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ABSTRACT:  We generalized the concepts in probability of rough
Cesaro and lacunary statistical by introducing the difference operator Af
of fractional order, where « is a proper fraction and v = (ymnk) is any
fixed sequence of nonzero real or complex numbers. We study some proper-
ties of this operator involving lacunary sequence 6 and arbitrary sequence
p = (prst) of strictly positive real numbers and investigate the topological
structures of related with triple difference sequence spaces.

The main focus of the present paper is to generalized rough Cesaro
and lacunary statistical of triple difference sequence spaces and investi-
gate their topological structures as well as some inclusion concerning the
operator Af.
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Introduction

A triple sequence (real or complex) can be defined as a function z : NxNxN — R (C),
where N,R and C denote the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple sequence was introduced
and investigated at the initial by Sahiner et al. [10, 11], Esi et al. [1-3], Dutta et al.
[4], Subramanian et al. [12-15], Debnath et al. [5] and many others.

A triple sequence x = (Znk) is said to be triple analytic if

1
m+n+k < 0.

sup |xmnk
m,n,k

The space of all triple analytic sequences are usually denoted by A3. A triple sequence
& = (Tmnk) is called triple gai sequence if
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1
)™ TR — 0 as m,n, k — oo.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [6] as follows

Z(A)={r=(zx) cw: (Axy) € Z}
for Z = ¢, ¢y and o, where Az = xp, — 2541 for all k € N.

The difference triple sequence space was introduced by Debnath et al. (see [5])
and is defined as

Ammnk} = Tmnk — Tm,n+1,k — Tm,n,k+1 + Tm,n+1,k+1

_'rerl,n,k + xm+1,n+1,k + xm+1,n,k+1 - xm+1,n+1,k+1

and AZ,nk = (Tmnk) -

1. Some New Difference Triple Sequence Spaces with
Fractional Order

Let T’ («) denote the Euler gamma function of a real number «. Using the definition
I' () with o ¢ {0,—1,—2,—3,-- - } can be expressed as an improper integral as follows:

= fooo e *x* ldx, where « is a positive proper fraction. We have defined the
generalized fractional triple sequence spaces of difference operator

S )“+”+wI‘(a+1)
mn m-+u,n+uv w ]-]-

In particular, we have
16
(1) A7 (Tmnk) = Tonnk + ToTmLnt1hes +
(ii5) AT (Tynk) = Tk — s Tmttns 1kl —

Now we determine the new classes of triple difference sequence spaces A5 (z) as
follows:

{x Tnk) € w3 (Agx) € X}, (1.2)

where

A )" D (a4 1)
(Emnk: uz:ovz%wz:o u+ v +w 'F( ( T +w) n 1)$m+u,n+’u,k+w
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and
X € X?A ('T) = X? (Aroylxmnk) = Hmnk (Aro;x)
= [fount (((m 7+ k! | Ay 0)].

Proposition 1.1.

(i) For a proper fraction o A® : W XW xW — W x W x W defined by equation
of (2.1) is a linear operator;

(i1) For o, >0, A% (AP (i) = AP (2pnk) and A% (A (Tmnk)) = Tomnk-
Proof: Omitted.

Proposition 1.2. For a proper fraction a and f be an Musielak-Orlicz function, if

. . 3A _ .
X} () is a linear space, then X; " (z) is also a linear space.

Proof: Omitted.

2. Definitions and Preliminaries

Throughout the article w?, x3 (A), A3 (A) denote the spaces of all, triple gai differ-
ence sequence spaces and triple analytic difference sequence spaces respectively.
Subramanian et al. (see [12]) introduced by a triple entire sequence spaces, triple

analytic sequences spaces and triple gai sequence spaces. The triple sequence spaces
of x3 (A), A3 (A) are defined as follows:

3 (A) = {x ewd: ((m+n+k) |A;vmnk|)1/m+n+k —0asm,n, k — oo} ,
A3 (A) = {x ew® :sup,, 1 | AL |/ < oo} .

