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1. Introduction

In [1], sufficient conditions for solutions of the (NDEs) form

%(x(t) +e(t)a(t — 7)) +p(H)(t) + q(H)z(t — o) = 0

to tend zero as ¢t — oo are established.

In [4, 8, 10, 15, 17], it was considered a (NDE),

%(w(t) +px(t— 7)) = —ax(t) + btanh(z(t —0)) =0

and the asymptotic stability (AS) of solutions are investigated.

(2)

In addition, some qualitative behaviors of solutions of equation (2) or some differ-
ent models of that (NDE) were investigated in the relevant literature; for example,
(S), (AS), (ES) in [2, 6, 9, 11, 14, 16, 17-25], (GES) in [3], asymptotic behaviors in

[13], oscillation and non-oscillation in [5, 7] and so on.
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In this paper, we deal with the following (NDE) with different variable delays:

2

2
% [m(t) + Zpi(t)m(t - Ti(t)):| +a(t)h(x(t)) — Z bi(t) tanh x(t — 0;(¢)) =0, (3)

=1

for t > 0 where a;,b; : [0,00) — [0,00) are continuously differentiable functions and
2?21 a?(t) < 1. The functions 7;(.) : [0,00) — [0,7], (1 > 0) and o;(.) : [0,00) —
[0,04], (o; > 0) are bounded and continuously differentiable, and the functions h,
p1 and pg are continuous with h(0) = 0. Let r; = max{rn,0;} > 0, (i = 1,2).
Let g1, p2, s, pa € (0,1) be positive constants such that 71 (t) < p1, 75(t) < ua,
o (t) < ps and o4(t) < pa. For each solution of (NDE) (3), we suppose that

xo(0) = ¢(0),0 € [-r;,0], where ¢ € C([—r;,0]; R).

2. Stability Result

Our stability result is given below.
Theorem. Let K, ag, a1, a2, a3 and ay be positive constants. The zero solution of
(NDE)(3) is global exponential stable if the following matrix inequalities hold:

Qi Q2 Yz Qg Q5 0
¥ Qoo Qg oy Q5 0O
_ * Q33 Qaq Q35 0O
= * * * Quu 0 0 <0,
* * * x  Qs5 0
* * * * *  Qgo
Ay A Az Ay A 0
¥ Agy Agg Agy Aps 0
. * * Agg A34 A35 0
A= * * x Ay 0 0 <0, (4)
* * * x  Ass 0
* * * * *  DNgs
where
~ [h(x)zTl, xz#£0
M) = {h’(O) , =0
and

h(z)

2 2
AL+ ag A KT 4 g\ e2Kai
. M 1 12 + a3 12

=1 i=1

QH :2K(10)\1 — 2a(t)a0
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g 2 a )\ 2
271 2Kt 4 2K€71 B
+ ¥ ;(e Z::
h(x
Q10 =2\ Kagpy (t) - Alaoa(t) (m )pl (t),
h(z
ng 22)\1Ka0p2(t) — Alaoa(t) EU )pQ(t)’

Q14 =A10b1 (1),

Q15 =M aoba(t),

Qo =20 Kagp? (t) — a A (1 — py),
Qa3 =2\ Kagp (t)pa(t),

Qog =M aopr (t)b1 (),

Qa5 =A1app: (t)ba(1),
Q33 =2\ Kogpa(t) — ar A1 (1 — pz),
Q34 =A1aopa(t)bi(t),
Q35 = \1opa(t)ba(t),
Qug = — azAi (1 — pa),
Q55 = — azAi(1 — pa),
Qge = — a2,

2 2
A =2Kap)s — 2a(t)ag z) A2 + a1 Ag ZeQK” + 3o ZeQK”’L',

=1 i=1
2 2
OZZA Z 2KT; 014)\ Z 2Ko;
h
Az =20 Kagpi(t) — A2a0a(l) f)m(t),
h(z)

Az =2 2 Kagpa(t) — )\gaoa(t)sz(t)a

A14 :)\anbl (t),
ANE :/\zaobz( )

