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ABSTRACT: Let p(z) be a polynomial of degree n and for any complex
number «, Dop(z) = np(z)+(a—2)p’(z) denote the polar derivative of the
polynomial p(z) with respect to «. In this paper, we obtain new results
concerning maximum modulus of the polar derivative of a polynomial
with restricted zeros. Our result generalize certain well-known polynomial
inequalities.
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1 Introduction and statement of results

Let p(z) be a polynomial of degree n, then according to Bernstein’s inequality on the
derivative of a polynomial, we have

/()] < (=) (L.1)
z|=1 z|=1

equality holds in (1.1) if p(z) has all its zeros at the origin.

The inequality (1.1) can be sharpened, if we restrict ourselves to the class of polyno-
mials having no zeros in |z| < 1, in fact, P. Erdés conjectured and later Lax [9] proved
that if p(z) # 0 in |2| < 1, then (1.1) can be replaced by

, n
max |p'(z)| £ = max |p(2)]. 1.2
max|p'(2)] < § max [p(2) (12)

The result is best possible and equality holds in (1.2) for a polynomial which has all
its zeros on |z| = 1.
If the polynomial p(z) has all its zeros in |z| < 1, then it was proved by Turan [12]
that

n

max |p’(2)] > = max |p(z)], 1.3
s ! <)) 2 2 s o(2) (13)
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with equality for those polynomials, which have all their zeros on |z| = 1.
For a polynomial p(z) of degree at most n which having no zeros in |z| < k, k > 1,
inequality (1.2) was generalized by Malik [10] who proved that

max |p'(z <Lmax z2)|. 1.4
ma [ (2)] < T max p(:) (14)

The inequality (1.4) is sharp and equality holds for p(z) = (z + k)".
If the polynomial p(z) has all its zeros in |z| < k, k > 1, then it was proved by Govil[7]
that

’ n
m >

o ax Ip(2)I. (1.5)
The result is best possible and equality holds in (1.5) for p(z) = 2™ + k™.

Let a be a complex number. For a polynomial p(z) of degree n, D,p(z), the polar
derivative of p(z) is defined as

Dap(2) = np(z) + (o — 2)p/(2).

It is easy to see that D,p(z) is a polynomial of degree at most n — 1, also D,p(2)
generalizes the ordinary derivative in the sense that

. Dap(z) o

Jim (PP ) (1.6)
In order to extend inequality (1.5) for the polar derivative, Aziz and Rather[1] proved
that if p(z) is a polynomial of degree n having all its zeros in |z| < k where k > 1,
then for every real or complex number « with |o| > k,

-k
max |[Dyp(z)| > n|a|

: 1.7
max Z T maxp2)| (1.7)

The bounds are obtained depends only on the zero of largest modulus and not on
the other zeros even if some of them are close to the origin. Therefore, it would be
interesting to obtain a bound, which depends on the location of all the zeros of a
polynomial. In this connection we use some known ideas in the literature and obtain
the following interesting results.

Theorem 1.1 Let

n

p(z) = Zal,z” =an, H(z —2y), an #0,
v=0

v=1

be a polynomial of degree n, |z,| < k,, 1 <v <mn, and k = max(ky, ka,....k,) > 1.
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Then for every real or complex number o with |a| > k, we have

lo| — k<~ k Er—1
D, > 2
max [ Dap(2) = 7 ; T 2max|p(e) |+ —— min [p(2)|
4|an—1] (k” —1—n(k- 1))
+4|an—2|(((kn_1)_n(k_1))_((kn_2_ ) (n 2)(k_1)))]
2 n(n —1) (n—2)(n—-3)
2(kn=t —1) 1 k-1 k31
—_= — -1 2
+(n+1)k"_1|na0+aal|+k"‘l[ n—1 n—3 Ji(n = D)ar +2aas],
forn >3
and
|a| Em—1 .
max | Dap(z) = -7 Zk+k [2max |p(2)] + == min [p(2)]
4|a'nfl| (( - 1) - (k B 1)) + 4|an72|(k - 1)n] (19)
k(n+1) n k2n(n—1)
(k% —1) (k —1)2
ST |nap + aay| + WK” —1)a1 + 2aas],
forn = 3.
. 1 . .
Since — for 1 < v < n, the above theorem gives the following result

>
k+k, — 2
which is an improvement of the inequality (1.7).