Definition 2.1. An Orlicz function ([see [7]) is a function M : [0,00) — [0,00)
which is continuous, non-decreasing and convex with M (0) = 0, M () > 0, for
x>0 and M (x) — oo as x — oo. If convexity of Orlicz function M is replaced by
M (z+vy) < M (z)+ M (y), then this function is called modulus function.
Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct Orlicz
sequence space.
A sequence g = (gmn) defined by

Imn (V) = sup{|v|u — (frnk) (W) :w >0}, myn,k=1,2,---

is called the complementary function of a Musielak-Orlicz function f. For a given
Musielak-Orlicz function f, (see [9]) the Musielak-Orlicz sequence space t; is defined
as follows

)1/m+n+k

tf:{waS:If(|xmnk| —>Oasm,n,k:—>oo},
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where Iy is a convex modular defined by

Ir(@)=> Y

m=1n

)1/m+n+k

M8

fmnk: (‘xmnk| , = ((Emnk:) € tf

b
Il

1

We consider t; equipped with the Luxemburg metric

o0 00 00 |x |1/m+n+k:
d(x7y :ZZmenk< mnk mnk )
1

1n=1
is an extended real number.

Definition 2.2. Let « be a proper fraction. A triple difference sequence spaces of
Agx = (A?‘/xmnk) is said to be Ag strong Cesaro summable to 0 if

] 1 u v w N B
I 55 2 DI
m=1n=1k=1
In this we write Ai’;xmnk —le11] Af‘{xmnk. The set of all A?Y‘ strong Cesaro
summable triple sequence spaces is denoted by [C, 1,1, 1].

Definition 2.3. Let a be a proper fraction and S be a nonnegative real number.
A triple difference sequence spaces of A,‘j‘x = (Afjl’mnk) is said to be A,? rough strong
Cesaro summable in probability to a random variable AJz : W xW xW — RxR xR
with respect to the roughness of degree 3 if for each € > 0,

1 u v w B
li —_ P (|A%xnk, 0] > =0
ol 22, 2 2 P (A 01255
: : @ [C,1,1,1]74 o a
In this case we write A STmnk —p A SZTmnk- The class of all BAT— strong

Cesaro summable triple 5equence spaces of random variables in probability and it will
be denoted by §[C,1,1 1]

3. Rough Cesaro Summable of Triple of Af

In this section by using the operator Af, we introduce some new triple difference
sequence spaces of rough Cesaro summable involving lacunary sequences # and arbi-
trary sequence p = (pps¢) of strictly positive real numbers.

If @ be a proper fraction and 5 be nonnegative real number. A triple difference se-
quence spaces of AJX = (Aﬁ‘y‘xmnk) is said to be A — rough strong Cesaro summable
in probability to a random variable AJX : W x W x W — R x R x R with respect to
the roughness of degree 3 if for each € > 0 then define the triple difference sequence
spaces as follows:
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(4)

O(Af‘/,p)G:ZZZP fmnk hl Z A,?X 25+6 < 0.

r=1s=1t=1 rst (mnk)€l gt

A
) —>[ﬁc’171’”P C (A%,p),- The class of all
BC (Ai’;, p) , — rough strong Cesaro summable triple sequence spaces of random
variables in probability and it will be denoted by 3 [C, 1,1, I}PA .

(i)

In this case we write C'(A%,p)

Clasrl, =3P 5 X fune[1A5X]

r=1s=1t=1 (mnk)Elqt

>pP+e] <o0.

PA
p _>[ﬁc,1,1,1] C [Ai’;,p}e. The class of all

6C [A?y‘, p] 0 rough strong Cesaro summable triple sequence spaces of random
variables in probability.

In this case we write C [A(;, p]

(iid)

Prst

1
Cn (85:9)y =P | founi || d o Ax >B+e| <o
rst (mnk)El ¢
In this case we write Cy (Aij,p)e —>[BC’1’1’1]PA Ch (A?Y‘,p)e. The class of all

BCA (Az , p) 0" rough strong Cesaro summable triple sequence spaces of random
variables in probability.

Cn[as ], = Y P [jA0X

. P s 1) < oo
rst (mnk)€l, st

A
p —>£30’1’1’1]P Ch [Aﬁ,p}e. The class of all

BCA [A?Y‘, p] 0" rough strong Cesaro summable triple sequence spaces of random
variables in probability.

In this case we write Cy [Aij,p]

a . 1 « n|Prst
VA5 = s B PUme [ATX0] 2 849 o

0 %[60,1,1,1]1“ N(A’O;’p)e' The class of all

BN (Afj,p) 0 rough strong Cesaro summable triple sequence spaces of ran-
dom variables in probability.

