G"(yo,xo)} is a Cauchy sequence in Y.
Since by the completeness of X and Y, there exist x € X and y € Y such that
limy, 00 F™ (20, y0) = x and lim, 00 G™ (Yo, To) = y.

Now we have to prove the existence of FG-coupled fixed point.

Consider,

dx(F(z,y),r) = Jim dx (F'(F"(z0,Y0), G" (y0,0)), " (w0, Yo))
= lim dx (F" " (z0,0), F™ (20, %0))
=0
ie, F(z,y) = x. Similarly we get G(y,z) = y. O

By replacing the continuity of F' and G by other conditions we obtain the following
existence theorems of FG-coupled fixed point.
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Theorem 2.2. Let (X,dx,<p,) and (Y,dy,<p,) be two partially ordered complete
metric spaces and F : X XY — X, G : Y x X — Y be two mappings having the
mixed monotone property. Assume that X and Y satisfy the following property

(i) If a non-decreasing sequence {x,} — x then x, <p, x Vn.

(ii) If a non-increasing sequence {y,} — y then y <p, yn Vn.
1
Also assume that there exist p,q,r,s € [O, 5) satisfying
dx (F(z,y), F(u,v)) < p dx(z, F(z,y)) + q dx (u, F(u,v)); Vo Zp u, y <p, v (3)

dy(G(y,iL’),G(th)) <r dY(va(yvm)) +s dy('U,G(’U,’LL)); Va <p, U, Y >p, V. (4)

If there exist xg € X, yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo,xo) then
there exist x € X, y € Y such that x = F(z,y) and y = G(y, ).

Proof. Following as in the proof of Theorem 2.1 we get lim,,—, o F™ (20, y0) = = and
lim,, 00 G"(y(), $0) =Y.
Now we have
dx (F(z,y),x) < dx (F(z,y), F" (0, 40)) + dx (F"*! (20, 0), 7)
= dx(F(l‘,y), F(Fn(x()vyo)a G"(yo,mo)) =+ dx(Fn+1(fE07yo),I)
S p dx(l', F(l‘, y)) + q dX(Fn(J:Ov y0)7 F(Fn(l"m y0)7 Gn(y07 330)))
+ dX(Fn+l(x07y())7x) (uSing (3))

ie, dx (F(z,y),2) < p dx(z, F(z,y)) as n - .

This holds only when dx (F(z,y),z) = 0. Therefore we get F'(z,y) = x.
Similarly using (4) and lim,, oo G™(y0, o) = y we can prove y = G(y, x). O

Remark 2.1. If we put £ = m and [ = n in Theorems 2.1 and 2.2, we get Theorems
2.7 and 2.8 respectively of [10].

Theorem 2.3. Let (X,dx,<p,),(Y,dy,<p,) be two partially ordered complete metric
spaces. Let F: X XY = X and G:Y x X =Y be two continuous functions having

1
the mixed monotone property. Assume that there exist p,q,r, s € [0, 5) satisfying
dX(F(x,y),F(u,v)) <p dX(va(ua 'U)) +q dX(uaF(xay)); Vo ZP1 u, Yy §P2 v (5)

dy(G(y,Jf), G(Uv u)) <r dY(yv G(’U,U)) +s dY(U7 G(y,x)), vV <p U, Yy2p, . (6)

If there exist xg € X,yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo,xo) then
there exist x € X,y € Y such that x = F(z,y) andy = G(y, z).
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Proof. Asin Theorem 2.1 we have {x,} increasing in X and {y,} decreasing in Y.
We have

dx (Tnt1,2n) = dx (F (T, Yn), F(Tn-1,Yn-1))
<pdx(n, F(2n—1,Yn-1)) + q dx(Tn_1, F(Tn,yn)) (Using (5))
=p dx(Tn, Tn) + ¢ dx(Tn—1,Tn+1)
< q [dx(zn-1,25) + dx (Tn, Tnt1)]

. q
1e, dX(QJn,In+1) S 17_q dX(xn—hxn)

q

— <1
1—g¢

=6, dx(xp_1,z,) where 0; =

<67 dx(Tp—2,Tn_1)

S (S? dx(.’lﬁo,l‘l).

Similarly we get dy (Yn+1,Yn) < 02" dy (y1,%0) where 5y = % <1
-7

Now, we prove that {F"(xo,y0)} and {G™(yo,zo)} are Cauchy sequences in X and
Y respectively.
For m > n,

dX(xm,l'n) S dX(l'm»xmfl) + dX(xm71,$m72) + ...+ dX(anrlal'n)
< 51m71 dx(xl,xo) + 51m72 dx(xhl'o) + .+ 5" dx(.%'l,xo)
<0
—1-6

dX (-Th .1?0)-

Since 0 < §; < 1, 61" converges to 0 (as n — 00). Therefore {F"(x¢, yo)} is a Cauchy
sequence in X.

Similarly we can prove that {G™(yo, zo)} is a Cauchy sequence in Y.

By the completeness of X and Y, there exist x € X and y € Y such that
lim,, o0 F™(x0,y0) =  and lim,, oo G™(yo, o) = .

As in the proof of Theorem 2.1 we can show that z = F(z,y) and y = G(y, z). O

Theorem 2.4. Let (X,dx,<p,) and (Y,dy,<p,) be two partially ordered complete
metric spaces and F: X XY — X, G:Y x X — Y be two mappings having the
mixed monotone property. Assume that X and Y satisfy the following property

(i) If a non-decreasing sequence {x,} — = then x, <p, x© Vn.

(ii) If a non-increasing sequence {y,} — y then y <p, yn Vn.
1
Also assume that there exist p,q,7,s € [O, 5) satisfying

dX(F('T7y)7F(u7’U)) <p dX(x,F(u,v)) +4q dx(U,F(l‘,y)); Va 2p U, Y<p, v (7)
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dy(G(y,x),G(uu)) <r dy(y,G(v,u)) +s dy(’l},G(y,(E)); Vo §P1 u, Yy ZPQ v. (8)

If there exist xg € X, yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo, o) then
there exist x € X, y € Y such that x = F(x,y) and y = G(y, x).

Proof. Following as in the proof of Theorem 2.3 we get lim,,—, o F™ (20, y0) = = and
limy, 00 G" (Y0, T0) = ¥-

Consider
dx (F(x,y),2) < dx(F(z,y), F"" (20,10)) + dx (F"*! (z0, o), )
= dx (F(x,y), F(F™(x0,90), G" (0, %0))) + dx (F" (0, %0), ¥)
< p dx(z, F((F"(z0,90), G" (40, 0))) + ¢ dx (F" (z0,y0), F(2,y))
+dx Fn+1($07y0) )
=p dx(z, F""(z0,90)) + ¢ dx (F"(z0,90), F(z,y))
+dx (F" ! (z0,10), )

/\/\/\/\

ie, dx (F(z,y),2) < qdx(z, F(z,y)) asn — oo, which implies that dx (F(z,y),z) = 0.
Therefore we get F(z,y) = x.
Similarly using (8) and lim,, o G™(yo, o) = y, we get y = G(y, x). O

Remark 2.2. If we put p =r and ¢ = s in Theorems 2.3 and 2.4, we get Theorems
2.9 and 2.10 respectively of [10].

The following example illustrates the above results.

Example 2.1. Let X =[0,1] and Y = [—1, 1] with usual metric. Partial order on X
is defined as x <p, u if and only if z = v and partial order on Y is defined as y <p, v
if and only if either y = v or (y,v) = (0,1). The mapping F': X x Y — X is defined

1 -1
by F(z,y) = and G: Y x X — Y is defined as G(y,x) = IT Then F and

G satisfies (1), (2), (5), (6) with p,q,7,s € [0,1). Also (1,0) is the FG-coupled fixed
point.

Theorem 2.5. Let (X,dx,<p,),(Y,dy,<p,) be two partially ordered complete metric
spaces. Let F: X XY — X and G:Y x X =Y be two continuous functions having
the mized monotone property. Assume that there exist a,b,c with a + b+ ¢ < 1
satisfying

dx (F(z,y), F(u,v)) <adx(z,F(x,y)) + b dx(u, F(u,v)) + ¢ dx (z,u);
Ve >p u, y<p, v

(9)

dy (G(y,2),G(v,u)) < a dy(y, Gy, z)) + b dy (v,G(v,u)) + ¢ dy (y,v); (10)
Vo <p, u, Yy >p, v

If there exist xg € X,yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo,zo) then
there exist x € X,y € Y such that x = F(x,y) and y = G(y,x).
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Proof. Following as in Theorem 2.1 we have {x,} is increasing in X and {y,} is
decreasing in Y.
Now we claim that

A (F™ 20, o), F" (w0, 0)) < (22)" dx (o, m1) (1)
dy (G (4o, 20), G (0, 20)) < (1) v (w0, (12)

The proof is by mathematical induction with the help of (9) and (10).
For n = 1, consider

dX(FQ(xO,yO),F(:co,yO)) = dx (F(F(z0,Y0), G(Y0,%0)), F'(0,Y0))
< a dx(F(zo,y0), F*(20,90)) + b dx (w0, F(20,y0))
+ ¢ dx (F(xo,y0), o)

b+c

ie, dx (F*(z0,y0), F(z0,y0)) < 1= dx (o, 21).

