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ABSTRACT: The main purpose of this paper is to study the controlla-
bility of solutions of the differential equation

PO+ Aa () f5 o+ A @)+ Ao (2) =0,

In fact, we study the growth and oscillation of higher order differen-
tial polynomial with meromorphic coefficients in the unit disc A =
{z:|2| < 1} generated by solutions of the above k" order differential
equation.
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1 Introduction and main results

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution theory on
the complex plane and in the unit disc A = {z : |z| < 1} (see [13],[14],[18],[20]). We
need to give some definitions and discussions. Firstly, let us give two definitions about
the degree of small growth order of functions in A as polynomials on the complex
plane C. There are many types of definitions of small growth order of functions in A
(see [10],[11]).

Definition 1.1 ([10],[11]) Let f be a meromorphic function in A, and

D(f):= limsupT(T’{) =0b.
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If b < 0o, we say that f is of finite b degree (or is non-admissible). If b = co, we say
that f is of infinite degree (or is admissible), both defined by characteristic function

T(r, f)-

Definition 1.2 ([10],[11]) Let f be an analytic function in A, and

Doy (f) o= lim sup 28 M (1)

or 1 =a< oo (ora=o0),
r—1- g1

then we say that f is a function of finite a degree (or of infinite degree) defined by
maximum modulus function M (r, f) = ‘m‘ax If ().

Now we give the definitions of iterated order and growth index to classify generally
the functions of fast growth in A as those in C (see [4],[17],[18]). Let us define
inductively, for r € [0,1), exp; r = " and exp, ;7 = exp (expp r),p € N. We also
define for all r sufficiently large in (0, 1), log; 7 = logr and log,, ; 7 = log (logp r) ,DE
N. Moreover, we denote by exp,r = r, logyr = r,exp_; r = log, r,log_; 7 = exp; r.

Definition 1.3 [5,6] The iterated p—order of a meromorphic function f in A is
defined by

Jr
oo () = limsup 22 L)

(p>1).
r—1- 1Og1_ir

For an analytic function f in A, we also define

log. , M (r,
pM,p(f):limsup—gerl 1( L (p>1).
r—1- log 1—r

Remark 1.1 Tt follows by M. Tsuji in [25] that if f is an analytic function in A, then
p1(f) < pua(f) < pr(f) +1.
However, it follows by Proposition 2.2.2 in [18]

PM,p(f):Pp(f)v(pZ@-

Definition 1.4 [5] The growth index of the iterated order of a meromorphic function
f(2) in A is defined by

0, if f is non-admissible,
i(f)=1< min{j € N,p; (f) < oo}, if f is admissible,
+00, if p; (f) = oo for all j € N.

For an analytic functionf in A, we also define

0, if f is non-admissible,
iv (f) =4 min{j € N,pap; (f) < oo}, if f is admissible,
+00, if parj (f) = oo for all j € N.
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Definition 1.5 [3, 15, 20] The iterated p—type of a meromorphic function f of iterated
p—order p (0 < p < o0) in A is defined by

7 (f) = limsup (1 — r)pp(f) log;;_l T(r,f).

r—1-

Definition 1.6 [7] Let f be a meromorphic function in A. Then the iterated p—con-
vergence exponent of the sequence of zeros of f (z) is defined by

log;r N (r, %)
Ay (f) =limsup———~
b ( ) r—1- log 1ir

where N (r, %) is the counting function of zeros of f(z) in {# € C : |z| < r}.

Similarly, the iterated p—convergence exponent of the sequence of distinct zeros of

f (2) is defined by
_ log;r N (r, %)
Ap (f) = limsup———7—+,

r—1- log 1—r

where N (r, %) is the counting function of distinct zeros of f (z) in {z € C: |z| < r}.

Definition 1.7 [7] The growth index of the convergence exponent of the sequence of
the zeros of f(z) in A is defined by

0, if N (r,%) =0 (log 1—;),
ix(f) = min {j € N, \; (f) < oo}, if some je N with A; (f) < oo,
+00, if \;j (f) = o0 for all j € N.