In this case we write N(Aﬁ,p)
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Theorem 3.1. If a be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and (prst) is a triple difference analytic sequence then the
sequence spaces C (Aif,p) C [A;",p]e, Ch (A?‘/,p)e, Ch [Aiﬁ,p]a and N (A;’,p)e are
linear spaces.

9’

Proof: Because the linearity may be proved in a similar way for each of the sets of
triple sequences, hence it is omitted.

Theorem 3.2. If a be a proper fraction, B be nonnegative real number, f be an
Musielak-Orlicz function and (prst), for all v,s,t € N, then the triple difference se-
quence spaces C [A?{,p]e is a BK-space with the Luxemburg metric is defined by

oo o0 oo

o = 35 3 s [0

u=0 v=0 w=0
1/p

+ lim LZZmenk P hlt > ja%f") =p+e| ,1<p.
s

uVw—00 UVW
r=1s=1t=1 (m,n,k)EL st

Also if prst =1 for all (r,s,t) € N, then the triple difference spaces Cy [Ai‘,p}e and
N (Aﬁ,p)e are BK-spaces with the Luzemburg metric is defined by

oo o0 oo

@)y = DD D s |

u=0 v=0 w=0

1 1

.1 ) >

+uvggoo 0w o Z Sk [P (|ASz]) > B +¢].
(m'vnvk)elrst

Proof. We give the proof for the space Ca [AS,p], and that of others followed by

using similar techniques.

Suppose (z™) is a Cauchy sequence in Cy [Ai’;,p] where 2" = (z;50)" and 2™ =

9’
(x?;-é) are two elements in Cy [Ag,p] o Then there exists a positive integer ng (¢)
such that |z" — ™| — 0 as m,n — oo for all m,n > ng (¢) and for each i,5,¢ € N.
Therefore

.11 12 'Aaxll AQQL'12

LTovw  Tuvw -+ v igl vy il

21 22 a,.21 .22

Tovw Tovw - Afzi;, Afzi,
and

are Cauchy sequences in complex field C and Cy [Ag, p} 0 respectively. By using the
completeness of C and Cy [A?Y‘,p] g We have that they are convergent and suppose
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that 7%, — 2450 in C and (AE‘Y‘ :Lﬂ) — Yije in Cy [Aﬁ,p}e for each i,75,¢ € N as

n — oo. Then we can find a triple sequence space of (x;5¢) such that y;;0 = ASwije
for 4,7, € N. These z7;, can be interpreted as

i—mj—n {—k

=Y At

u=1 v=1w=1

ZZZAW% m,v—mn,w— k7(y1 m,l—n,1—k = Y2—m,2—n,2—k = * :yOOO:0)~

u=1v=1w=1

Tij0 =
Yije

'YZJZ

for sufficiently large (i, j, ¢); that is,

. 11 Qo 7
Aw ije A”/ zjé

.21 @ .22
A LJZ A L]Z

(a%a") =

converges to (A,‘;‘l‘iﬂ) for each i,j,£ € N as n — oco. Thus |2 — x|, — 0 as m — oo.
Since Cp [Af‘/, p] p isa Banach Luxemburg metric with continuous coordinates, that

is |[™ — x|, — 0 implies ’m?ﬂ —xijg‘ — 0 for each i,j,¢ € N as n — oo, this shows
that Cy [A%,p], is a BK-space. O
Theorem 3.3. If o be a proper fraction, B be nonnegative real number, f be an

Musielak-Orlicz function and (prst), for all v,s,t € N, then the triple difference se-
quence space C (Aﬁ,p)e is a BK-space with the Luxemburg metric is defined by

[o *lENNe e B¢ o}

e = 35S o [R]

u=0v=0 w=0

1 0o oo oo 1 p 1/p
. N - _
+ ulezgoo VW Z Z Z fmnk P Ryt Z A’y'r = 6 + € , 1<p
r=ls=li=l (mo7,k) €L

Also if prst = 1 for all (r,s,t) € N, then the triple difference spaces Ca (A,"Y‘,p)e s a
BK-spaces with the Luxemburg metric is defined by

s 55 o ]
u=0v=0w=0
+ lim —fmnk P ! Z Af:z >0B+e€

uvw—00 UV
st (m,n,k)Elq¢
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Proof: The proof follows from Theorem 4.2.
Now, we can present the following theorem, determining some inclusion relations
without proof, since it is a routine verification.