Corollary 1.2 If p(z Z ayz” is a polynomial of degree n having all its zeros in

|z| <k, k>1, then for every real or complex number « with |a| > k, we have

s Dap()] = U= o)+ 2L i )
2an—1| k" —1—n(k—-1)
(n+ l)k( n )
2an—a|,, (k" —1) —n(k —1) (k"2 —1)— (n—2)(k—1)
+ k2 (( n(n—1) )= (n—2)(n—3) )
2k — 1) |nag + aay| + L Ll S 1]|(n — a1 + 2aas,

(n+ 1)kn—1 k"il[ n-1  n-3
(1.10)

forn >3
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and
n(|o| — k) m =1
D, > L
max |Dap(2)] 2 == 5= [maxp(2)| + == min |p(2)]

2|an— E"—1)—nk—1 2lan_o|(k—1)"
(n+1)k n k2n(n —1)
k?—1 k—1)2
(2kn_1)|”a0+aa1|+(2]€%|(n—1)a1+2aa2|,

forn = 3.

Dividing both sides of the inequalities (1.10) and (1.11) by |«| and letting |a] — oo,
we have the following refinement of the inequality (1.5).

Corollary 1.3 Ifp(z) = Z ayz” is a polynomial of degree n, having all its zeros in
v=0

|z| <k, k> 1, then for every real or complex number a with |a| > k, we have

L
ma [ (2) = o bmax ()| + “ i (2
2]|an—1] (k" —1—-n(k-1)
(n+ 1)k n ) |19
2lan—a| , (k" —1) —n(k —1) (k"2 —-1)—(n—-2)(k—1) (1.12)
+ k2 (( n(n—1) )= (n—2)(n—23) 2
20k — 1) 1 kv lo1 g3
tarmpa ot el - T el
forn >3
and
/ > n k™ — .
max Ip'(2)| > T [lgllég p(2)l + =7 min Ip(2)]
2an_1] (k" —=1)—nk—1). 2|an_2|(k—1)"
(n+ 1)/€( n ) k2n(n —1) ] (1.13)
k2 _ k— 2
D B )
forn =3.

As an application of Theorem 1.1 we prove the following result.

Theorem 1.4 Let

n

p(z) = Zal,z” =an, H(z —2y), an #0,
v=0

v=1
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be a polynomial of degree n, |z,| > k,, 1 < v < n, and k = min(kq, ka, ..., kn) < 1.
Then for every real or complex number § with |§| < k, we have

(k=loDk" '~ ko 1—kn |
D > 2
max [Dsp(2)| = =% ; T 2max|p(e) |+ —— min [p(2)|
4larlk (1 — k™) — n(k"~1 — k™) o, (1 —Kk") —n(k"™t — k™)
(n—i—l)( nkn )+ Aozl k7(( n(n — 1)k )
(1—k""2) = (n—2)(k"3 - k" 2) (1.14)
( (n—2)(n—3)kn—2 2
N 2(1 — k”*1)| N 1+
- |na, + aa,_
(n+1) '
R
g 1[(11 — k"1 (n— 3)k"—3]|(n — Dan-1 + 20an)|,
forn >3
and
(k=10DE" ' &~ ko 1—k" |
D > 2
max | Dsp(2)| = =% V; T 2max|p(e)| + —— min fp(2)|
4arlk (1 — k") —n(k"~t — k™) "
TS — ) + 4laglk*(1 — k)"] (1.15)
1—k? (1—k)?
+ [nan, + aan—1| + 5 [(n—1Dan—1 + 2aa,—2],
forn =3.
. k., 1 . .
Since —y > 3 for 1 < v < n, then Theorem 1.4 gives the following result.

Corollary 1.5 Let p(z) = Za,,z” be a polynomial of degree n does not vanish in
v=0

|z < k where k < 1. Then for every real or complex number 6 with 0] < k, we have

n(k — [6))k" 1—k"
El'i)ﬂDJp(Z” > H—k"[\r?\i)i |p(z)| + T \er\n:I}c |p(z)|
2arlk (1~ k") —n(k" " — k") (1— k") —n(k"" — k")
(nil)( nkn ) + 2]az |k (( = D )—
— k"2 _ (n — n—3 _ .n—2
e ) (116
2(1 — k1)
+ A e + e+
kn—l[ (1 — kn—l) _ (1 — kn—3) ]|(7’L _ 1)an_1 n 2aan_2|,

(n— k"1 (n—3)kn—3
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forn >3
and
n(k — [8])km1 11—k
D >~
max [ Dsp(2)] 2 =~ [max|p(z)| + —— min [p(2)|
2arlk (1 — k") —n(k" ! — k™) 5
2las|k“(1 — k)™ 1.17
(n—i—l)( nkn ) 4 2laz|k( )"] ( )
1— k2 1—k)?
+ |nan, + aan—1| + ( 5 ) [(n — Dan—1 + 2aa,—2|,
forn = 3.