Similarly, we can define the growth index of the convergence exponent of the
sequence of distinct zeros ix(f) of f(z) in A.
Consider the complex differential equation

FO + A () f* Y 4 A () 4+ A (2) f=0 (1.1)
and the k" order differential polynomial
gk = def® + dp1 fEY -+ dof, (1.2)

where A; (=0,1,--- ,k—1) and d; (¢ =0,1,---,k) are meromorphic functions in

A.

Let £ (G) denote a differential subfield of the field M (G) of meromorphic functions
in a domain G C C. If G = A, we simply denote £ instead of £ (A). Special case of
such differential subfield

Lp+1,p ={g meromorphic: ppy1(9) < p},
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where p is a positive constant. In [7], T. B. Cao, H. Y. Xu and C. X. Zhu studied
the complex oscillation of differential polynomial generated meromorphic solutions of
second order linear differential equations with meromorphic coefficients and obtained
the following results.

Theorem A [7] Let A be an admissible meromorphic function of finite iterated order

pp(A) =p >0 (1<p<o0)in the unit disc A such that § (00, A) = lim}nf’;((:’ﬁ)) =
r—1- ’

0 >0, and let f be a non-zero meromorphic solution of the differential equation

fTHAG) =0,
such that 6 (oo, f) > 0. Moreover, let

k
Pif]=> pifV
=0

be a linear differential polynomial with coefficients p; € Lpi1,p, assuming that at least
one of the coefficients p; does not vanish identically. If ¢ € Lyi1,, is a non-zero
meromorphic function in A, and neither P [f] nor P[f] — ¢ vanishes identically,
then we have

i(f)=ix(Plfl-p)=p+1
and
X;D(P[f]_<%7):perl(f):pP(A):p
if p>1, while
pp (A) < Xpi1 (P If] = @) < ppy1 (f) < pp (A) +1

if p=1.
Remark 1.2 The idea of the proofs of Theorem A is borrowed from the paper of

Laine, Rieppo [19] with the modifications reflecting the change from the complex
plane C to the unit disc A.

Before we state our results, we define the sequence of meromorphic functions a; ;
(j=0,---,k—1)in A by

o = a;;j—l +05i71,j*1_Ai05k71,j*15 for all i = 15 7k_17 (1 3)
J 0461j71 — A()O[kflyj,l, fori=20 ’
and
Oéi)ozdi—dkAi, fori:O,---,k—l (14)
we define also hi by
Q0,0 Q1,0 - Og—1p0
@0,1 11 B Q1,1

hy =

Qo k-1 Q1 k—1 - - Ok—1k—1
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and ’(Z)k (Z) by
Ui (2) = Cop+Cr’ + -+ Okilw(kfl),

where C; (j =0,---,k — 1) are finite iterated p—order meromorphic functions in A
depending on «; ;, and ¢ # 0 is a meromorphic function in A with p, () < oco.

The main purpose of this paper is to study the controllability of solutions of the differ-
ential equation (1.1). In the fact we study the growth and oscillation of higher order
differential polynomial with meromorphic coefficients in the unit disc A generated by
solutions of equation (1.1).

Theorem 1.1 Let A; (z) (i =0,1,--- ,k — 1) be meromorphic functions in A of finite
iterated p—order. Let d; (z) (j =0,1,--- ,k) be finite iterated p—order meromorphic
functions in A that are not all vanishing identically such that h £ 0. If f(2) is an
infinite iterated p—order meromorphic solution in A of (1.1) with pp+1 (f) = p, then
the differential polynomial (1.2) satisfies

pp (gk) = pp (f) = o0

and
ppt1 (gr) = ppy1 (f) = p-

Furthermore, if f is a finite iterated p—order meromorphic solution in A such that

pp(f)>max{pP(Ai) (i:0,1,~-~ ak_l)app(dj> (]:Oalv 7k)}7 (15)

then
Pp (9k) = Pp (f)-

Remark 1.3 In Theorem 1.1, if we do not have the condition h # 0, then the
conclusions of Theorem 1.1 cannot hold. For example, if we take d; = dipA;
(t=0,---,k—1), then h = 0. It follows that g = 0 and p, (gx) = 0. So, if f (z) is an
infinite iterated p—order meromorphic solution of (1.1), then p, (gx) =0 < p, (f) =
00, and if f is a finite iterated p—order meromorphic solution of (1.1) such that (1.5)
holds, then p, (gx) =0 < pp (f).