Thus the inequality (11) is true for n = 1.
Now assume that (11) is true for n < m, and check for n =m + 1.
Consider,

dx (F™(x0,90), F" (20, y0))
= dX(F(FmH(l‘o, Y0), Gm“(’yo, 0)), F'(F™ (%0, Y0), G" (Y0, Z0)))
<adx(F™ Y (xo,90), F™*(20,90)) + b dx (F™ (w0, 90), F™ (20, 40))
+ ¢ dx (F™* (0, y0), F™ (0, y0))

b+ec m m
1_adX(F (0, 90), F™ ! (20, y0))

< (ii;)mﬂ dx (o, 1)

iea dx(Fm+2($0,y0),Fm+1(£L’0,yo)) §

ie, the inequality (11) is true for all n € N.
Similarly we can prove the inequality (12).
For m > n, consider

dx (F"(z0,%0), F"(0,Y0))

< dx(F™(x0,90), F" (0, 10)) + dx (F" (20, y0), F"*(20,%0)) + ...
+dx (F™ Yo, y0), F™ (20, Y0))

(b+c>"+ <b+0)n+1 - (b+c>m_1] dx (xg,x1)

1—a 1—a 1—a

0" b
! dx(xg,x1) where 01 = te

< < 1.
71—61 1—a
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Since 0 < &1 < 1, §;" converges to 0 (as n — o) ie, { F™(x0,yo)} is a Cauchy sequence
in X. Similarly by using inequality (12) we can prove that {G™(yo,z0)} is a Cauchy
sequence in Y.

By the completeness of X and Y, there exist + € X and y € Y such that
lim,, oo F™(x0,y0) =  and lim,, oo G™(yo, xo) = .

As in the proof of Theorem 2.1, using continuity of F' and G we can prove that
F(z,y) =z and G(y,z) = y. O

If we take X =Y and F = G in the above theorem we get the following corollary.

Corollary 2.1. Let (X,d,<) be a partially ordered complete metric space. Let
F: X xX — X be a continuous function having the mixed monotone property. As-
sume that there exist non-negative a,b,c such that a +b+ ¢ < 1 satisfying

d(F (), F(u,v)) < a d(z, F(z,y)) + b d(u, F(u,0)) + ¢ d(z,u); Yo > u, y < v.

If there exist xo,yo € X satisfying xo < F(xo,y0) and yo > F(yo,xo) then there exist
(z,y) € X x X such that x = F(z,y) and y = F(y, z).

Theorem 2.6. Let (X,dx,<p,) and (Y,dy,<p,) be two partially ordered complete
metric spaces and F : X xY — X, G:Y x X — Y be two mappings having the
mized monotone property. Assume that X and Y satisfy the following property

(i) If a non-decreasing sequence {x,} — x then x, <p, x Vn.

(ii) If a non-increasing sequence {y,} — y then y <p, yn Vn.

Also asuume that there exist a,b,c with a + b+ ¢ < 1 satisfying
dx(F(z,y), F(u,v)) <adx(z,F(z,y)) + b dx (u, F(u,v)) + ¢ dx(z,u);

VSC Zpl ’lL, y SPQ v

dY(G(y7$)7 G(’Uvu)) <a dY(y7 G(y,fl))) +b dy(’l), G(”?“’)) +c dy(y,’l));
Ve <p, u, y >p, v.

(13)

(14)

If there exist xg € X,yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo, o) then
there exist x € X,y € Y such that x = F(z,y) and y = G(y, ).

Proof. Following as in the proof of Theorem 2.5 we obtain lim, ., F™ (2o, y0) =
and limy, . G" (Y0, Z0) = Y-
We have
dx (F(z,y),x) < dx(F(z,y), F""(x0,y0)) + dx (F" " (20, y0), 7)
= dx(F(z,y), F(F"(20,%0), G" (30, %0))) + dx (F"*!(x0, yo), )
<adx(z, F(z,y)) +b dx(F"(zo,y0), F(F" (0, %0), G" (0, %0)))
+ ¢ dx (x, F™ (20, 40)) + dx (F"* (0, y0), 7)
= a dx(z,F(z,y)) + b dx (F"(z0,40), F" " (20, %0))
+ ¢ dx (x, F™ (20, 40)) + dx (F"* (20, y0), 7)
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ie, dx (F'(z,y),z) < adx(z, F(x,y)) asn — oo, which implies that dx (F(z,y),z) = 0.
Therefore F(x,y) = x.
Similarly using (14) and lim, ., G™(yo,20) = y we get y = G(y, x). O

By assuming X = Y and F' = G in the above theorem we will get the following
corollary.

Corollary 2.2. Let (X,d,<) be a partially ordered complete metric space and
F: X xX — X be a mapping having the mized monotone property. Assume that
X satisfy the following property

(i) If a non-decreasing sequence {x,} — = then x,, <z Vn.
(i) If a non-increasing sequence {y,} — y then y <y, Vn.

Also assume that there exist non-negative a,b, c such that a + b+ ¢ < 1 satisfying
d(F(z,y), F(u,v)) <ad(z,F(z,y)) + b d(u, F(u,v)) + ¢ d(z,u); Vo >u, y <.

If there exist (zo,yo) € X x X satisfying vo < F(xo,yo) and yo > F(yo, zo) then there
exist ©,y € X such that x = F(x,y) and y = F(y, x).

Remark 2.3. If we take ¢ = 0 in Theorems 2.5 and 2.6, we get Theorems 2.7 and
2.8 respectively of [10].

Theorem 2.7. Let (X,dx,<p,), (Y,dy,<p,) be two partially ordered complete metric
spaces. Let F: X XY = X and G:Y x X =Y be two continuous functions having
the mized monotone property. Assume that there exist non-negative a,b,c satisfying

dx (F(z,y), F(u,v)) < a dx(z, F(u,v))+ b dx(u, F(z,y)) + ¢ dx(z,u); (15)
Ve >p u, y<p,v; 2b+c<1
dy (G(y,z),G(v,u)) < a dy(y,G(v,u))+ b dy (v,G(y,x)) + ¢ dy (y,v);

(16)
Vo <p, u, y >pav; 2a+c <l

If there exist xg € X,yo € Y satisfying vo <p, F(xo,y0) and yo >p, G(yo, o) then
there exist x € X,y € Y such that x = F(x,y) and y = G(y, x).

Proof. As in the proof of Theorem 2.1, it can be proved that {z,} is increasing in
X and {y,} is decreasing in Y.
Now we claim that

ax (™ (. u0). " (x0,90)) < (250)" o, ) ()
dy (6™ (o, 20). G (0. 0)) < (2 )" d (o, ). (18)
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We prove the claim by mathematical induction, using (15) and (16).
For n = 1, consider

dX(FQ(»TO» Y0), (w0, Y0))
= dx (F(F(zo,90), G(yo, o)), F (w0, y0))
< a dx(F(z0,90), F (20, 40)) + b dx (20, F*(20,0)) + ¢ dx (F(x0,%0), %o)
< b [dx (2o, F(20,90)) + dx (F(zo,y0), F*(z0,90))] + ¢ dx (F(zo,Y0), o)

. b+
e, dx (F?(xo,y0), F(xo,y0)) < 17_2 dx(xo,x1).

Thus the inequality (17) is true for n = 1.
Now assume that (17) is true for n < m, then check for n = m + 1.
Consider,

dx (F™2(x0,90), F™ " (20,0))
= dX(F(Fm+1(CU07y0)7 Gmﬂ(l/Oa$0))»F(Fm(3507y0)7 G (yo,%0)))
<adx(F™(x0,90), F™ (w0, 90)) + b dx (F™ (20, y0), F™ (20, 0))
+cdx (F™ ! (zo,0), F™ (0, %0))
< b [dx (F™ (0, y0), F™ (20, 90)) + dx (F™ (20, 90), ™2 (20, %0))]
+ ¢ dx (F™ " (z0,0), F™ (20, 0))

ie,
b+c

1-b

< (itg)mﬂ dx (o, 1)

N

dx (F™ (0, y0), F™ (20, 10)) < dx (F™(z0,0), ™ (20, 10))

ie, the inequality (17) is true for all n € N.