2 Lemmas

For proof of the theorems, we need the following lemmas. The first lemma is due to
Dewan, Kaur and Mir [4].

Lemma 2.1 If p(z) is a polynomial of degree n, then for R > 1,

ma (2] < B ma o)~ 25 b0
= - n o (2.1)
)
ifn>2, and
max [p(2)| < R" max |p(a)] ~ "5 (R + DpO)] + (R- DO (22)
ifn=2.

Lemma 2.2 If p(z) is a polynomial of degree n, having no zeros in |z| < 1, then for
R>1,

R*"+1 R*—1
max [p(z)| < —5— max |p(z)| — —5— min |p(z)] -
2 TN r o) 23)
(R"=1)-n(R-1) (R"*-1)-@n-2)(R-1), ,
Y e o O
ifn >3, and
max |p(=)| < —5— max|p(z)| - —5— min |p(2)|
-2 o) (.4)
- B D)

n(n —1)
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ifn=3.

This lemma is due to Dewan, Singh and Mir [5].
Lemma 2.3 Ifp(z) = a, H(z —2,), an # 0, is a polynomial of degree n, such that

v=1

|z, <1, 1 <v <mn, then

3

ax [p(2)]. (2.5)

max p'(»

This lemma is due to Giroux, Rahman and Schmeisser [8].

Lemma 2.4 Ifp(2) is a polynomial of degree n and « is any real or complex number
with |a| # 0, then for |z] =1

|Daq(2)| = [nap(z) + (1 — @z)p/(2), (2.6)

NH)—A

)-

This lemma is due to Aziz [2].

where q(z) = z"p(L)

3 Proofs of the theorems

Proof of the Theorem 1.1. Let G(z) = p(kz). Since all the zeros of p(z) lie in
|z| <k, then all the zeros of G(z) lie in |z| < 1. Now on applying Lemma 2.3 to the
polynomial G(z), we get

n

max |G'(2) Z

max|G( )] (3.1)

1+ 'Z"'
Let H(z) = 2"G(1/Z). Then it can be easily verified that for |z| =1
|H'(2)| = InG(2) — 2G'(2)]. (3-2)

The polynomial G(z) has all its zeros in |z| < 1 and |H(z)| = |G(z)| for |z] = 1,
therefore, by Gauss-Lucas theorem for |z| = 1, we have

|H'(2)] < |G'(2)]. (3-3)
Now for every real or complex number « with |a| > k, we have
[D4G(2)| = InG(z) - 2G/ (=) + TG ()] 2 TG ()] = InG(2) = 2G'(2)|. (3.4)
This gives with the help of (3.2) and (3.3) that

o] =

¥ max |G (2). (3.5)

|z|=1

ﬁi’i |DaG(2)] >
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Using (3.1) in (3.4), we get

max [ D Gz Zkﬂzym x|G(2)] (3.6)

Replacing G(z) by p(kz), we get

max |p(kz). (3.7)

k —+ |ZU| |z|=

maxDa kz)| > (|la
x| Dep(ha) 2 (la] =03

which implies

max np(ke) + (3 = 2)kp/(k2)| > (Ja| - D7

which gives

max |Dap(2)] 2 (|af = k); P e Ip(2)]- (3-8)

The polynomial p(z) is of degree n > 3 and so D,p(z) is the polynomial of degree
n — 1, where n — 1 > 2, hence applying Lemma 2.1 to the polynomial D,p(z), we get

knfl _
max|Dap( )| < k" max [Dap(2)| — (7|nao—|—oza1|
|2l=k |1=1 n+1 (3.9)
E i o + 200
— - n—1)a aas).
n—1 n—3 ! 2
Combining (3.9) and (3.8), we get
S laf =
D,
maX| p(2)] = En—1 Zk+|zl,||| k| p(2)|]+
(3.10)
2(kn=1 — 1) 1 ko1 k3o

|nag + aaq| + Il(n — 1)ay + 2cas).