Theorem 1.2 Under the hypotheses of Theorem 1.1, let ¢ (z) Z 0 be a meromorphic
function in A with finite iterated p—order such that Yy, (2) is not a solution of (1.1).
If f(z) is an infinite iterated p—order meromorphic solution in A of (1.1) with
pp+1 (f) = p, then the differential polynomial (1.2) satisfies

Ap (g — ) = Ap (g —0) = pp (f) = 00

and

Apt1 (G — ) = Apy1 (gr — ) = p.

Furthermore, if f is a finite iterated p—order meromorphic solution in A such that

pp(f)>max{pp(Ai) (izovlv"'vk_l)vpp(dj) (j:()vla"'vk)vpp((p)}v (1'6)
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then _
Ap (gr =) = Ap (g — @) = pp (f) -
From Theorems 1-2, we obtain the following corollaries which have been proved
in [23].

Corollary 1.1 [23] Suppose that A (z) is admissible meromorphic function in A such
that i (A) =p (1 <p < o0) and 6 (00, A) = > 0. Let d; (2) (j =0,1,--- , k) be finite
iterated p—order meromorphic functions in A that are not all vanishing identically
such that h Z0, and let f be a nonzero meromorphic solution of

Ff® L AR f=0. (1.7)
If §(oo, f) > 0, then the differential polynomial gr satisfies i(gr) = p + 1 and
Pp+1 (9k) = pp+1 () = pp (A) if p > 1, while
pp (A) < ppy1(9) = ppr1 () < pp (A) +1
if p=1.

Corollary 1.2 [23] Under the hypotheses of Corollary 1.1, let ¢ (z) £ 0 be mero-
morphic function in A with finite iterated p—order such that vy (z) £ 0. Then the
differential polynomial (1.2) satisfies

Apt1 (g — @) = Apr1 (g — @) = pp+1 (f) = pp (A)
if p> 1, while
Pp (A) < Aps1 gk — ©) = Aps1 (g — @) = pps1 (f) < pp (A) +1
if p=1.

Remark 1.4 The present article may be understood as an extension and improvement
of the recent article of the authors [23] from equation (1.7) to equation (1.1). The
method used in the proofs of our theorems is simple and quite different from the
method used in the papers of Laine and Rieppo [19] and Cao, Xu and Zhu [7].

We consider now the differential equation
fI/+A1 (Z) fl—l—Ao (Z)f =0, (18)

where A; (2), Ao (2) are analytic functions of finite iterated p—order in the unit disc
A. In the following we will give sufficient conditions on A; and Ay which satisfied
the results of Theorem 1.1 and Theorem 1.2 without the conditions ” hx £ 0” and ”
¥y (2) is not a solution of (1.1) 7 where k = 2.

Corollary 1.3 Let Ai (z), Ao (2) (# 0) be analytic functions in A such that p, (Ao)
p(0<p<oo), p(A) =7 (0<T<00), and let p, (A1) < pp(Ao) or 7, (A1)

Al
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Tp (Ao) if pp(Ao) = pp (A1) . Let da, d1, do be analytic functions in A such that at
least one of da, di, dy does not vanish identically with max{p, (d;) (j =0,1,2)} <
pp (Ao) . If f #0 is a solution of (1.8), then the differential polynomial go = daf" +
dif' +dof satisfies ppt1(92) = ppt1 (f) = pp (Ao) if p> 1, while

Pp (Ao) < ppy1(92) = pp+1 (f) < max{pr (4;) (j=0,1)}
if p=1.