Similarly we can prove the inequality (18).

For m > n, consider

dx (F™ (w0, yo), F"™(70,%0))

< dx (F™(@o, y0), F" (20, y0)) + dx (F" " (20, 40), F"* (w0, 40)) + -
+dx (F™ (z0,0), F™ (20, %0))

b+c\n b+ c\ntl b+c\m-1

R A

< l dx(zo,x1); where §; = btec
1-6;

1.
1-p°

Since 0 < &1 < 1, §;" converges to 0 (as n — o) ie, { F"™(x,yo)} is a Cauchy sequence
in X. Similarly we can prove that {G™(yo, o)} is a Cauchy sequence in Y.
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Since X and Y are complete, there exist x € X and y € Y such that lim,,_,~ F™(z0, yo)
=z and lim, o0 G™ (Y0, Z0) = ¥.
By continuity of F' and G, as in the Theorem 2.1 we can show that F(z,y) = = and

Gly,z) = . O
If X =Y and F' = G in the above theorem we get the following corollary.

Corollary 2.3. Let (X,d,<) be a partially ordered complete metric space. Let
F: X xX — X be a continuous function having the mized monotone property. As-
sume that there exist non-negative a,b, ¢ such that 2a+c < 1 and 2b+c < 1 satisfying

d(F(z,y), F(u,v)) <a d(z, F(u,v)) + b d(u, F(z,y)) + ¢ d(z,u); Vx> u, y <.

If there exist (xg,y0) € X XY satisfying xo < F(x0,y0) and yo > F(yo, zo) then there
exist x,y € X such that x = F(x,y) and y = F(y,x).

In the following theorem we replace the continuity by other conditions to obtain
FG-coupled fixed point.

Theorem 2.8. Let (X,dx,<p,) and (Y,dy,<p,) be two partially ordered complete
metric spaces and F : X XY — X, G : Y x X — Y be two mappings having the
mized monotone property. Assume that X and Y satisfy the following property

(i) If a non-decreasing sequence {x,} — = then x, <p, x Vn.
(ii) If a non-increasing sequence {yn,} — y then y <p, yn Yn.
Also assume that there exist non-negative a,b,c satisfying

dx (F(x,y), F(u,v)) < a dx(z, F(u,v))+b dx (u, F(z,y)) + ¢ dx (x,u);

(19)
Ve >p u, y<p, v; 2b+c<1

dy (G(y,2),G(v,u)) < a dy(y, G(v,u)+b dy (v,G(y,z)) + ¢ dy (y,v);
Ve <p u, y>p,v; 2a+c <1

(20)

If there exist xg € X,yo € Y satisfying xo <p, F(xo,y0) and yo >p, G(yo, o) then
there exist x € X,y € Y such that x = F(z,y) and y = G(y, ).

Proof. Following as in the proof of Theorem 2.7 we get lim, o F™(x0,y0) = = and
limy, 00 G™ (Y0, %0) = ¥.
We have
dx (F(z,y),x) < dx(F(z,y), F*"(x0,y0)) + dx (F" " (20, y0), 7)
= dx (F(z,y), F(F"(0,0), G" (Y0, %0)) + dx (F"* (20, y0), x)
< a dx (z, F(F"(20,90), G" (40, %0))) + b dx (F" (0, %0), F(z,y))
+ ¢ dx (x, F™ (20, 40)) + dx (F"* (0, y0), 7)
= a dx(z, F" (20, 40)) + b dx (F" (x0,0), F(z,y))
+ ¢ dx (x, F™ (20, 40)) + dx (F"* (20, y0), ¥)
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ie, dx (F(z,y),z) < bdx(z, F(x,y)) asn — oo, which implies that dx (F(x,y),z) = 0.
Therefore F(z,y) = x.
Also by using (20) and lim,, o G™ (Y0, Zo) = y we can show that y = G(y, x). O

Taking X =Y and F' = G in the above corollary we get the corresponding coupled
fixed point result.

Corollary 2.4. Let (X,d,<) be a partially ordered complete metric spaces and
F: X xY — X be a mapping having the mixed monotone property. Assume that
X satisfy the following property

(i) If a non-decreasing sequence {x,} — = then x, < x Vn.
(i) If a non-increasing sequence {y,} — y then y <y, Vn.

Also assume that there exist non-negative a,b,c such that 2a+c¢ <1 and 20 +c¢ < 1
satisfying

d(F(z,y), F(u,v)) <a d(z, F(u,v)) + b d(u, F(z,y)) + ¢ d(x,u); Ve > u, y <.

If there exist (xo,y0) € X XY satisfying xo < F(x0,y0) and yo > F(yo, zo) then there
exist (x,y) € X XY such that x = F(z,y) and y = F(y,x).

Remark 2.4. If we take ¢ = 0 in Theorems 2.7 and 2.8, we get Theorems 2.9 and
2.10 respectively of [10].
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ABSTRACT: In this paper, we present some interesting results con-
cerning the location of zeros of Lacunary-type of polynomial in the com-
plex plane. By relaxing the hypothesis and putting less restrictive con-
ditions on the coefficients of the polynomial, our results generalize and
refines some classical results.
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1. Introduction

The study of the zeros of a polynomial dates from about the time when the geometric
representation of complex numbers was introduced into mathematics. The first con-
tributors of the subject were Guass and Cauchy. Since the days of Gauss and Cauchy
many mathematicians have contributed to the further growth of the subject. The
classical results of Cauchy [3], concerning the bounds for the moduli of the zeros of a
polynomial states

aj
An

NE!

Theorem A. P(z) :=

a;z? is a polynomial of degree n and M = maxo<j<n—1

7

§=0
then all the zeros of P(z) lie in

|z] <1+ M.

There exists several generalizations and improvements of this result (for reference
see [12] and [13]). As an improvement of this result, Joyal, Labelle and Rahman [8]

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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proved that, if B = maxo<;j<n—1|a;j|, then all the zeros of the polynomial P(z) :=
n—1 .

2" 4+ 3 a;z7 are contained in the circle
§=0

1< {1 oot + {0 = ol 48} . (10)

Next we state the following elegant result which is commonly known as Enestrom-
Kakeya Theorem in the theory of distribution of zeros of polynomials.

Theorem B. Let P(z) := > a;jz’ be a polynomial of degree n such that
7=0

anzan—lz"'2a12&0>0a

then all the zeros of P(z) lie in |z| < 1.

Theorem B was proved by Enestrom [4], independently by Kakeya [9] and Hur-
witz [7]. Applying this result to the polynomial Z"P(%), one gets equivalent form of
Enestrom-Kakeya Theorem which states that

Theorem C. If P(z) := Y a;27 is a polynomial of degree n such that
§=0

ag > a1 > -+ > ap_1 > ap >0,

then all the zeros of P(z) lie in |z| > 1.
Applying the above results to the polynomial P(¢z), the following more general
result is immediate:

Theorem D. Let P(z) := Y a;27 be a polynomial of degree n such that
3=0

ant™ > an_1t""t > > art > ag > 0,
then all the zeros of P(z) lie in |z| <t and in case
0<an < apt" ' <o <agt" ! < aot”,
then P(z) has all zeros in |z| > 1.
Now consider the class of polynomials
P(z):=ao+a1z+ -+ auz" + ap, 2™ + an, 2™ + - + ay, 2", (1.1)

O<np=p<ng <ng<--- <Nk, aoULGp,An, -..0n, 7 0.

Here the coefficients a;, 0 < j < p, are fixed, the coefficients a,,;, j = 1,2,...,k are
arbitrary and the remaining coefficients a; are zero.
Landau ([10] and [11]) Initiated the study of polynomials of this form in 1906-7.
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He considered the case p =1, k =1 or 2 and proved that every trinomial
ag+ a1z +anz™, aya, 0, n>2

has at least one zero in the circle |z| < 2 and every quadrinomial

ag
a

ao+ a1z + anz™ + an2", araman, 0, 2<m<n,

has at least one zero in the circle |z| < %7

Z‘;‘ Thus for these cases Landau proved

the existence of a circle |z| = R(ap, a1) containing at least one zero of P(z). He also
raised the question as to whether or not a circle with this same property existed in
the case p = 1 and k arbitrary.

An affirmative reply was given in 1907 by Allardice [1] who proved that when
p =1, at least one zero of P(z) lies in the circle

k

ao n;
< |2
|Z| T lay H n; — 1
J=1
and by Fejér ([6], [5]) who proved that, when a1 =as =--- = a,—1 = 0, at least one

zero of P(z) lies in the circle

ao

au

NG
|z|§{ J } .