Theorem 3.4. Let a,& be two positive proper fractions a > € > 0 and [ be two
nonnegative real number, f be an Musielak-Orlicz function and (p.st) = p, for each
r,s,t € N be given. Then the following inclusions are satisfied:

(i) C(AS,p), C C(AS,p),;
(it) C'[AS,p], C C[AS,p],;
(iti) C(AS,p), € C(AT,q),, 0<p<g.

4. Rough Lacunary Statistical Convergence of Triple
of AY
5

In this section by using the operator A?Y‘, we introduce some new triple difference
sequence spaces involving rough lacunary statistical sequences spaces and arbitrary
sequence p = (ppst) of strictly positive real numbers.

Definition 4.1. The triple sequence 6; ¢ ; = {(m;, ne, k;)} is called triple lacunary if
there exist three increasing sequences of integers such that

mo=0,h; =m; —m,_1 — 00 as i — 0o and
ng=0,hy =ng —ng_1 — 00 as £ — 0o,
kozo,hij:kj—k‘j,l%ooasj%oo.
Let my; ¢ = minek;, hipj = hi%, and 60, ; is determine by

Lio;={(m,n, k) :m_1 <m<m; and ny_1 <n <ngandkj_1 <k <k;},

m; ne __ k‘j
q;i = e = ;45 = L .
mi—1 Ty—1 j—1

Definition 4.2. Let a be a proper fraction, f be an Musielak-Orlicz function and 6 =
{m,ng kt}(rst)eNUO be the triple difference lacunary sequence spaces of (Aﬁank) is

said to be AJ— lacunary statistically convergent to a number 0 if for any € > 0,

. 1
lim —
rst—o0 h?"st

H(mvnvk) € Lrst : frmnk HAng”k’GH = 6}| =0
where

I st ={(m,n, k) :me_1 <m<mpandns_1 <n<nsandki_1 <k <k},

my — Ng — kt
qr = y4s = ,qt = A .
mMy—1 Ns—1 t—1

In this case write A;J‘X —50 A?‘/x.
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Definition 4.3. If o be a proper fraction, 8 be nonnegative real number, f be an
Musielak-Orlicz function and 0 = {mrnskt}(r,s,t)€N3 U(0,0,0) be the triple difference
sequence spaces of lacunary. A number X is said to be AJ — Ny— convergent to a
real number 0 if for every € > 0,

. 1 . B
TSItILHOO hpst Z Z Z fmnk HAA/ank’OH =0.

méel,. nel; kel

In this case we write A% X i —Ne Q.

Definition 4.4. Let o be a proper fraction, 8 be nonnegative real number, f be
an Musielak-Orlicz function and arbitrary sequence p = (p,s) of strictly positive
real numbers. A triple difference sequence spaces of random variables is said to be
AS— rough lacunary statistically convergent in probability to ASX : W x W x W —
R x R x R with respect to the roughness of degree g if for any €,§ > 0,

lim o [{(mn, k) € et - P ([t (|02 @aont)])]7™ > B4 €) > 6} =0

rst—o0 hrst

and we write A% X, =5 0. It will be denoted by 357 .

Definition 4.5. Let a be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (p,s:) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be AJ—
rough Np— convergent in probability to ATX : W xW xW — R xR xR with respect
to the roughness of degree § if for any € > 0,

tim 5SS P ([ (185 X)) 2 84 9} =0,

rst—o0 h
TSt el nels kel,

P
and we write Ang"k —>Jﬂv" Ai‘X. The class of all 5—Ny— convergent triple difference
sequence spaces of random variables in probability will be denoted by ﬂNGP .

Definition 4.6. Let a be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (p,s:) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be AJ—
rough lacunary statistically Cauchy if there exists a number N = N (¢€) in probability
to ASX : W x W x W — R x R x R with respect to the roughness of degree f3 if for
any €,0 > 0,

1
lim
rst—o00 hrst

H(m,n,k) S Irst P ([fmnk: (’A,(;‘ (xmnk - xN)|)]pmt Z ﬁ+€) 2 6}’ =0.

Theorem 4.1. Let « be a proper fraction, B be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers, 0 < p < oo.