Corollary 1.4 Let A; (2), Ao (2) (# 0) be analytic functions in A such that p, (Ag) =
p (0<p<o0), (A =7 (0<7<00), and let p, (A1) < pp (Ag) or 27, (A1) <
Tp (Ao) if pp (Ao) = pp (A1) . Let da, d1, do be analytic functions in A such that at
least one of da, d1, dy does not vanish identically with max{p, (d;) (j =0,1,2)} <
pp (A1), and let ¢ (z) # 0 be analytic function in A of finite iterated p—order such
that 1o (2) £ 0. If f % 0 is a solution of (1.8), then the differential polynomial
go = dof"” +dif +dof satisfies

Apt1 (92 = ) = Xpt1 (92 — @) = ppr1 (F) = pp (Ao)
if p> 1, while
pp (A0) < Xpt1 (92 = ) = Ap1 (92 — ©) = pp1 (f) < max{pu (4;) (5 =0,1)}
if p=1.
Remark 1.5 For some papers related in the complex plane see [19,22,24] and in
the unit disc see [7,9,12].

2 Auxiliary lemmas

Lemma 2.1 [8] Let Ag, A1, ,Arp—1, F £ 0 be meromorphic functions in A, and let
f be a meromorphic solution of the differential equation

FO 4+ Aa ) S5V 4+ AL )+ Ao (2) f = F () (21)
such that i (f) =p (1 <p < o0). If either

max{i(4;) (7=0,1,--- ,k—1),i(F)} <p

max {p, (4;) (J=0,1,--- k=1),p, (F)} <pp(f),
then
ix(f)=ix(f)=i(f)=p
and
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Using the same arguments as in the proof of Lemma 2.1 (see, the proof of Lemma 2.5
in [8]), we easily obtain the following lemma.

Lemma 2.2 Let Ay, A1, -, Ax—1, F £ 0 be finite iterated p—order meromorphic
functions in the unit disc A. If f is a meromorphic solution with p,(f) = oo

and pp11 (f) = p < 0o of equation (2.1), then A\, (f) = Ap (f) = pp (f) = 00 and

Ap+1 (f) = Apt1 (f) = ppt1 (f) = p

Lemma 2.3 [5] Let p > 1 be an integer, and let Ao(z), -+, Ak—1(z) be analytic
functions in A such that i (Ag) = p. If

max{i(4;):j=1,--- [ k—1} <p

or
max{p, (A;):j=1,---,k—1} < pp (Ao),

then every solution f # 0 of equation (1.1) satisfies i (f) = p+ 1 and p, (f) = o0,

pp (Ao0) < ppt1 (f) = praptr (f) < max{prrp (45) 17 =0,1,--- k= 1}

Lemma 2.4 [3] Let f and g be meromorphic functions in the unit disc A such that
0< pp(f),pp(g) <ooand 0 <1, (f),7p(9) < co. Then we have
(1) If pp (f) > pp(g), then we obtain

™ (f+9) =7 (f9) =7 (f).
(65) 1 pp (/) = pp (9) and 7, () # 7 (g) » then we get

Pp(f+g)zpp(fg):Pp(f):/’p(g)-

Lemma 2.5 ([14]) Let f be a meromorphic function in the unit disc and let k € N.

Then
f(k)
m(ruT) :S(’f',f),

where S (r, f) =0 (10g+ T(r, f)+ log (TL)) , possibly outside a set Ey C [0,1) with
fEl Ar < oo, If f is of finite order of growth, then

= m<r$) :o(log (1—i7~)>

Lemma 2.6 [2] Let f be a meromorphic function in the unit disc for which i (f) =
p>1and p, (f) =5 < o0, and let k € N. Then for any € > 0,

(k) o
" ( fT) -0 (p (k’g 12) )

for all r outside a set Ey C [0,1) with sz % < o0.
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Lemma 2.7 Let f be a meromorphic function in A with iterated order p, (f) = p
(0 < p < o0) and iterated type 7, (f) = 7 (0 < 7 < 00). Then for any given 5 < T,
there exists a subset Es of [0,1) that has an infinite logarithmic measure such that

log, T (r, ) > f (f)p holds for all v € Fs.