Another result which is instructive is the one due to Van Vleck [14], who proved that
the polynomial

P(z):=14a,2" +a, 12"+ -4 a2, 7<n, a, #0

1
has at least r zeros in the disk |z| < [Cl("r)} .

ar

Recently Aziz and Rather [2] proved the following result for Lacunary-type of
polynomials.

Theorem E. For any given positive number t, all the zeros of the polynomial
P(z) = a,z" +a,z" + a#_lz’“l +---+aiz+ag, p<n, apaua, #0
lve in the circle
pit

S T
|z| < max {Np”t”,N" },

where
a;
anpt"—7

Np,tz(ml)é{i }

j=0
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p>1, ¢>1withpt+q¢ ' =1.
In this paper, we consider the following Lacunary-type of polynomials of type (1.1)
with k£ = 1 and p arbitrary

P(z) = anz" +au2" + a,klz"_1 +--4arz+ag, p<n, agaua, #0, (1.2)

and prove some results concerning the bounds for the zeros of polynomials of this
form.

2. Main Results

Theorem 1. Let P(2) be a polynomial of type (1.2) which does not vanish in |z| < t,
where t > 0, then forp >0, ¢ >0, p~t 4+ ¢! =1, all the zeros of P(z) lie in

p};, (2.1)

Theorem 1 states that if no zero of a polynomial P(z) of type (1.2) liein |z| < ¢, t >
0, then all its zeros will lie in the region between the circles |z| < ¢ and |z —¢| < A,
where A is defined above. As an example we take a polynomial P(z) = 23 + 2z + 3.
Here ;4 = 1 and n = 3. We make use of Wolfram Mathematica to visualize the zeros of
the above polynomial in a specific region (figure 1). The zeros of the polynomial are
(—1.17951,0); (0.580755, —1.74454); (0.589755,1.74454). Take ¢ = 1, clearly P(2)
does not vanish in |z| < 1. Therefore it follows from Theorem 1 with p =2, ¢ = 2
that all the zeros of P(z) lie in |z — 1| < 8.48528.

pt1

z—t‘ <A=(u+2))§{z

Jj=0

taj —aj-1
anpt™—J

where a_1 = a,41 = 0.
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Thus it is clear from figure 1 that all the zeros of the above polynomial lie in the
unshaded region between the circles |z| < 1 and |z — 1] < 8.48528.

For 4 = n — 1, the Lacunary polynomial P(z) in Theorem 1 reduces to a simple
polynomial of degree n and yields the following result.
Corollary 1. Let P(z) := > a;jz?, be a polynomial of degree n which does not vanish
j=0

in |z| <t wheret >0, then forp >0, ¢ >0, p~ L+ ¢! =1, all the zeros of P(z) lie

) v )

As an example, we take P(z) = 222 + 2z + 3, having zeros (—0.5, —1.11803);
(—0.5,1.11803). Also take ¢t = 1. Clearly these zeros does not lie in |z| < 1. Moreover
from Corollary 1, it is clear that all the zeros lie in the region between the circles
|z] < 1and |z — 1| < 2.738 as is clear from figure 2.

n

z—t’ n-i—lé{z

J=

ta] — a1
apt™J

where a_1 = 0.

-1 L] 1 pr 3

For ;1 = 1, we have the following result for trinomial of degree n.

Corollary 2. Let P(z) = a,2™ + a1z + ag, be a trinomial of degree n which does not
vanish in |z| < t where t > 0, then for p >0, ¢ >0, p~' + ¢! =1, all the zeros of

P(2) lie in 2 1
z—t’§3é{z p}p. (2.3)

Jj=0

taj —Qj—1
apt™—J
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Letting ¢ — oo so that p =1 in Theorem 1, we get the following result.

Corollary 3. Let P(z) be a polynomial of type (1.2) which does not vanish in |z| < t,
where t > 0, then all the zeros of P(z) lie in the circle

pt1

lz =t <)
j=0

t(lj —Qj—1
apytn—J

(2.4)

In particular for ¢ = 1, we have the following Corollary by restricting the coeffi-
cients of the polynomial.

Corollary 4. Let P(z) be a polynomial of type (1.2) with real coefficients, which does
not vanish in |z| < 1 and

CLMZCLN71Z"'ZG12GO>07 a/n>07
then all the zeros of the polynomial lie in the circle

2 —1] < 222, (2.5)

n

In other words all the zeros of the polynomial P(z) which does not vanish in |z| < 1
lie in the region

{z:1§|z|ﬂ|z—1|§2a“}.
a

n

If we reverse the monotonicity of the coefficients of the polynomial, we get the
following result.

Corollary 5. Let P(z) be a polynomial of type (1.2) with real coefficients, which does
not vanish in |z| < 1 and

a02a12"'2au>0, Cln>0,
then all the zeros of P(z) lie in the circle

2 —1] < 222, (2.6)
an

In other words if P(z) does not vanish in |z| < 1, then all the zeros of P(z) lie in
the region
{z:1§|z|ﬂ|z—1|§2a0}.
a

n

Again we make use of WOLFRAM MATHEMATICA to show that the bounds
obtained in our results are sharper then the prior ones. For this we take the following
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Lacunary polynomial of type (1.2)

P(z) := 23+ 22+ 12

Its zeros are given below
(—2), (1 —2.23607¢), (14 2.23607:). The bounds for the zeros of the above Lacunary
polynomial P(z) obtained by using different results are given in the following table.

Bounds for the zeros of P(z) := 228 + 2 + 5 by using different results
S.No. | Theorems Bounds
1 Landau’s Theorem for Trinomials | |z| < 12
2 Theorem A |z] <13
3 Theorem C |z] > 1
4 Corollary 2 1<z Nz — 2] < 6.4807
5 Corollary 3 1<]z|N]z—2] <6

In order to visualize the above bounds we draw the following figure in which circles
of different colours represents different bounds obtained by various results.

1wk 4

—10k 4

3. Proof of Theorem

Proof of Theorem 1. Consider the polynomial
F(z)=(t—2)P(z) = (t — 2)(anz" + au2" + ... + a12 + ag)
= —a, 2" + ta, 2" — auzﬂ+1 + (ta, —ap—1)z"

+(ta,—1 — CLM_Q)ZM_l + ...+ (tar — ag)z + tay.
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This gives
|F(2)| = | — an2™t 4+ tanz" — a2t + (ta, — ay—1)2" + (tau—1 — a,—2)2" !
X ta; —a 1
B aill, j i1
+...+ (tay — ag)z + tag| > |ay]|z |{z t‘ ; o |Z|"_J}.

Since p > 0, ¢ > 0 and p~! + ¢~ ! = 1, therefore we have by Hélder’s inequality for

2| = ¢,
- putl py L
1 ta; —a;_q P
F(2)] 2 lan]|2"] Zt‘(qu?)Q{Z i } }>0
- §=0 "
if )
ptl Py 5
1 ta; —a;_1 )
—t > (p+2 -4 .
z (,u )q{jz_% antn—]

This shows that for |z| > ¢, F(z) does not vanish in

1 A ta a Py v
1 j — -1
zt’>(u+2)q{_§% Tatni } :
=

Hence, we conclude that those zeros of F(z) and therefore P(z) whose modulus is
pt1

greater than ¢ lie in
1 2%
zt’§(u+2)q{z } )
§j=0

This completes proof of Theorem 1. O

t(lj —aj—1
ant”—j
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ABSTRACT: The problem of finding out the region which contains all

n .
or a prescribed number of zeros of a polynomial P(z) := ) a;z’ has
j=0

a long history and dates back to the earliest days when the geometrical

representation of complex numbers was introduced. In this paper, we

present certain results concerning the location of the zeros of Lacunary-
n

type polynomials P(z) :=ao + Y. a;2’ in a disc centered at the origin.
J=p

AMS Subject Classification: 30A01, 30C10, 30C15.
Keywords and Phrases: Zeros; Lacunary polynomial; Prescribed region.

1. Introduction and Statement of Results

The problem of locating some or all the zeros of a given polynomial as a function of its
coefficients is of long standing interest in mathematics. This fact can be visualized by
glancing at the references in the comprehensive books of Marden [9] and Milovanovic,
Mitrinovic and Rassias [10], Rahman and Schmeisser [12] and by noting the abundance
of recent publications on the subject [7, 8, 13].