Agy =2Xa Kagpi(t) — azAe(1 — p1),
Aoz =2 K oop1 (t)p2(t),

Aoy =Xaaop1 ()b (1),

Ags =Aaaqp1(t)ba(t),

Aszz =2Xa Kagp3(t) — aiAi (1 — pa),
Azy =Xaagp2(t)bi(t),
Ass =Xoagpa(t)ba(t),
Ags = — azAa(1 — pa),
Ass = — azAa(1 — pug),
Agsg = — a0y,

1 = 1 o

=3 == | =1,2).
A1 271 +o; A2 S, (1=1,2)
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Proof. Choose an auxiliary functional, that is, Lyapunov functional (LF) by

2
V() = Vi(t.a) = #ag ol +sz ot = ()]
2 t
+a Z 2K (s+7i) (S)dS
=l L
9 0t
+a22// K022 (5)dsdo
i
2 t
+az / 20 tanh? 2(s)ds
z:ltiai(t)
0
+a42// 2K(=0) tanh? x(s)dsdd,
fcr t+6

where a; € R, (1 =0,1,...,4), a; > 0, and we choose them later.
The calculation of derivative of (LF) V(.) with respect to the (NDE) (3) gives that

Cﬂgt(')QKethao{ +sz w(t —7i(t ))}2

+ 22Kt [ +Zpl ot — 7( ))]

2
X { —a(t)h(z(t)) + Z b;(t) tanh x(t — ai(t))}
i=1
2
+ o Z T 22(1) — oy Z (1 — 7} (1)K E=mOF7) 2 (1 — 7,(1))
=1
o 2 2
_f2 2Kt 2K (t+7i)1,.2 _ 2Kt 2
QK-l[e e Ja2(t) — age Z; 22 (s)ds
= = t—Ti

2
+og Z K93 tanh? 1 (t)

i=1

- ag,z )e2K(t=oi®+o0) tanh? 1 (t — o,(t))
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2 2 1

— 2%4{ [t — 2K (H)] tanh? 2(t) — aue?? Z tanh® z(s)ds

= 2Ke*Ktag 22 (t) 4 2x(t)p1 () (t — 71(t)) + 2z (t)pa ()2 (t — To(t))]
+ i (8)2?(t — 71 (t)) + p3a’(t — 7(t))
+ 2p1 (t)p2(t)z(t — 71(2))x(t — 2(t))

1 262K, [ _ a(t)%w)lj(t) + z(t)b1 () tanh z(t — o1 (t))

+ x(t)ba(t) tanh x(t — o2(t)) — a(t)@x(t)pl(t)x(t —71(t))
o)™ a1yt — (1)

+ (p1(®)z(t = (1)) + pa(H)(t — 72(1))) (01 (t) tanh z(t — o1 (¢))

+ by(t) tanh z(t — oo (t)))}

2
+ o Z BT 224 — ay (1 — 71 (2))e2 KO+ 12 (4 — 7 (1))
=1
— (1 — 74(t))e2KET2OF72) 2 (4 1) (1))

2 2 t

Q2 2Kt 2K7; 2 2Kt 2
+ Yo ;[e —1]z%(t) — ase Z x“(s)ds

7::1t7’7'i
2
+ a3 Z 2Kt tanh? 1 (t)
i=1
— as(1 — o (t))e2KE=1O+o) tanh? 2(t — 01 (1))
— asg(1 — oy (t))e2KE=o2(OF02) tanh? 1(t — oy (t))

2 2 1

4 oKt 2Ka; 2 2Kt 2
+ K¢ ;[e — 1] tanh® z(t) — aue Z tanh” z(s)ds.