Proof. When p = 1, the lemma is proved in [21]. Thus we assume p > 2. By
definitions of iterated order and iterated type, there exists an increasing sequence
{rm}Yom_1 C[0,1) (rp, — 17) satisfying = + (1 — L) rp, < rpqr and

1 T (rm,
lim ng—l (’f' f)

m—o0 1 P
1—7rm

Then there exists a positive integer mg such that for all m > mg and for any given
0<e<T,(f)— B, we have

:Tp(f)'

1—r,

1ogp_1T<rm,f>><Tp<f>—ﬁ>( ! ) (2.2)

For any given 8 < 7, (f) — €, there exists a positive integer my such that for all

m > my we have ,
1 p
(1 — E) > 7% =< (2.3)

Take m > ma = max {mg, m1} . By (2.2) and (2.3) , for any r € [rm, = + (1 — ) ],
we have

log, T (r, f)

Y

10g, 1 T (rm, f) > (75 (f) = B) ( : )p

1—r,

m0-0(1-3) (5) >0 (=) -

Y

Set Es = Ups_,., [rm» = + (1 — L) 7] , then there holds
L+(1-L)rm
= dt > m
miFB3 = Z / m: Zlogm_lzoo.
m=ms T m=m3:2

Lemma 2.8 [16] Let f be a solution of equation (1.1) where the coefficients
Aj(2) (j=0,---,k—1) are analytic functions in the disc Ap = {z € C: |z|] < R},
0 < R < oo. Let n. € {1,---,k} be the number of nonzero coefficients A; (z)
(j=0,--,k—1), and let § € [0,27] and ¢ > 0. If 29 = ve?® € A is such that
Aj(z9) # 0 for some j =0,--- ,k—1, then for all v <r < R,

A (te®) |77 dt , 2.4
j (te”)] (24)

T
7 (el < Com | ncf o |
14
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where C > 0 is a constant satisfying

(4)
C<(1+¢) max : 9 o)l -
=0, k—1 (TLC)J 7511&)% ) |An (29)|m

Lemma 2.9 [1,14] Let g : (0,1) > R and h: (0,1) — R be monotone increasing
functions such that g(r) < h(r) holds outside of an exceptional set E4 C [0,1) for
which fE4 ' < 0o. Then there exists a constant d € (0,1) such that if s(r) =
1—d(1—r), then g(r) < h(s(r)) for all r € [0,1).

Lemma 2.10 Let Ay (z) and Ao (2) be analytic functions in A such that p, (Ag) = p
0<p<o0), p(Ay) =7 (0< T <0), and let p, (A1) < pp(Ao) and 7, (A1) <
Tp (Ao0) if pp (A1) = pp(Ao). If f # 0 is a solution of (1.8) then p,(f) = oo,
pp+1 (f) = pp (Ao) if p> 1, while
)=

pp (f) =00, pp(Ao) < ppt1 (f) < max{pwm (4;),(F =0,1)}
if p=1.

Proof. If p, (A1) < pp(Ap) then the result can easily deduced by Lemma 2.3. We
prove only the case when p, (Ag) = pp (A1) = p and 7, (A1) < 7 (Aop) . Since f # 0,

then by (1.8) we have
f/l fl
Ay = ( + A= ) 2.5
7 7 (2.5)
Suppose that f is of finite p—iterated order, then by Lemma 2.6

T(r,Ao) <T(r,A1)+O (expp_2 (log 1

B+e
ir) ) (pp (f)=B<o0)  (2.6)

which implies the contradiction
7p (Ao) < 7p (A1)
Hence p, (f) = oo. By using inequality (2.4), we have

pp+1 (f) < max{py (A1), pp (Ao)} = pp (Ao).- (2.7)
On the other hand, by Lemma 2.5