Regarding the least number of zeros of polynomial P(z) = Y a;27 in a given
§=0
circle Mohammad [11] proved the following:

Theorem A. Let P(z) := Y a;jz7 be a polynomial of degree n such that
j=0

Qp 2 Ap-1 2 Ap—2 = - > a1 = ag > 0,

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland



182 I Qasim, T. Rasool and A. Liman

then the number of zeros of P(z) in |z| < 3 does not exceed

1

1
+ log 2

log dn
ag

Dewan [3] generalized Theorem A to polynomials with complex coefficients and
proved the following result:

n .
Theorem B. Let P(z) := ) a;z’ be a polynomial of degree n with complex coeffi-
§=0
cients. If Re a; = aj and Im a; = B4, j =0,1,2,...,n such that
Qp 2 Qp-1 2 Qp_g >+ 201 2 ap >0,

then the number of zeros of P(z) in |z| < 3 does not exceed

an + 3 |8l
lo =0

1
+1082 & |aol

In this direction, recently Irshad et al [1] proved the following:

Theorem C. Let P(z) := Y a;z? be a polynomial of degree n with complex coeffi-
§=0
cients such that for some A > 1,0 < k < n,

lan| < lan—1| < ... <lapg1] < Mag| > |ak—1] > ... > |a1| > |aol,

and for some real 3,
larga; =Bl <a <3, j=
then the number of zeros of P(z) in |z

N 0

0,1,2
< % does not exceed

1 ) 2| ag| cos a + 2|\ — 1||ak|sin a
0
log 2 ‘(10‘
n—1
lan|(sina —cosa + 1) + 2sina Y |aj| + 2|1 — Al|a]
j=0
+

|ao|

Chan and Malik [2] introduced the class of Lacunary polynomials of the form
P(z) :=ag + Xn: a;jz?, where ag # 0. Notice that when p = 1, we simply have the
class of all polgf?:)mials of degree n. In [5] and [6] Landau proved that every trinomial

ap+ a1z + anz”,a1a, #0,n > 2
has at least one zero in the circle [2] < 2[¢%| and that of quadrinomial

ag+ a1z + amz™ + an2™, a1aman, 0,2<m<n
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has at least one zero in the circle |z| < %|Z—‘;\ These two polynomials are of the
n .
Lacunary-type P(z) :=ao+ > a;2’.

The aim of this paper is to study the number of zeros in a disc centered at the
origin for such class of polynomials. We begin by proving the following result putting
restrictions on the moduli of the coefficients. In fact we prove:

n .
Theorem 1. Let P(z) :==ag+ Y a;2, 1 <p<n-—1, ay # 0, be a polynomial of
J=n
degree n. If for some real o and B

|arga; < a< 5. p<j<n

and for some t > 0 and some k with p < k <mn,
ta,] < -0 <P agoa | < tFlag] = P agga | > > 1 anoa| > 7 an|
then the number of zeros of P(z) in |z| < § does not exceed

Lojoe M
log2 ° Jao|’

where
M = 2|ag|t + |a,[t" ™ (1 —sina — cos @) + 2|ag,|[t* ™ cos a + |a, [t" T (1 — sina — cos )
n
+2 Z |a;|t7 ! sin av.
J=n
For t = 1, we get the following:
n .
Corollary 1.1. Let P(z) :=ao+ Y a;jz?, 1 <p<n-—1, ag # 0 be a polynomial of

j=n
degree n. If for some real a and

7 .
larga; — f] < a < 50 k=jsn
and some k with

lay| < -+ <lag—1| < lagl = |aks1] = - > |an—1| > |am|

then the number of zeros of P(z) in |z| < § does not exceed

1 1 M
oz 2
log2 ° Jao|’

where

M = 2|ag| + |a,|(1 — sino — cos )

+2|ag| cosa + |ay|(1 — sina — cos o) + 2 Z laj| sin o
Jj=p
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With k£ = n in Corollary 1.1, we get:

Corollary 1.2. Let P(2) :=ao+ Y. ajz?, 1< p<n-—1, ag # 0 be a polynomial of
J=p
degree n. If for some real a and B

arga; Bl < a< 5, p<j<n

such that
lap| < -+ <an—1]| < |ay]

then the number of zeros of P(z) in |z| < § does not exceed

1 1M
log2 % Jao|’

where

M =2|ap| + |a,|(1 —sina — cos ) + |ap|(1 — sina + cos ) + 22 la;|sin a.
J=u
Choosing k = p in Corollary 1.1, we get:
Corollary 1.3. Let P(z) :=ap+ Y. a;27, 1 <pu<n-—1, ag # 0 be a polynomial of

J=p
degree n. If for some real a and B

arga; =B/ < a< T, p<j<n

such that
lap| = = [an—1] = |an|

then the number of zeros of P(z) in |z| < 3 does not exceed

1 1 M
og
log 2 & lag|’

where

M = 2|ag| + |a,|(1 — sina+ cos @) + |a, |(1 — sina — cos @) —1—22 la;| sin o
J=p

Taking ¢ = 1 in Corollary 1.3, we have
Corollary 1.4. Let P(z) := Y a;27, ag # 0 be a polynomial of degree n. If for
§=0

some real o and

larga; — | < a < g p<j<n
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such that
|a1| Z e

Y

|an71| > |an|

A

then the number of zeros of P(z) in |z| < § does not exceed

1 ) M

" log ——

log2 % Jag|’
where

n
M = 2|ag| + |a1](1 — sin + cos ) + |a,|(1 — sina — cos «) —1—22 la;|sin c.
j=1

Next, we put restriction on the real part of coefficients of a polynomial and proved:

n .
Theorem 2. Let P(z) :==ap+ Y a;2', 1 <p<n-—1, ag #0, be a polynomial of
Jj=p
degree n with Re a;j = a; and Im a; = B; for p < j < n. Suppose that for some
t > 0 and some k with p < k < n we have

tray, < <t Tl <trag > Tag > > " g > ay,
then the number of zeros of P(z) in |z| < L does not exceed

1 1 M
og —»
log 2 & lao|

where

M = 2(Jao] +[Bol)t + (Ja] = )t + 20085+ (Jan] — )™ +2 3 |54
J=n
For ¢ =1 in Theorem 2, we obtain
n .
Corollary 2.1. Let P(z) :==ao+ Y a;27, 1 <p<n-—1, ag # 0, be a polynomial
J=n

of degree n with Re a; = aj and Im a; = 85 for p < j < n. Suppose that for some
k with p < k < n we have

oy <o Sapo SQp 2 Qpg 2 2 G 2 Qp
then the number of zeros of P(z) in |z| < 3 does not exceed

1 1 M
M
log2 ° Jao|’

where

M = 2(jaol + [Bol) + (Jaul = @) + 200 + (law| = o) +2) 1551,

j=p
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For k = n in Corollary 2.1, we get:

n .
Corollary 2.2. Let P(z) :=ap+ > a;27, 1 <pu<n-—1, ag # 0, be a polynomial
Jj=p
of degree n with Re aj = oy and Im a; = B; for u < j < n such that

oy, § San—l San
then the number of zeros of P(z) in |z| < 3 does not exceed

1 1 M
LM
log2 ® Jao|

where

M = 2(|ao| + |Bol) + (o] — ) +2 > 1B5-
J=p

For k = pu, in Corollary 2.1, we get:
Corollary 2.3. Let P(z) :=ag+ Y. ajz?, 1 <p<n-—1, ag # 0, be a polynomial

Jj=p
of degree n with Re a; = o5 and Im a; = B; for p < j < n such that

Qp 22 Qp1 2 Oy
then the number of zeros of P(z) in |z| < § does not exceed

e M
log2 " Jao|’

where

M = 2(Jao| + [Bol) + (Jaul + ) + (levu| = ) +2 ) 1551.
j=n
For B; =0, 1 < j < n in Theorem 2, we have the following:
n .
Corollary 2.4. Let P(z) :=ao+ ) ajz/, < p <n—1, where ag # 0. Suppose that

J=n
for some t > 0 and some k we have

tha, <. <t"lapy <trap >t lagy > 24" a0 > ay
then the number of zeros of P(z) in |z| < § does not exceed

1 ) M
" log —
log2 ° |ao|’
where

M = 2|ag|t + (|a,| — a, ) t" ™ + 2a5t* T + (Jan| — an)t" .
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Finally, we prove the following result:
Theorem 3. Let P(2) :=ao+ Y. a;27,1 < p<n—1, where ag # 0, Re aj = a; and

J=n
Im a; = B; for p < j < n. Suppose that for somet > 0 and some k with p <k <n
we have

tray, < <t <trag > Tag > > " g > ay
and for some p <1 < n we have
By < ST B StB 2 T B > 2 T B 2 7B,
then the number of zeros of P(z) in |z| < § does not exceed

Lo M
log2 " Jao|’

where

M = 2(Jao| + [Bol)t + (|| — v + 18] = Byt

2™+ Bt 4 (Jon| =+ [Ba] — Ba)t" T

If we take t = 1, in Theorem 3 we obtain:
Corollary 3.1. Let P(z) = ag + Zn: a;jz?, 1 < pu<n-—1, where ag # 0, Rea; = a;
and Ima; = fB; for up <j <n. SJu?;)ose that for some k with p < k <n we have