)
)

=1y %y
The assumptions of the theorem implies

— (1 =7 (1)) < oy (1 — )
—ar (1 —m3(t)e* 0 < —ay (1 - po)
— ag(1 — o () =70 < —ag(1 — p)

and

— a1 — o5(t))e” (27720 < —ag(1 — pg).
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Then,

w < 2K e*Ktqy [x2 (t) + 2z(t)p1 () (t — 11(t)) + 22(t)p2(t)x(t — 12))

dt
+pi()a?(t = (1) + p3(t)a (t — ma(t))
+ 2p1(O)p2(t)2(t — 71 () 2(t — 72(t))

1+ 262Kty | — a(t)@ﬁ(t) + x(t)by () tanh 2 (t — o1(t))

h(x)

+ x(t)ba(t) tanh x(t — o2(t)) — a(t)Tx(t)pl(t)x(t —7(t))

——z(t)p2(t)x(t — 72(t))

+ p1(t)b1(t)x(t — 71(¢)) tanh z(t — o1 (¢))
Ye(t — 71 (t)) tanh x(t — o2(t))

t)by (t)x(t — 72(t)) tanh x(t — o1 (t))

) (1)) ( (1))

Hba(t)x(t — (1)) tanh x(t — o9

+alze2K(t+n)x2(t) 2Kt(l — )z (t_Tl(t))
i=1
K1 — po)a?(t — ma(t))

2 2

Q2 oKt 2K, 2 2Kt 2
+55¢ [e —1]z*(t) — age Z x*(s)ds

— o

i=1 =1, 7,

2
+ag Z 2 tanh? (1) — aze?XH(1 — pg) tanh? z(t — o1 (1))
i=1
— a3e?®(1 — py) tanh® 2(t — o2(t))
2

N 20% 2Kt ;[eZKw — 1] tanh? z(t)

— oKt Z tanh? z(s)ds.

Since
tanh? < mz,
then
2

av(.) h(z) 2 o
: 2Kt 2K 2 2K
— <e*Y[2Kap — 2aoa(t)7 +a ;:1 e + K ZEzl(e -1)
s &
+as § :eQKcr 4 (€2Kai _ 1)]332@)
i=1



On the Exponential Stability of a Neutral Differential Equation of First Order 101

>
—~

+ [AK agp1(t) — 2a0a(t)7x)p1 ®)]z(t)(t — 71(t))

M) a0~ 72(0)

(
+ 201 (t)x(t) tanh z(t — o1(1))
+ 2a0bo (t)x(t) tanh z(t — o2(t))
+[2Kaopi(t) — an (1 — m)]a®(t — 7 (1))
+ 4K aopa (t)p2 (1) z(t — 71.(8))x(t — 72(t))
+ 200p1 (£)b1 (B)z(t — 11(¢)) tanh x(t — o1 (¢))
+ 2c0p1 (£)ba(t)x(t — 71 (t)) tanh x(t — o2(t))
+[2Kaop3(t) — an (1 — po)]a®(t — 72(t))
)b ( )
(t

+ [4K agpz(t) — 2apa(t)

+ 2a0p2 ()b (t)x(t — 12(t)) tanh z(t — o1 (t))
+ 200p2(t)b2(t)z(t — T2(t)) tanh x(t — o2(t))
— as(1 — p3) tanh? 2(t — o1 (1))
— as3(1 — pg) tanh? 2(t — o9 (t))

2 t

(
)b
£)bs

Then,

t t
avy(. 21 |
Céézn/mwmmmwgm/ﬁhmwmm
= t—o;

where

E1(t,s) = [z(t),z(t — 11(t),z(t — 72(t)), tanh z(t — oy (1)), tanh z(t — o2 (1)), z(s)]T
and
&(t,s) = [z(t), z(t—11(t)), 2(t—To(t)), tanh 2(t — o1 (t)), tanh 2:(t — 02 (¢)), tanh (s)] T .

() < 0, which implies that V(.) < V(0,2(0)). In view of

From (4), we have ‘gt
4¢

the (LF ), we find

V(0,2(0)) = aofw(0) + > pi(O)a(~ri(O)F + a1 Y / 2K+, (5)ds

- —Ti (0)
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5 00 5 0
+ ao Z / /€2K s)dsdf + as Z / K(s+:) tanh? (s)ds
i:l_n 0 = 1_0 (0)

+oz4z / / 2K (=0) tanh? z(s)dsd6.