T (r,Ao) <T(r,A1)+ O (longT(r,f)—i-log 1ir) (2.8)

holds possibly outside a set F; C [0,1) with fE " (A1) < 7 (Ao) we
choose ayp, aq satisfying 7, (41) < an < ag < 7 (Ao ) such that for r — 17, we have

o <o o (1)) ”
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By Lemma 2.7, there exists a subset Fy C [0, 1) of infinite logarithmic measure such

that ,
1
T (r, Aog) > exp,_; {ao (1 — r) } . (2.10)

By (2.8) — (2.10) we obtain for all r € Ey — E4

1\ 1
(I1—o(1))exp, , {ao (ﬁ) } <0 <log+ T (r, f)+log T r) . (2.11)
By using (2.11) and Lemma 2.9, we obtain

ppt1 (f) = pp (Ao) .- (2.12)

From (2.7) and (2.12) we get p, (f) = o0 and pp41 (f) = pp (Ao) -

3 Proof of the Theorems and the Corollaries

Proof of Theorem 1.1 Suppose that f is an infinite iterated p-ordder meromorphic
solution in A of (1.1). By (1.1), we have

FE = =3 "4, 10 (3.1)

which implies
gk = df™ + dp i fED 4 do f

(d; — dp ;) £ (3.2)

~
Il
o

We can write (3.2) as
k—1
gk = aiof?, (3.3)
=0

where a; ¢ are defined in (1.4). Differentiating both sides of equation (3.3) and re-
k-1

placing f*) with f®) = — 3 A4; @ we obtain
i=0

k—1 k—1 k—1 k
9k = Za;,of(i) + Z%‘,Of(”l) = Zag,of(i) + Zai—l,of(i)
i=0 i=0 =0 i=1

k-1 k-1
=agof + Za;,of(i) + Zaifl,of(i) + ag1,0f®
i=1 i=1
k—1 = = _
=afof + > _iof D+ iirof P = ok 104if
i=0

i=1 i=1
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k—1

= (04610 — ozk,Lvo) f + Z (04210 +a;10— Olkfl,OAi) f(i)-

i=1

We can rewrite (3.4) as
k—1
g = i f®,
i=0
where

P a§10+ai,110—ak,170A1-, for allz:l, ,k—l,
61 g0 — Aoak—1,, for i = 0.

(3.4)

(3.5)

(3.6)

k=1
Differentiating both sides of equation (3.5) and replacing f*) with f*) = — S A4; (&)

we obtain

k-1 k-1 k—1 k
g =Y b fO D i f =30l fO 4 a0
=0 =0 =0 =1

k-1 k-1
=ap.f+ Za/i,lf(i) + Zai—l,lf(i) + ap_1,1f®
i=1 i=1

k—1 k—1 k—1
=ao.f+ Zo‘;,lf(i) + Zaifl,lf(i) - ZAiakfl,lf(i)
=1 i=1 i=0
k—1 ‘
= (%,1 - Oék—1,1Ao) f+ Z (042,1 +ai—11 — Az’ak—l,l) i
i=1

which implies that
k—1
g =Y aiaf",
i=0

where
o — a211+ai_1)1—Aiak_171, for alli=1,--- k-1,
1,2 — / s
apq — Aoag-1,1, for i =0.

By using the same method as above we can easily deduce that
k-1
g;J) = Zai,jf(”? j = 07 17 U 7k - 17
i=0
where

, .
N a1t a1 — Ajop_q -1, foralli=1,--- k-1,
i / — A ; fori=20
o‘O,jfl 00k —1,5—1, IOr @ =

(3.10)

(3.11)
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and
Oél'ﬁ():di—dkAi, for allz:O,l, ,k—l (312)

By (3.3) — (3.12) we obtain the system of equations

gL =aoof Faiof +-F+ap_10f*F Y,
g, =ao1f+aiaf +- 4+ ap_11 fEY,
gl = aoaf +araf + -+ ap12f*Y, (3.13)

g;(ckfl) =aok-1f+arp1f + -+ g1 51 fFY.