0 < S S 2 Qg1 200 2 Q1 2 Qp
and for some p <1 < n we have

Bu < <Bi-1 <B=Bit1 = 2 P12 P
Then the number of zeros of P(z) in |2| < 1 does not exceed

1 1 M
oz
log2 ° Jao|’

where

M = 2(Jevol + [Bol) + (el = apu + 1Bl = B) + 2(an + Bi) + (|om| = an + [Ba] = Bn)-

For k =1 =n in Corollary 3.1, we get the following:

Corollary 3.2. Let P(z) =ag+ Y aj27, 1 <pu<n-—1, where ag #0, Re a; = «;
J=n

and Im a; = B for p < j < n such that

aué"'gan—lgan
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ﬁuggﬁnflgﬁn

then the number of zeros of P(z) in |z| < § does not exceed

1 1 M
oz
log2 ® Jao|’

where

M = 2(|ao| + [Bol) + (lap| = ap + 1Bul = Bu) + (Jam| + an + |Bal + Bn)-

In Corollary 3.1, if we choose k =1 = p we get:

Corollary 3.3. Let P(2) =ao+ Y. aj27, 1 <u<n-—1, where ag #0, Rea;=q;
Jj=p

and Im a; = B; for u < j <n such that

. Z (0779 S (077

oy 2>

and
5u22ﬂn—125n

then the number of zeros of P(z) in |z| < 3 does not exceed

Lo M
log 2 & lao|’

where

M = 2(lao + |Bo]) + (lau] + ap + [Bul + Bu) + (lan| — an + Bnl = Bn).-

2. Lemma

For the proof of some these results we need the following lemma which is due to Govil
and Rahman [4].

Lemma 2.1. For any two complex numbers by and by such that |by| > |b1| and
7T .
larg b; =Bl < o < 7 J=0,1
for some 3, then

|bo — b1] < (Jbo| — |b1]) cos a + (|bo| + |b1]) sin cx.
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An application of the Maximum modulus theorem shown in (p.171, [14]) we have the
following interesting result:

Lemma 2.2. Let f(z) be reqular and |f(z)] < M, in the circle |z| < R and suppose
that f(0) # 0, then the number of zeros of f(z) in the circle |2| < 1R does not exceed

1 M
Tog2 108 [\f(O)I}'
3. Proofs of Theorems

Proof of Theorem 1. Consider the polynomial

F(z)=(t—2)P(2)

=(t—2) ao—i—Zajzj

J=n

n n
= aot + E a;tz! —apz — E a;j 27t
J=n J=n

n n+1
=ap(t —2) + Z a;tz’ — Z a;_12’
Jj=p Jj=p+l

n
=ao(t — 2z) + ayutz! + Z (ajt —aj_1)z7 —a,z"t.
Jj=p+l

For |z| = ¢, we have

n
[F(2)] < 2laclt + au[t* ™ + > Jagt — aj [t +[an[t"H

J=p+1
k n
=2laglt+lau [t + D ajt—a;alt? + D lajo1—aitlt! +]an |t
Jj=p+1 j=k+1

Using Lemma 2.1 with by = a;t and b; = a;—1 when 1 < j < k and with by = a;_1
and by = a;t when k+1 <75 <n,

k
|[F(2)] < 2laoft + ||t + 7 {(lajlt — laj-1]) cosa + (last + |aj—1]) sin a}t!
Jj=ptl

+ 3 {(layo1] - laglt) cos @ + (ajlt + aj_1]) sina}t? + |a,[¢"
j=k+1
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k k k
= 2|ag|t+|a,[t" T+ Z |a;|t7t cos a— Z la;—1|t? cos a+ Z |a;[t/ ! sina
J=pt1 J=pt1 J=p+1
k n n
+ Z la;_1|t! sin o + Z laj_1|t? cos o — Z |la;|t7 T cosa
j=p+1 j=k+1 j=k+1

n n
+ Z la;_1[t sina + Z la; [t/ sina + |y, [t
j=k+1 j=k+1

= 2lap|t+|a,|t* Tt —|a,|t* ! cos a+ |ag|tF T cos a+ |a, [t*T sin o+ |ag [tFH! sina
0 " w

k—1
+2 Z |a;[t7T sin o + [ag|t" T cos o — [a, [t cos o + [ag |t sin
J=p+1
n—1
+an|[t" T sina + 2 Z la; |7 sin o + |y, [t
j=k+1
n—1
= 2|ag|t+]|a, [t +]a,[t" T (sina—cos ) +2 Z |a;[t7T sin a+2|ag|t* T cos
J=ptl
+(sina — cos a + 1)y, [t" !

= 2|ao|t+ |a,[t" T (1 —sina — cos ) + 2|ax [t* T cos a + |a, [t" T (1 —sin o — cos @)

+2 Z a;| 7+ sin o
J=p
= M (say).
Now F(z) is analytic in |z| < t and F(z) < M for |z| = t. Applying Lemma 2.2 to
the polynomial F'(z), we get the number of zeros of F(z) in |z| < § does not exceed

1 | M
og ————.
log2 2 TF(0)]

Thus, the number of zeros of F(z) in |z| < % does not exceed

1 | {2|a0|t+|au|t“+1(1sinacosa)+2|ak|tk+1coso¢
0

log 2 lao|
n .
lan[t"TH(1 —sina —cosa) +2 > |aj[t/ T sina

4 i=p

|ao|

As the number of zeros of P(z) in |z| < 1 is also equal to the number of zeros F(z)
the theorem follows. O
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Proof of Theorem 2. Consider the polynomial

F(z)=(t—2)P(2)

n
=(t—2) a0—|—Zajzj
J=H

n n
= agt + E a;tz! —apz — g ajz]+1
J=u J=u

n n+1
=ag(t—z)+ E a;tz’ — E a;_12’
j=p Jj=p+1

and therefore

F(2) = (a0 +ifo)(t = 2) + (e +iBu)tz" + Y (ot — 1)
Jj=p+1

+i > (Bt —Bi-1)2 — (an +iBn)2"

Jj=ptl

For |z| = ¢, we have

[F(2)] < 2(lawo] + [Bol)t + (el + 18"+ Y7 et — g t?
J=p+1

n

+ D B+ 18—t + (o] +1Ba )™t

J=p+1
k
= 2(|aol + 1Bt + (Jevul + 1BuDE*H + Y (ajt — oy 1)V
J=p+l
n n—1
+ ) (o — o)t (Bt 2 Y (BT 4 |t
j=k+1 j=p+1

+(lom| + 1BaD)E" T = 2(aol + [Bol)t + (lovul + [Bu)E ! — et ™ + 208)t"+!

n
—ant™ Bt 12 T B+ Janlt™ ! = 2(laol + |Gl
Jj=p+l

n
Flau] = a4 2005 4 (Jag| — an)t™ T 42 |8 = M.

j=p

191
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Proceedings on the same lines of the proof of Theorem 1, the proof of this result
follows.

Proof of Theorem 3. Consider the polynomial
F(z) = (t — 2)P(z) = ao(t — 2) + a,tz"

+ Z (ajt —a;—1)z? —anz""t,
J=p+l
and so
F(z) = (ag +ifo)(t — 2) + (au + 1B, )t2"
+ Y (g +iB)t— (g1 +iB;-1))2 — (an +ifa)2"
Jj=ptl

= (a0 +iBo)(t — 2) + (o +iBu)t=" + Y (ajt — ;1)

Jj=p+1

n

+1 Z (ﬂjt — ijl)zj — (Oén =+ iﬂn)2n+1.

Jj=p+l

For |z| = ¢, we have

[F(2)] < 2(lawo] + [Bol)t + (el + 18"+ Y7 et — gt
Jj=p+1

+ Y 18t = Bialt? + (lewa| + [Bal)t" T = 2(Jcwo| + |Bol)t

Jj=p+1
k ) n )
H(laul + B+ Y (gt —ay ) + Y (g —at)t
i=nt1 j=ht1

l n
+ Y Bt =Bt + Y (B = Bit) + (Jan| + [Ba)t"

j=ut1 j=it1
= 2(Jao| + |Bo)t + (lvu] + B[t H! — it + + 208"+
—apt™ T = Bttt 4 28 — Bt 4 ([a| + |Ba )T

= 2(Jao| + |Bo)t + (lovu| — e + [Bul = ﬁu)t“—H
2t + Bt + (Jan] — an + |Ba] = Ba)t"H = M.