(@) If (xmnk) — (N (Aﬁ,p)e) for prst = p then (Tpmnk) — (Af‘/ (Sg)) .
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(i1) If € (A2 (Sp)), then (zmni) — (N (A2, p)g).
Proof. Let x = (k) € (N (Af‘/,p)o) and € > 0,

{P ([frmnk (|A5 Xk )] > B+ €) }] = 0.
We have

LS P (e ([AS X )] = B4 0))

rst (mnk) Elrst

1
hrst

So we observe by passing to limit as r, s,t — oo,

. 1
lim —
rst—o0 hrst

p
< ( 0 ) P( lim 1
o+ € rst—oo hrst

which implies that z,,,r — (Ai‘; (Sg)) .
Suppose that x € A% (A%) and (zmne) — (A% (S)). Then it is obvious that
(Ag:p) € A3 and
1
hrst

as r,s,t — 0o. Let € > 0 be given and there exists ugvowg € N such that
. 1)
H(m,n, k)yelg:P ([fmnk (’Aﬁ'y‘ (xmnk)D]pm > B+ %) > 2}‘
«__ € /98
-2 (d (Ag‘x, y))A3 2

where Y07 S S VuvwZuwww| = 0, for all 7 > wg,s > vg,t > wp. Further
more, we can write ’Agmmnﬂ <d (Agxmnhy) <d (A;‘ac,y)A3 =d(z,Y)pa,. For
Yy

Z |{(m,n,k) € Irst P ([fmnk (|Aaa/ (xmnk)D}prﬂ Z 6+ 5) 2 5}‘ <

Bte\’
)
[{0m.n. k) € Lost = P ([Fonni (|85 (@) )] = B+ €) = 0}

Z ’Azxmnk}’p) =0,

(m,n,k)EI gt

[{(m.n.k) € Lot P ([frunre (AT @) )] 2 84 €) Z 8} =0

)

as
r, Sat > Uo, Vo, Wo

hrl’st Z P ([fm”k (‘A?/ank‘)]p) = hrl*stP ( Z [fmnk (‘A'?ank‘)]p)

(mnk)€l st (mnk)El st

1 1 5
+hrstP ( Z [fmnk: (|A3Xm”k‘)]p) < hrstP (hrst (; + 2)

(mnk)¢Ist

+hrst + - =€+ (5
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Hence (xmnk) — (N (Ag,p)e). O

Corollary 4.1. If a be a proper fraction, 8 be monnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers then the following statements are hold:

(i) SNA3 C A5 (Se) N AY (A%);
(i1) A% (Sp)MNAZ (A%) = A2 (w]).

Theorem 4.2. Let « be a proper fraction, 3 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers. If © = (k) 5 a AS— triple difference rough lacunary statistically con-
vergent sequence, then x is a AS— triple difference rough lacunary statistically Cauchy
sequence.

Proof. Assume that (zpnr) = (A% (Sp)) and €,6 > 0. Then

5 {08 € Lot s P ([ (1850 )] 2 8+ 5}

for almost all m,n,k and if we select IV, then

5 [{mnk) € b P ([ (18508 ) = 8+ 5) ]

holds. Now, we have
[{(m.n, k) € Lnst : P ([ (|AF (@mnk — 2n)[)]") }]
’{ m,n, k E Irst : P ([fmnk (|A$xmnk|)]p”t 2 6+ %)}’

+3 H( 1,k) € Lrst : P ([ (18520 ])]" 2 8+ £) }] < %(me) _

<

SN

for almost all m, n, k. Hence (Zmnk) is a AT — rough lacunary statistically Cauchy. [

Theorem 4.3. If o be a proper fraction, 5 be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers and 0 < p < oo, then N (A?y‘,p)o C A5 (Sp)-

Proof. Suppose that © = (zynk) € N (A9,7P)9 and

[{(m.n.k) € Lt 2 P ([fonnn (| AT@ e )]” 2 5+ €) ]

Therefore we have

i 2 P (8a)) 2 X G

st (mnk)El st (mnk)El st

y ) S Irst : P ([fmnk (|Af:xmnk|)]p Z ﬂ-’-ﬁ)}‘ (B + €>p
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So we observe by passing to limit as r, s,t — oo,

. 1
lim
rst—o0 hrst

[{(m.n.k) € Lot = P ([fonni (|AT (i) )] 2 B+ €) 2 6}

1 1
STBroP P i mn AT mn P =0
Gror |7\ s (mZ) [Fonni (| @gu)])]
implies that x € A (Sp). Hence N (Ag,p)a C A2 (Sp) . O
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