By Cramer’s rule, and since hy % 0 we have

gk Q1,0 - Qk—1,0
92 1.1 - k1,1
g(k'_l) arg—1 - - Op—1k—1
f= k ! : . (3.14)
h
Then i
f=Cogi +Cigy + -+ Ck—lgl(c _1)7 (3.15)

where C; are finite iterated p—order meromorphic functions in A depending on «; j,
where «; ; is defined in (3.11).

If pp (g) < +o0, then by (3.15) we obtain p, (f) < 400, and this is a contradic-
tion. Hence p, (gx) = pp (f) = +o00.

Now, we prove that ppi1(gk) = pp+1(f) = p. By (3.2), we get ppi1(gr) <
pp+1 (f) and by (3.15) we have pp11 (f) < pp+1 (gx). This yield ppi1 (gr) = pp+1 (f) =
p.

Furthermore, if f is a finite iterated p—order meromorphic solution in A of equa-
tion (1.1) such that

pp(f) >maX{pP(Ai) (i:0,~-~ ak_l)app(dj) (]:Oalv 7k)}7 (316)

then
pp (f) >max{p, (a;;):i=0,--- ,k—1,j=0,---  k—1}. (3.17)

By (3.2) and (3.16) we have p, (gx) < pp (f). Now, we prove p, (gx) = pp (f). If
pp (gr) < pp (f), then by (3.15) and (3.17) we get

pp (f) <max{p, (C;) (=0, ,k—=1),0p(9x)} < pp(f)

and this is a contradiction. Hence p, (gx) = pp (f) -

Remark 3.1 From (3.13), it follows that the condition h # 0 is equivalent to the
condition gg, g}, - - g](f_l) are linearly independent over the field of meromorphic

functions of finite iterated p—order.
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Proof of Theorem 1.2 Suppose that f is an infinite iterated p—order meromorphic
solution in A of equation (1.1) with pp41 (f) = p. Set w () = gr—¢. Since p,, (¢) < 00,
then by Theorem 1.1 we have p, (w) = p, (gx) = 00 and ppt+1 (W) = pp+1 (9x) = p-
To prove Ay (gk — @) = Ap (g9x — ) = 00 and App1 (g — ) = Apt1 (gr — ) = p we
need to prove X, (w) = Ap (w) = 0o and Apt1 (W) = Apg1 (w) = p. By gx = w + ¢,
and using (3.15), we get

f=Cow+Crw + -+ Croqw®=D 4y (2), (3.18)
where
U (2) = Cop + Crp’ + - + Cr_1p*71), (3.19)
Substituting (3.18) into (1.1), we obtain
2k—2 _
Cr_qw®=1 4 Z gy = — (1/)1(ck) + Ap_1 (2) 1/’1(qk_1) +o+ A(2) 1/%) =H,
j=0
(3.20)
where Cy_1, ¢; (j =0,---,2k — 1) are meromorphic functions in A with finite iter-

ated p—order. Since 1x (z) is not a solution of (1.1), it follows that H # 0. Then
by Lemma 2.2, we obtain A, (w) = A, (w) = oo and A\py1 (w) = Apy1 (w) = p, 1. e,
Ap (g — ) = Ap (g — ) = 00 and Api1 (gk — @) = Ap41 (96 — @) = p.

Suppose that f is a finite iterated p—order meromorphic solution in A of equation
(1.1) such that (1.6) holds. Set w (z) = gx — . Since p;, (@) < p, (f) , then by Theorem
1.1 we have p, (w) = pp (gx) = pp (f). To prove A, (gr — @) = Ap (g — ») = pp (f)
we need to prove X\, (w) = A, (w) = pp (f). Using the same reasoning as above, we
get

2k—2

Crow® 1 4+ 3" g0l = — (w,ﬁ’“) + Ao () e+ A2) wk) =F,
j=0
where Cy_1, ¢; (j =0,---,2k — 1) are meromorphic functions in A with finite iter-

ated p—order p, (Cr—1) < pp (f), pp (@) < pp(f) (7 =0,---,2k—1), and

i (2) = Cop + Cr¢’ + -+ GV, 9y (F) <y (f).
Since 9. (2) is not a solution of (1.1), it follows that F" # 0. Then by Lemma 2.1, we
obtain A, (w) = A, (w) = pp (), 1 e Ay (g — ) = Ap (g5 — ) = pp (f) -

Proof of Corollary 1.3 Suppose that f is a nontrivial solution of (1.8). Then by
Lemma 2.3, we have

pp (Ao) < ppia (f) <max{parp (4;) (G=0,1)} (p=1).