The result now follows as in the proof of Theorem 1. O
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An Upper Bound for Third Hankel
Determinant of Starlike Functions Related
to Shell-like Curves Connected with

Fibonacci Numbers

Janusz Sokél, Sedat Ilhan and H. Ozlem Giiney

ABSTRACT: We investigate the third Hankel determinant problem for
some starlike functions in the open unit disc, that are related to shell-
like curves and connected with Fibonacci numbers. For this, firstly, we
prove a conjecture, posed in [17], for sharp upper bound of second Hankel
determinant. In the sequel, we obtain another sharp coefficient bound
which we apply in solving the problem of the third Hankel determinant
for these functions.

AMS Subject Classification: 30C45, 30C50.
Keywords and Phrases: Analytic functions; Convex function; Fibonacci numbers;
Hankel determinant; Shell-like curve; Starlike function.

1. Introduction

Let A denote the class of functions f which are analytic in the open unit disk
U={z:z€Cand|z| < 1} and let S denote the class of functions in .4 which are
univalent in U and normalized by the conditions f(0) = f/(0) —1 = 0 and are of the
form: -
(2 :erZanz”. (1.1)
n=2
We say that f is subordinate to F' in U, written as f < F, if and only if f(2) = F(w(z))
for some analytic function w such that |w(z)| < |z| for all z € U.

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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If fe Aand
2f'(2) 2f"(2)
<p(z) or 1+ < p(z
o P Fe P
where p(z) = %'_";, then we say that f is starlike or convex respectively. These

functions form known classes denoted by &* or C respectively. These classes are very
important subclasses of the class S in geometric function theory. In this paper we
consider the following subclass of starlike functions.

Definition 1. The function f € A belongs to the class SL if it satisfies the condition

that
2f'(z)
f(2)

=< p(2)

with
5(2) 1+ 7222
A = —-—
P 1—72—7222’

where 7 = (1 —1/5)/2 ~ —0.618. The class SL was introduced in [16].

The function p is not univalent in U, but it is univalent in the disc |z| < 72 ~ 0.38.
For example, p(0) = p(—1/27) = 1 and p(eFiarecos(l/49)) = \/5/5 and it may also be
noticed that

1 7

7l 17|’
which shows that the number |7| divides [0, 1] such that it fulfils the golden section.
The image of the unit circle |z| = 1 under p is a curve described by the equation given

by
(102 — V5)y* = (V5 — 22)(VBz — 1)?,

which is translated and revolved trisectrix of Maclaurin. The curve p(re®) is a closed
curve without any loops for 0 < r < rg = (3 —+/5)/2 ~ 0.38. For ro < r < 1, it
has a loop, and for » = 1, it has a vertical asymptote. Since 7 satisfies the equation
72 = 1 4 7, this expression can be used to obtain higher powers 7" as a linear
function of lower powers, which in turn can be decomposed all the way down to a
linear combination of 7 and 1. The resulting recurrence relationships yield Fibonacci

numbers u,,:

T = UpT + Up_1. (1.2)

In 1976, Noonan and Thomas [10] stated the s** Hankel determinant for s > 1
and £ >1 as

ag ag+1 .- Ak+s—1
Afy1 (0775, BN .
Hyly=| o ez (13)
Af+s—1 ak+2(s_1)

where a1 = 1.
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This determinant has also been considered by several authors. For example, Noor
[11] determined the rate of growth of Hs(k) as k — oo for functions f given by (1) with
bounded boundary. Ehrenborg in [3] studied the Hankel determinant of exponential
polynomials. The Hankel transform of an integer sequence and some of its properties
were discussed by Layman in [8]. Also, several authors considered the case s = 2.
Especially, Ho(1) = a3z — a3 is known as Fekete-Szego functional and this functional
is generalized to az — pa3 where p is some real number [4]. Estimating for an upper
bound of |ag — pa3| is known as the Fekete-Szego problem. In [13], Raina and Sokét
considered Fekete-Szeg6 problem for the class S£. In 1969, Keogh and Merkes [7]
solved this problem for the classes §* and C. The second Hankel determinant is
Hy(2) = azay —a3. Janteng [5] found the sharp upper bound for |Hy(2)| for univalent
functions whose derivative has positive real part. Also, in [6] Janteng et al. obtained
the bounds for |H2(2)| for the classes S* and C. In [17], Sokét et al. considered second
Hankel determinant problem for the class S£ and obtained sharp upper bounds for
the functional |azas — a3| belonging to the class SL. Also they gave a conjecture for
sharp bound of |azas —a3| for functions in the class S£. The third Hankel determinant
is H3(1) = as(azay — a3) — as(ay — asaz) + as(az — a3). Recently, Babaloa [1], Raza
and Malik [15] and Bansal et al. [2] have studied third Hankel determinant Hs(1),
for various classes of analytic and univalent functions.

In this paper, we investigate an upper bound on the modulus of H3(1) the functions
belonging to the class SL of analytic functions related to shell-like curves connected
with Fibonacci numbers in the open unit disc defined by (1.1).

Now we recall the following lemmas which will be use in proving our main results.
Let P(5), 0 < 8 < 1, denote the class of analytic functions p in U with p(0) =1 and
Re{p(z)} > 5. Especially, we will use P instead of P(0).

Lemma 1.1. ([12]) Let p € P with p(z) = 1 + c12 + ca2® + -, then
len] <2, for n>1. (1.4)
If lei| = 2, then p(z) = pi(z) = (1 4+ 22)/(1 — x2) with v = §. Conversely, if

p(2) = p1(2) for some |x| =1, then ¢y = 2x. Furthermore, we have

2
Al oy lal®

-3< ; (1.5)

‘ 2

=2- ‘CE , then p(z) = pa(2), where

If le1| < 2, and ‘02 - g

1+ 2wz + z2(wz + x)
1+ 2wz — 2(wz + x)

p2(2)

202—0?
4—lea]?

and\cz—§|—2—m.

and v = G, w= = 5
Lemma 1.2. ([14]) Let p € P with coefficients ¢, as above, then

|6102 — Cg| S 2. (16)
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Lemma 1.3. ([9]) Let p € P with coefficients ¢, as above, then
les — 2cic0 + 3| < 2. (1.7)
Lemma 1.4. ([16]) If f(z) =z + > ooy an2™ belongs to the class SL, then

|an| < |T|n71una (18)

where uy is the sequence of Fibonacci numbers and T = 1_2‘/5. FEquality holds in (1.8)
for the function fo(z) = z

l—az—a?222"

Lemma 1.5. ([13]) If f(2) = 2+ >, _5 00an2™ belongs to the class SL, then
las — Aa3| < 72(2+\) for all X € C. (1.9)

The above estimation is sharp. If A > 0, then the equality in (1.9) is attained by the
Junction fo(2) = ——zzz while by the function — fo(—z), when A <0.

Especially, when A = 1 in (1.9), we obtain |az — a3| < 372.

In this study, we use ideas and techniques used in geometric function theory. The
central problem considered here is the sharp upper bounds for the functionals |Hs(2)|
and |azag — a4| of functions in the class SL depicted by the Fibonacci numbers,

respectively. Also the third Hankel determinant |H3(1)| is considered using these
functionals.

2. Main Results

In [17] it was proved that if f(z) = z + a22% + ... belongs to SL, then

11
|Hy(2)| = |agay — a3| < 374.
And it was conjectured that |Hz(2)| = |agas — a3| < 7%, Firstly, we present a proof
of this.

Theorem 2.1. If f(2) = z + a22% + ... belongs to SL, then

|Hs(2)| = |agas — aj| < 7. (2.1)
The bound is sharp.
Proof. For given f € SL, define p(z) =1+ py1z +p2z2+---, by

2f'(2)

=p(z) =1+piz+p2z° 4+,
TE
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where p < p. If p < p, then there exists an analytic function w such that |w(z)| < |z|
in U and p(z) = p(w(z)). Therefore, the function

14+ w(z)

h(z):m:1+clz+cQ22+... (2.2)
is in the class P. It follows that
c1z 2\ 22 3\ 23
’U.)(Z)_;+<62—21>2+(03—0102+41>2+'” (2.3)

%)
=N

1\3\
N————
| R,

23
+(636162+ >2+}

3\ 23 2
+ 63_0102_’_71 Z o4

4 ) 2

3

-1

4

N————
v |,

[ 5o ‘\"‘

+
=0
[\V]
—N—
o
A
I
+
7N N N
S
Q
DN
N———
N
[\v]
+
N
o
w
I
o
A%,
(=)
[\v)
+
o)
~~_
|,
+
—
w
+

o | Ny
=]

=

[\V]
——

Nl\)

2
2 2
picrz c1 1
= ]_ —_— —
+ 5 + { <CQ 9 > +
D ORI & I PR GPz | G b8y, (2.4)
PR 272 ) 2 "8
It is known that
p(z) = 1+ Zﬁnz"
n=1
o0
= 1+ (ug +u2)Tz 4 (ug +uz)r?2* + Z(Un_g, F Un—o + Up_1 + uy) 72"
n=3
= 1472437222 4432 + 772 115525 4+ (2.5)

This shows that the relevant connection of p with the sequence of Fibonacci num-
bers u,, such that ug = 0, u3 = 1, up42 = up + upy1 for n = 0,1,2,.... Thus,
ﬁl =T, ﬁg :37'2 and

Pn=(Un—1+Un41)T" = (Up—3F+Up—2+Up_1+u,)T" =TPr1+T2Pn—2 (n=3,4,5,...).