It is also obvious that

+sz —7;(0))]* = ao[2(0) +2$(0)ZP1‘(0)$(—T¢(0))

If we use the inequality

then

In view of the assumption Y, p2(t) < 1, it follows that

)+ sz —7i(0))]* < ao[32%(0) + 32°(—71(0)) + 32%(—72(0)))]
<9ap sup [p(0)f,
06[*7‘1',0]
2 9 0
o Z / 2K(s+n)$2(8)d8 <ag Ze2K” / f sup0 . 2Kl 2(t)ds
=1_"0) i=1 ) te[—:(0),0]
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2
—a Y sp PR (1)7(0)

te[—7:(0),0]

2
<o Z 2Erip, sup 2Kt (1)
; te[—7;(0),0]

2
<ary e sup [g(0)),
P

06[77‘.“ ]

0
[ sup 2 /eQK(g 6’)ds
s€1[0,0] 9

IN
|

1 20y, —2K0
ZKOLQZ/ sup z“(s)e de

i:l_,,_ €[-0,0]

1

IN

< ez ) €FT sup [9(0)),
4K2 Z ae[ T“ ]| ( )|

0 9 0

2
ag Z / 2K+ tanh? z(s)ds < asg ZeQKC” / e?K522(s)ds

—0:(0) i=1 —0:(0)
0

IN

te[—o;(0),0]

—0; 0

2
a3 Z 2o sup  e2K22(1)0;(0)
. te[—o4(0),0]

2
< az Z€2K”T1 sup 2Kt 2(t),
: te[—o0:(0),0]

0

0
0442/ sup z?2 /ezK(g g)ds
—0 6

IN

=1, s€1[6,0]

5 0 0
Oé4Z//€2K(S_9) tanh? z(s)dsdf
0

103

1 T,
0522 bup 2[ 4K2+—4K262K’]

2
a3 Z e2Koi / sup  e2Klz%(t)ds
i=1
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2
1 1
< 0 2 2Ko;
S O e

1 2Kr; 2
<—=ag )y e sup |p(0)]°.
< e Z S Lo

Hence,
9 0
V(Oa .13(0) + sz z )]2 + ay Z / €2K(S+Ti)l'2 (S)dS
i=1
7TL(0)
5 0 0 ) 0
+tog Y / /eZK(S‘O)xz(s)dsde +tazy / 2K (03 tanh? o(s)ds
=lor b i=1*0i(0)
5 0 0
+ay Z / /eQK(S_e) tanh® z(s)dsdd
i:l_m 6
2
2Kr; 2KT.L 2
< [9ag + (a1 + as) Zl rie* T 4 (g + a4)4 Z Zl ees[lrlgo]
=M.
We can now write
|x+sz 7i(t))? < Mye

where M; = aMo > 0. For Ve € (0, min{2K, —2 log |p;(t)|}) and v > 0, the inequality
ry < wva? + %y2 for any z,y € R implies that

2

1+U
EtZ|pz z(t — 7i( ))|2

+sz t_Tz )

1+U er; e(t—T;
< (L o)My+— S I (et

=1

e < (1 +w)

And from Ve € (0, min{2K, —2 log |p;(t)|}), we have Z?:l Ipi(t)|?e™ < 1. Thus, if
we choose v > 0 sufficiently large, then it follows that

2 2 eT;
. i (T 1+ K
Zz_l ‘p ( )| ( 'U)e < 1'

v
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Therefore,
2
e < (1+v)M; + fyz lz(t — 7;(2))|2es ) (VT > 0),
i=1
sup {e”[z()]*} < (L+0)Mi+v sup |p(0)]* +~ sup {e[z(t)]*}, (i=1,2).
0<t<T 6€[r;,0] 0<t<T

Consequently, we obtain

(1+v) My + 7 supgey,, o lp(0)?

sup {e*[z]*} < , (i=1,2).
0<t<T 1—7
When 7" — +o00, we can find that
14+ v)M;1 + vsupgey,. 9)|?
sup {e!|e(t)?) < ( YM1 + v supgeyy, o7 [0(0)] =12
0<t<oo 11—«
Thus,
2| < Mye™ ",
where
14 v)My + v supgey,. 0)|?
M, = ( JMy + pee[l,o]|90( )l >O,a:§>0, (i=1,2).
1—7 2
This ends the proof. O
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