By the same reasoning as before we obtain that

g2 =agof +orof,
gy =01 f+or1f,



Properties of higher order differential polynomials ... 81

where

04010 = do — dQAQ, 04171 = dQA% — (dQAl)/ — d1A1 — dQAQ + do + dll

and

Qp,1 = d2AOA1 — (dgAQ)I — dle + d67 Q1,0 = dl — dgAl.
First, we suppose that do Z 0. We have

@10 &o,0

hy =
Q1,1 Q1

= —d3Af — dodo AT + (—dody + dida + 2dody — d3) Ao

+ (dIQdO - dgdg + dodl) A1 +didaAgAl — d1d2A6 + dodgAll

+d3Ap Ay — d3 A0 A + dydy — dody — d3.
By d2 # 0, Ag # 0 and Lemma 2.4, we have p, (h) = p, (Aop). Hence h # 0. Now
suppose da = 0,d; Z 0or de =0,d; =0 and dy # 0, then by using a similar reasoning
as above we get h # 0, and we obtain
al,Og/f — a1,19f

ha '

It is clear that p, (92) < pp (f) (pp+1 (92) < ppt1 (f)) and by (3.21) we have p, (f) <
Pp (92) (Ppt1 (f) < pp+1 (92))- Hence pp (92) = pp (f) (op+1 (92) = pp+1 (f))-

f= (3.21)

Proof of Corollary 1.4 Set w (z) = daof” + di f' + dof — . Then, by p, (¢) < oo,
we have pp (w) = pp (92) = pp () and ppi1 (W) = ppi1 (92) = pp+1 () In order to
prove Apt1 (92 — @) = Apt1 (92 — ) = pp+1 (f), we need to prove only A,i1 (w) =
Ap+1 (W) = ppi1 (f) . Using g2 = w + ¢, we get from (3.21)

Ozlﬁow/ — Q11w

f= h + 2, (3.22)
2

where ,

Yo () = HEE—AE (3.23)

2
Substituting (3.22) into equation (1.8), we obtain
ahl 20" 4 gow” + g1’ + gow
2
— (0 + AL () + Ao (2)2) = A, (3.24)

where ¢; (j = 0,1,2) are meromorphic functions in A with p, (¢;) < o0 (7 =0,1,2).
First, we prove that 12 #Z 0. Suppose that 12 = 0, then by (3.23) we obtain

/

a11 = O[lyog. (325)
P



82 Z. Latreuch, B. Belaidi

It follows that by using Lemma 2.6

B+e
m(r,a1,1) < m(r,ag,0) + O (expp_2 (log ) ) . pplp) =6 <oo. (3.26)

1—r
(i) If dy # 0, then by using Lemma 2.4 we obtain the contradiction

{ pp (Ao) < pp (A1), if pp (Ao) > pp (A1),
7 (Ao) < 7 (A1), if pp (Ao) = pp (A1)

(ii) If d2 = 0 and d; # 0, we obtain the contradiction

pp (A1) < pp (da).
(iii) If do = d1 = 0 and dy # 0, we have by (3.25)

! !
do = 11 =041,0£ —oxZ
' ¥

0,

which is a contradiction. Hence 1o # 0. It is clear now that 12 # 0 cannot be a
solution of (1.8) because pj, (1)2) < oo. Then, by Lemma 2.1, we obtain A, 11 (g2 — ¢) =

Ap+1 (92 — ) = ppt1 (), 1 e, Apr (W) = Aptr (W) = ppta ().
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