If p(2) = 1+ p12 + p2z? + - - -, then using (2.4) and (2.5) , we have
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and

bs = % (C?’ — et f) T+ gcl (62 - cj) 24+ %C:{’T?’. (2.8)
Hence
szég) =1+ asz + (2a3 — a2)22 + (3a4 — 3asaz + a3)23 + -+ = 1+ prz + poz® + - -
and

_pitp P+ 3pip2 + 2ps3
frd 72 3 (1,4 = 6 .

Therefore, we have

lagay — ag\

1
=15 [Pt = 4pips + 33|
1

4 3 2 2 3.3
_ 4 T B c 31T o T
12167 20”{2 (63 crea 4) T (CQ 2 > T }

2 222
T ci 3ciT
3= -4

72| (3c  3c3 c cf 3 2\?
=13 (41—41(02—21>)T+21—01€3+C%62+4<02—21> . (2.9)
It is known (1.2), that
VneN, 7= — —an, an=-"t lim 2=l = |7 ~0.618. (2.10)
Up, Up, n—oo Uy

Applying (2.10) gives

4
3 c 3 9 c? 2—-3xy 4
+ZCQ (CQ - 2) + §(2xn —1Deg | ea — 5 + — Al
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Now, applying the triangle inequality, (1.4), (1.5) and (1.6) gives

2 4 2 2 n
5 7% 3¢1 3¢5 A\ |7]
_ < |2 g B S I N S
la2as a5l < 51— (02 2) Un,
A 4 3ol |en - 4
— C Ci1Co9 — C —|C Co — —
12 1 1€2 3 4 2 2 2
3 c 2 —3x,
+§(2xn—1)\65| co 51 + |1|4}
o T3 3d CQ_ﬁ I
= 204 4 AR

3 c1)? 2 —3x,
+ *(2In7 1)‘Cl|2 (2 | 1| >+ 4 |Cl|4}7

because by (2.10), we have x,, — 0.618 so 2z, — 1 > 0, 2 — 3z,, > 0 for sufficiently
large n. So, in above calculation, in the last line, we have got a function of variable

le1] =: y € [0,2] and after elementary calculations we can get that
3 y? 3 9 y? 2—-3x, 4
o (22 4222, — 1 22 =12—12z,, at y = 2.
yrél[gf;]{ y+2( 2)Jrg(u’ff )y 5 )t v T at y
(2.11)
Furthermore, it is clear that
. |3ct 3¢2 AN |rn
AT T\ 2 )| ey 70

and (2.10), (2.11) give

, 3 > 3 9 y? 2— 37, 4
I o+ (2-L) 4 2@, — 12 (2L )+ 220
ngﬂo[yrél[%fé]{ y+2< 2)+8( T = Ly > )T 1 Y

=12 — 12|7| = 1272,
so we have

2
Ao0y — a2l <0+ 7-—127'2 =7
3 12

If we take in (2.2)

1
h(z):¥:1+22—|—2z2—|—...,
-z

then putting ¢; = co = ¢3 = 2 in (2.9) gives
2 2
2 _ T _T 21 _ 4
lasas — az| = - [127 4+ 12| = - |1272| = 7.

and it shows that (2.1) is sharp. It completes the proof. O
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Theorem 2.2. If f(z) = z + az2% + ... belongs to SL, then
|a2a3 — a4| S |T|3. (212)

The bound is sharp.

Proof. Let f € SL and p € P where p(z) = 1+ p1z + p222 + -+ . From (2.6), (2.7),
(2.8) and

) =1+ agz + (2a3 — a3)2* + (3a4 — 3azaz + a3)z® + -+ =1+ p1z + paz® + -
we have
L o3
G203 — a4 = g(m — p3)-

So we obtain

1
lagas — a4| = 3 ’pi’ —p3‘

1 0113 3 1 c:{’ 3 cf 9 144
=3 gr ) 03—0102+Z T—§C1 02—5 T —5017
1 1 c% 1 7 35 3
=—|q - - = — — - - —c] — — . 2.1
3 ‘{401 <cz 2) + 5 (c1ca — ¢3) 40162}7’+ 861 26102 (2.13)
Applying (2.10), we have
‘ ‘ _ 1 1 c% n 1 ( ) 7 7"
aoa3 aq| = 3 401 C2 9 2 C1Co C3 46162 "
461 C2 9 In B C1Co C3) Ty 461021‘“ 881 26102 .
11 c n 1 ( ) 7 "
-3 401 C2 9 2 C1C2 — C3 40102 o,
1 3 2
+§ (03 —2c109 + C?) T, + ch <02 — 621) T
5 3 c? 3
+chchn - ch <02 - 21) - 10162 (2.14)
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Now, applying the triangle inequality, (1.4), (1.5),(1.6) and (1.7) gives

| PRE c2 iy )T B
G903 — @ — e e — = —(c1c9 —c3) — —cico p| —
203 ds3zgal 23 g 162 = C3) = yercz |

1 3z, — 3 2 5r, — 3
+§|03—20102+c?|xn+7| x4 ||61\ 027% | m4 ||cl|\02\

1 1 2 1
< 3 ‘{461 (62 - 021> + > (crea —c3) — 16102}

1 3z, —3 c)? 5r, — 3
# g les—2erca + e+ 202y (2 9B o eallea

4 2 4
<1 1c c—ﬁ +1(cc—c)—zcc I
Sz le—3 g \c1c2 =€) = yercap| 2
3—3x,

+z, + xp|er] — 3 le1]?, (2.15)
because by (2.10), we have z,, — 0.618 so 3z, — 3 < 0, 5z, — 3 > 0 for sufficiently
large n. If we put |¢1] =: y € [0, 2] then and after elementary calculations we can get
that h(y) =z, + 2,y — (3 — 33,)y>/3 increases in [0, 2]. Therefore,

3—3x,
h(y)} = -y =6x, —3 at y=2.
yrg[gf;]{ ()} max {xn + Ty g Y } Tn—3 at y

Because
n
g

i 1 c +1( ) 7
n1—>ngo 401 C2 B ) C1C2 C3 46102

n

and by (2.10)

3 — 3z,
lim {max {xn + Xy — xy?’}] =6|7| —3=—-3(2r +1) = =373 = 3|73,
n—o0 [y€(0,2] 8
we have 5
3|t
lagas —aq] <0+ % =7
If we take in (2.2)
1
h(z) = te =14+22+222+...,
then putting ¢; = c2 = ¢3 = 2 in (2.13) gives
lagas — ay4| = |73
and it shows that (2.12) is sharp. It completes the proof. O

Now, we can obtain an upper bound for |H3(1)| in the class SL as follows:
Theorem 2.3. If f(z) = z + a2z + ... belongs to SL, then
[H3(1)] < 207°. (2.16)
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Proof. Let f € SL. By the definition of third Hankel determinant,

a1 a2 as
H3(1)=| ay a3 a4 | =az(azay —a3) — as(ay — asas) + as(az — a3)
asz a4 G5
where a; = 1, we have

[H3(1)| < las|lazas — a3| + |aallas — azas| + |as|las — a3]. (2.17)

Considering Lemma 1.4, Lemma 1.5, Theorem 2.1 and Theorem 2.2 in (2.17), we
obtain

|H3(1)] |asllazas — a3| + |aal|as — azaz| + |as||az — a3
27274 1 373|173 + 572372

2075,

VANVAN

3. Concluding, Remarks and Observations

In our present article, we have obtained sharp estimates of the third Hankel deter-
minant for the class SL of analytic functions related to shell-like curves connected
with the Fibonacci numbers. Firstly, we have proved a conjecture given in [17] for
sharp upper bound of second Hankel determinant. Secondly, we have obtained an-
other sharp coefficient bound which will be used in the problem of finding the upper
bound associated with the third Hankel determinant Hs(1) for this class. Lastly, we
have given an upper bound for functional |H3(1)| in the class SL.
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