(n+ 1)kn—1 k”fl[ n-1  n-3
Since the polynomial p(z) has all zeros in |z| < k, k > 1, then ¢(z) = 2"p(1/z) has no
zero in |z| < 1/k, hence the polynomial ¢(z/k) having no zeros in |z| < 1, therefore
on applying Lemma 2.2 to the polynomial ¢(z/k), we get

max |q(z/k)| <
(Fgr ma e/ - (S50 minla(e/0)] - 2SS - -] )
2anal (=D —nk—1), (2= 1) = (n—2)(k—1)

2 ( nin —1) )= (n—2)(n—-3) )1
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Since max |q(z/k)| = (1/k™) |m|a)z |p(z)], and
=1 zl=

|2|

it o(=/8)] = (1/4") i (2] then
(3.11) is equivalent to

2k k-1
M+1Hﬁﬁﬂ@+(

4k Ya,_y| k-1
Dk U (3.12)
A" o] (K" = 1) — il — 1)

Er+1 n(n—1)

) min [p(z)

>
= Ip(2)l 2 ( k™ +17 2=k

|2|

+

(k"2 —(n=2(k -1
(n—2)(n—3) '

)= (

Combining (3.10) and (3.12), we get

o] —k o~ 1 2k"
max |Dqap(z)| = E:k+%:K )ﬁ@ﬂp@ﬂ
v=1 v 1=

|z|=1 kn—1 kEm+1
) i )+ o e (= (=)
4k 2a, o], (K" = 1) —n(k—1), (k" 2—=1)—(n—2)(k—1) (3.13)
kn 41 (( n(n—1) )= (n—2)(n—3) 2l
2(k"~1 —1) k-1 knt -1
+(n+1)k"_1|na0+aal|+k"_l[ n—-1  n-3 ]

X |(n — a1 + 2aas].

which completes the proof of (1.10). The proof of the Theorem 1.1 in the case n = 3
follows along the same lines as the proof of (1.10) but instead of inequalities (2.1) and
(2.3), we use inequalities (2.2) and (2.4), respectively. O

Proof of the Theorem 1.4. Let ¢(z) = z"p(1/Z) then 1/|z,| < 1/k, for 1 <
v < n such that 1/k = max(1/ky,1/ke, -+ ,1/k,) > 1. On applying Theorem 1.1 to
the polynomial ¢(z), we get

] e 1 2/k™
et 1Daa(2)] 2l ~ VAR S e ) e
1/k™ -1 , 4)aq| (1/k™—=1)—n(1/k—1)
) i, @+ A e ¢ n )
En=2(1+1/k") n(n —1) (n—2)(n—23)
2k (1 /K = 1) o (/L —1)  (1/k"3 1)
(n+1) Inan + adn—+ K" n—1 a n—3 ]

X |(n—1)an—1 + 2can_2|
(3.14)
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Now from lemma 2.4 it follows that for |z| = 1, |Dyq(2)| = |a||DLp(z)| Using the
above equality in (3.14), we get for |a| > 1/k,

n

N Kk, 2
almax D4 p(2) 2 (ll = /0K 32 = ) e )
11—k Alaylk (1 — k") — n(k"=' — k)
o T B PG G ke )
daslk? (1= k") —n(k" ' — k") (1—k""2) — (n — 2)(k"3 — kn2)
T e ) (n—2)(n— 3)k"2 )]
2(1-k""1) T A I e )
(n+1) Indn +aan—1|+k [(n — k=1 (n—3)kn—3
x |(n —1Dap—1 + 2aa,_2|,
(3.15)
Replacing < by §, so that |§] < k, we get from (3.15)
5 max Dap(a)] 2 (151 = 1700k S 220 (2 mas (=)
11—k dlay |k (1 — k") — n(kn—1 — k)
o T B PC e ke )
daslk? (1= k") —n(k" ' — k") (1—k""2) — (n —2)(k"3 — kn2)
T e ) (n—2)(n— 3)k"2 )]
2(1 — k1) A=k (1= k)
T et el R e - )
X |(n = 1Dap-1 + 2aan—_s|.
(3.16)
Or
D > (k — [0])k™ LY 2
max | Dsp(2)| = (k - |8]) ;k+ky[(1+kn)mi>§lp(2)l
11—k dlay|k (1— k") —n(kn=1 — k)
ﬁ(1+kn)|§f$€|p(z)|+ (n—i—l)(k"—i—l)( nkn )
daglk?  (1—k") —n(k» 1 — k") (1—k"2) — (n— 2)(k"3 — k"~2)
(1+k")(( n(n —1)k" )= (n —2)(n — 3)kn—2 N
2(1 — k1) =k (1= k)
(n+1) Inn + adn-| + K 1[(71— 1)kn—1 (n—3)k”*3]
X |(n = 1ap—1 + 2aa,—_s|.

(3.17)
Which is (1.14). The proof of the Theorem 1.4 in the case n = 3 follows along the
same lines as the proof of Theorem 1.1. Hence the proof of Theorem 1.4 is complete.
O
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